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1'I'

= |:|H:H 0) reVIEW Gross-Pisarski-Yaffe 1981

(p+1)-dim Large-N U(N) ’72—)1747 + adjoint matter at large-N

N
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1 n
l(ﬂ?:‘cﬁﬂ’{l(:)order parameterMATLUNFTESD U, = NTI, ( i JoP A, dT)

1'I'

Polyakov loop& 1 5 (LG theory): |/ (B, {un})
Constraint: EE M EHERTF v, unu —wn+m+1=0

(’83 {’(_Ln}) _6(6 +Zan(6 UnU_— n+zbnm )unumu n— m+hC—|—

n,m

FE: €(B), an(B), bum(B),--- CHDHHODNIEHEBENKES.

- AR TIIERBE ITRESD.  ex) SUSY, 55555, etc.
- IWRWHIIZRO S, ex) Adim pure YM
- large-N e(B)=¢ Gocksch-Neri (1983)
‘ (large-N volume independence D —F&)
%Eﬁ*ﬁﬂ Alvarez-Gaume-Gomez-Liu-Wadia 2005 V(’U, )u T~>T
1 . C
V(B {un}) =e + (T = T)|ua|* + blus|*  c>0,b: B S
{ T<T.: ui=0 FEUCA®H confinement | deconfinement T ]
T>T,: w#0 JFEECRAD T, ]
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RE: €(8), an(B), bam(B),--- AV b‘b#‘hii*ﬁ*ﬁa_b\ﬁié

- AJREGER TIEXEREITKRES.  ex)SUSY, 5555 G, etc.
YIRS, ex) Adim pure YM
- large-N e(B)=¢ Gocksch-Neri (1983)

(large-N volume independence D —F&)

ﬁzﬁiﬁ*ﬁﬂ Alvarez-Gaume-Gomez-Liu-Wadia 2005

2 4 V(ul)“ T > e
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3.1 Loop equation at finite temperature

U(N) p+1-dim YM theory (p=0)
(+ adjoint matters ®(x))

% Building blocks of gauge theory

— Loop operator for contour C' := W (C)
% Winding loop operators

v fpen ([ )], do[ron (s [ o] . e emperare
> D (((((0 |
\ v ’I’L

Contour winding n times

= W(Ch) =W (C,)
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3.1 Loop equation at finite temperature

_— U(N) p+1-dim YM theory (p=0)
% Building blocks of gauge theory (+ adjoint matters ®(z) )
— Loop operator for contour C' := W (C)

% Winding loop operators

iTr Pexp (i [ Ajda" )], iTr Pexp (i | A,da" | ®(xy)|, --- at finite temperature
N l p(/c )] N [ p(/c ) ] (‘(((‘
(1)
(D ‘>
N~ Chn
Y Contour winding n times
= W(Co) = W (C,)
% Loop equation (Schwinger-Dyson eq.): non-perturbative correlation for W (C)
Roughly the following expression: Makeenko-Migdal (1979), Eguchi-Kawai (1982), Gocksch-Neri (1983)
(W (Chp)) = Z(W(Cm_k)><W(Ck)> + O(1/N?) d = Alocal insertion of
k an Euler-Lagrange eq..
ex) m=2 Features

(» Conservation of the winding number.
5 I\ . < e Large-N factorization.
CQ : : 5 Cl : : Cl * No explicit temperature dependence.

L (6 is independent of temperature)
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3.1 Loop equation at finite temperature
U(N) p+1-dim YM theory (p=0)

uilding blocks of sause theor -
* E v (+ adjoint matters &(x) )
—> | Temperature < non-zero (W (C',))
% Winding loop operators
;TTr 6 A T+ ,6 W(C1) is an “open” Wilson line. at finite temperature
— This can be non-zero Sﬁ,
( ¥ Cl* due to the periodicity (‘(((‘
- AT+ 8) = Au(r).
B l T (W(C1)) # 0> Temperature Cn
| ! depepndence . Contour winding n times
the loop equations. — W(Cn)

% Loop equation (SChWIRger-Dyson eq.): non-perturbative correlation for W (C)

Roughly the following EXDFESSiO . Makeenko-Migdal (1979), Eguchi-Kawai (1982), Gocksch-Neri (1983)
) o

(W (Crp)) = Z(W(Cm—k)><W k) + O(l/N2) (S = A local insertion of

k an Euler-Lagrange eq..
ex) m=2 Features

* Conservation of the winding number.
: * Large-N factorization.

I\l
b I CQ : : 5 Cl : ' Cl *| No explicit temperature dependence.
‘ (

0 is independent of temperature).
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3.2 Scaling relation in loop equation Azuma-T.M. 2024
% Loop equation
<5W(Cm)> — Z(W(Cm—k)><w(ck)> T O(l/NQ) (5 = Alocal insertion of

k an Euler-Lagrange eq..
ex) m=2 Features

(» Conservation of the winding number.

5 I\ ' * Large-N factorization.
l l
CQ : I 0 Cl : | Cl < * No explicit temperature dependence.

(6 is independent of temperature).

. 4

/Scaling relation: For any natural number m, we can show \

Loop equation at 3 with the substitution {ZZEZZ;)L_O) <Z(§7;1>Z)

\ = Loop equation at mp (N — 00) /

# This is for bosonic systems. Need a modification for even m by fermions, which | skip in this talk. 14/40



3.2 Scaling relation in loop equation Azuma-T.M. 2024
ex) m=2 case Mirror images
|
/'
|
I
|

-n
o e I
» .
: A
- A I
.
0
Yennt

WK
/15
ry

Co C1 Cy (C3 C4 Co C1 Co C35 Oy 3
A4
0<7r<p —0 < T <X
¢
/Scaling relation: For any natural number m, we can show \

(W(Crm)) = (W(Cn))

Loop equation at 3 with the substitution
(W(CW) =0 (n ¢ mZ)

\ = Loop equation at mp (N — 00) /

# This is for bosonic systems. Need a modification for even m by fermions, which | skip in this talk. 15/40



3.2 Scaling relation in loop equation Azuma-T.M. 2024
ex) m=2 case Mirror images

L] I A
v o N\ T
: I LI ! \ 2

NG
l—— O V N/

Dropping the odd x
winding loops Co ¢1 & Q/S Cy 5

A4
Only the loops at 25 —00 < T < 00
survive.
L, ¢
/Scaling relation: For any natural number m, we can show \

Loop equation at 3 with the substitution {ZZEZZ;’;)L_O) <E/Z(¢C7;1>Z)

\ = Loop equation at mp (N — 00) /

# This is for bosonic systems. Need a modification for even m by fermions, which | skip in this talk. 16/40



3.2 Scaling relation in loop equation Azuma-T.M. 2024

/Scaling relation: For any natural number m, we can show \

Loop equation at 3 with the substitution {ZZEZZ;;)L_(; <E/Z(§’;1>Z)

\ = Loop equation at mp (N — 00) /

CNMSEZBTE: loop AERRXDED LA TES.
HEFE mp HREE B

(W(C))(mp) (W (Crm))(B) = (W(Cy))(mp)
cop R OB Bo-ETH P {(W(Cn»(lf) =0 (n ¢ mZ)

NELT loop FRERFHEI-T.

. 4
BET=1/8 |mS — 3 SBE mT=m/B

# (W (Cy)(T) o A L {<W(C”m)>(mT) — WG

(W(Cn))(mT) =0 (n ¢ mZ)

) BT EEIFESLLY. 17/40



3.2 Scaling relation in loop equation Azuma-T.M. 2024
kAN EFES TR TEZ EBEBRMICHAYDT L

mET mE mT 1 § [ A dr
o (MT) = 11 (T) Uy = NTr (Pe )
ﬁg un(T) K ﬁg 1 al 1 —infa
ZTDith =0 pla) := Nzé(a—ak)= %Zune
15']) m=30)i§;‘é k=1 nez
“Wor/p | g
: SR OIEEEREGEALT ’
QW/B X 3 = 2m/(8/3) > BESTOBEERLES
PNEW (a ZP a+27k/f3) < We can show { Usn 7 0
\ (N — N/3 at each segment.) {the others)=0
. _
JREE T=1/B -

/JII].FE_ mT=m/B

] oo ) W (Crm))(MT) = (W(Cn))(T)
@ (W(Co))(T) ) ROER { WC(mT) =0 (n & mZ)

T) AR TE EIIROEELN.
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23 POIVakOVJS_&k)JEEEﬁ/\O)FE‘A ! Azuma-T.M. 2024
HeoLEE

S—N/ d’r/dprr(4 ot )

1 n
l(ﬁ?:‘cﬁﬂ’{ll:)order parameterMAILNZETRD  u, = NTr( ot o Ax d’r)

Polyakov loop B ®h1:H (LG theory): V' (3, {u, })
Constraint: B EHERTF v, upu —n+m+1=0

VB, {tn}) =€(B)+ S tn(B)tmtin+ S bu(B)22  + 3 o (B) ittt + hec+
- n=1 n=1 n,m

COFEDERNKENE, ROBAFHLGEEL LM D.
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23 POIVakOVJS_&k)JEEEHH/\O)FE‘A . Azuma-T.M. 2024

/Scaling relation N

Loop equation at 5 with the substitution (W (Crm)) = (W(C))
(W(Cp)) =0 (n ¢ m2)

S = Loop equation at mp (N — 00) -

—> V/(B,{un}) has to satisfy the following relation for any m:
V(B? {un})‘un:() (anZ), Umn —>Un — V(mﬁﬂ {Un})

—>/V(6, {un}) =€(B) + Z U (B)Unt—p + Z b (Buiu®, + - . \

4 €B)=¢ <« Gocksch-Neri (1983) "

< an(B) = a1(nf) Al the coefficients are strongly constrained.

e
NGRS ST
n=1 n=1

# Need a modification for even n terms if fermions care coupled, which | skip in this talk.
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23 POIVakOVJS_&k)JEEEﬁ/\O)FE‘A ! Azuma-T.M. 2024

V(B,{un}) =€+ Z a1 (nB)upu—_n + Z by (nﬁ)uiu%n + ...
n=1 n=1

% Effective potential > physical quantities

Ex) Uy in the confinement phase: Uy = %Tr (Pei 3" ATdT)
1
<|u1 (T)D = E(Iun (’I’LT)|> > E?Ci&&%’é‘ﬁi;'éf@adjoint Large-N
— DR TRAL.

(fermionH$HHE—EMEIE)

Note) {u,} are zero in the confinement phase, but their ratios are finite.
4

(un(T)])/ v/

0.04

Ex) Bosonic BFSS matrix model (Monte-Carlo)

3 D 4 , e 0035 | | | |
_ I I J12 - el ¥ B T T L T e e e e—— — e —
S—/OdtTr{ZE(DtX ) - > XX } D=3, N=30 00522. | ? |
I=1 I,J=1 : ]

. . . 0.02

Line: scaling relation o415 |

Dots: numerical results 01|
0.005 T=n/6 '

- Good agreement %, 7 2 & 4 5 o
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| | a
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Mr ] I confinement
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EDILFERTUURILDEBN =858 RaBVEONRZ TS,

7 = Tre PHAARC Sl 7 — Tre—BH+iBLIQ

-

Motivation

* Lee-Yang theory (Ising model):
Poles in 1 +iur = Partition function

cf. Wada-Kitazawa-Kanaya 2025 IR KT LAY 1J—R

* Sign problem in MC: Complex action (real p) = Real action (imaginary L)

Wikipedia

e K1=AB phase (holonomy):
etPrIa — ,iq ff ar d’r ar = (i1 : the gauge field corresponds to the charge Q.

- string(no global symmetry)T'&é’CO) B &7 —OXFEICfTRET 5D T,
R DILZFERT I+ )L[Ebackground gauge field = physical.

* Kr=periodicity: Thermal 5} BRRE %L > SUSYH BRI $u 4 FTAE
gauge trans. 108
=k (T4 B) = £é(7) v a, =0 ¢(T+ B) =+ g(7)
* Complex metric (About angular velocity) (Euclidean AdS-Kerr is allowed. witten 2021 )
Euclidean Kerr ds% = - - - +iwdrdp + --- —£L 21, g2 — ... — drdd + - - -

dt — 1dt complex metric real metric
24/40



EDILFERTUIVILDIBI £ EFH RABVLONEI TS,

51: QCD SU(3) QCD (massless)

Kouno et al, JPG 2009

EDINYAAEZEIRT )L %1 -
QCD#H[X - |aGP | aGp | |
: 0.22
Roberge-Weiss 1986 =

8 02 = K ‘\IE g \‘IE g \‘IE .
. UB —> LB T ool e T ' 1

i A E N
BENRI U | | R =AY 0.16 | AV =2 2 ]
HEYER T22% ; : : .
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HZ>—FHLAD
J\RO VB

ERFRE Ot —YE

A e BOAEE CEEICHT HEERT L L)
Q Chen-Fukushima-Shimada, PRL 2022
HRAZILRYY—R
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J Confmed
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\\‘

4. Large-N __nHH }"Ld)'[t?T'fj_-f/:/—V)[, Azuma-T.M. 2024

{51) D=4 N=4 U(N) SYM on S3 at large-N
(10dim SYM > 4dim’\reduction) S3MDFE=1

S = %/d‘ler (4 i —I—Z ( D,¢r)? %(gb;)Q) — i[@],(ﬁj]z + fermions)

*Two limits: [ \ < 1 Free SYM(FEHTRIEE). EERIIZSUGRAL R FRDFEHEE

Sundborg 2000, Aharony-Marsano-Minwalla-Papadodimas-Raamsdonk 2004
Murata-Nishioka-Tanahashi-Yumisaki 2008

A > 1 Holography > SUGRATHZIT5.

1'I'

* REE

SEDRZRT BREFE { 3{EDRERT: Q1,2 Qs

) 2{BDS3 EDAEENI=: 1, )
10dimDA Rz

ETHEFE
(ETORFEFLHEE)

> SEQIEERTUI NIV p1, p2, 143,821, 82
7 — Tre BH+Z 0z BraQat 35, B Jb
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4. Large-N __Eﬁ + FLﬂ)'“: R o)l Awmatmi2024
p(RMEFRTOvIL i EDIERERT AL
[
T

ﬂlZUQZMSZana:O —ug—u'g,:?:ubﬂa:o

 FEFALIA%H=BH _: ﬁ =
| . Z/ /3

FRE 13 Z]
1 R 1.0r
02l 1 - Zl Z]_ =BH
FALCA& | :, .

01k ? 0.5: Egﬂl:;]Z&

i i Bur
B R N Ry 0.0 ' | | '

T 2 3x 4

Hawking and H. S. Reall 2000, Basu-Wadia 2006
Yamada-Yaffe 2006
Murata-Nishioka-Tanahashi-Yumisaki 2008
Choi-Jain-Kim-Krishna-Lee-Minwalla-Patelc 2024

7I'3*f‘zl~
REE N> DNEFRBE A< DITEEMITETILS.
ab::pE E)JEJHR BT ] [XETERIICEI TN,
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4. Large-NT —D B + EDIEFERTU v )L Awmet oo
P (EBMEFERTUOYIL pr EDIEERTUYIL
p1 = p2 = p3 =ipr,2q =0

p1 = pe = pg = 4, 2q =0
0.5-T ' ‘ ' ‘ ‘ ‘__ 5 1 ' ﬁA{
| Zs
) | 7\

 FERALA&H=BH

y
Z{=BH

Bur

4r

N
-]
S—
N
—

2 3x

AiE Bur ~ Bur + 4w

7 = Tre PH+Bp1C
QN Bz /INEAL: fermion 1/2

Al atf® Our — —Bur
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RT3 )L Awuma T, 2024
EDIEFRTU Vv
{11
T

4. large-N7T— 35 + lE DILET
LT

p: (BMEERTUVYIL
p1 = p2 = p3 = 1,2 =0

= o = pu3 = ipr, 2 =0

™\ BCiAs .

2.0F

\ FERALCA8=B

EAC A gmg 3FF';FJL,;A&>$E (—BH)
i - AoEsEst )
BN 7 n R B3

O(1) T rOF— O(N?)
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o)l Awmatmi2024

. Large-N IR + IEDIEEFT
LT

p (EMERERTUVYIL
p1 = p2 = p3 = 1,2 =0

L AR ] 20|
QFF';FIL:iA&):BH‘ ﬁ =
| @ 1.5k T\
[ 4
SRR G
1 1.0F
{ ] y t]=BH
FALA® | :
01F z- L ,- 0.5: Fﬂui&&)

n | Bur

ST
REDIEFERTUOYIL
pn = p2 = p3 = ipr,§2q =0
T

—
—

0.0

T 27 3x 4r

HFEYBRLEITERIIFAREL
SR ITSUGRAMEEAEL, 10 R T CIELR ELEAMNFET HELNSTHE

Choi-Jain-Kim-Krishna-Lee-Minwalla-Patelc 2024
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EDIEFRTU Vv
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4. Large-NT — IR + D 1E=F7
LT

p: (BMEERTUVYIL
p1 = p2 = p3 = 1,2 =0

04} QIEEEL:;IA&):BH :

= o = pu3 = ipr, 2 =0

o H—opr

: -7
\_/' B l‘t T

FACAS - FERAL:AOTRIRISHR IR > MEITEG CTRHOND.

[—> Thir

32/40



4. Large N
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RT3 )L Awuma T, 2024
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ZMSZiUIaQaZO

y
o

Bur

TIFBICA®=BH
;FE%E_
k= pr
. Ecas |
N
2 BIEEACADHEAHIR
ZN S > Z,, SR
IvkAE—: O(N?)

{ JERAICIA A

4N

()
" -

27 3x 4r
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: Z3EIERACAOHTE

33/40



4. Large-NT —D B + EDIEFERTU v )L Awmet oo
a1, bl (RMEFRT v L pI: EEDIEFRT v
N _N1:U2:U3:iUIaQa:0
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4 L - —< IS 4 ﬁ_@'ft??f o)l Awmatmi2024
| L2BeNT—UIERTR | m o RTU v
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