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テンソルネットワーク法の概観



◉ テンソルに関係する呼び方
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各添字の要素数 D:  ボンド次元、添字の最大サイズ
 (例 x = 1,….,D, y = 1,….,D, etc.)

テンソルのオーダー(次数) : 添字(ベクトル空間、足)の数  

→ 今回のトークでは添字は全てボンド次元 Dで考える

(例  →オーダー 4,  →オーダー 6)Aabcd Babcdef



◉ テンソルネットワーク表現
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◇ 物理量や量子状態がテンソルネットワークで表現可能。

◇ 少し変わった実例:量子回路
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in which J > 0 is the coupling of nearest-neighbour spins with i < j and 
h is the global transverse field. Spin dynamics from an initial state can 
be simulated by means of first-order Trotter decomposition of the 
time-evolution operator,
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in which the evolution time T is discretized into T/δt Trotter steps and 
θR ( )Z Z Ji j

 and θR ( )X hi
 are ZZ and X rotation gates, respectively. We are not 

concerned with the model error owing to Trotterization and thus take 
the Trotterized circuit as ideal for any classical comparison. For exper-
imental simplicity, we focus on the case θJ = −2Jδt = −π/2 such that the 
ZZ rotation requires only one CNOT, 

where the equality holds up to a global phase. In the resulting circuit 
(Fig. 1a), each Trotter step amounts to a layer of single-qubit rotations, 
RX(θh), followed by commuting layers of parallelized two-qubit rota-
tions, RZZ(θJ).

For the experimental implementation, we primarily used the IBM 
Eagle processor ibm_kyiv, composed of 127 fixed-frequency transmon 

qubits15 with heavy-hex connectivity and median T1 and T2 times of 
288 µs and 127 µs, respectively. These coherence times are unprec-
edented for superconducting processors of this scale and allow the 
circuit depths accessed in this work. The two-qubit CNOT gates between 
neighbours are realized by calibrating the cross-resonance interac-
tion16. As each qubit has at most three neighbours, all ZZ interactions 
can be performed in three layers of parallelized CNOT gates (Fig. 1b). 
The CNOT gates within each layer are calibrated for optimal simultane-
ous operation (see Methods for more details).

We now see that these hardware performance improvements enable 
even larger problems to be successfully executed with error mitigation, 
in comparison with recent work1,17 on this platform. Probabilistic error 
cancellation (PEC)9 has been shown1 to be very effective at providing 
unbiased estimates of observables. In PEC, a representative noise model 
is learned and effectively inverted by sampling from a distribution of 
noisy circuits related to the learned model. Yet, for the current error 
rates on our device, the sampling overhead for the circuit volumes 
considered in this work remains restrictive, as discussed further below.

We therefore turn to zero-noise extrapolation (ZNE)9,10,17,18, which 
provides a biased estimator at a potentially much lower sampling cost. 
ZNE is either a polynomial9,10 or exponential19 extrapolation method 
for noisy expectation values as a function of a noise parameter. This 
requires the controlled amplification of the intrinsic hardware noise 
by a known gain factor G to extrapolate to the ideal G = 0 result. ZNE 
has been widely adopted in part because noise-amplification schemes 
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Fig. 1 | Noise characterization and scaling for 127-qubit Trotterized 
time-evolution circuits. a, Each Trotter step of the Ising simulation includes 
single-qubit X and two-qubit ZZ rotations. Random Pauli gates are inserted to 
twirl (spirals) and controllably scale the noise of each CNOT layer. The dagger 
indicates conjugation by the ideal layer. b, Three depth-1 layers of CNOT gates 
suffice to realize interactions between all neighbour pairs on ibm_kyiv.  

c, Characterization experiments efficiently learn the local Pauli error rates λl,i 
(colour scales) comprising the overall Pauli channel Λl associated with the lth 
twirled CNOT layer. (Figure expanded in Supplementary Information IV.A).  
d, Pauli errors inserted at proportional rates can be used to either cancel (PEC) 
or amplify (ZNE) the intrinsic noise.
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Fig. 1 | Noise characterization and scaling for 127-qubit Trotterized 
time-evolution circuits. a, Each Trotter step of the Ising simulation includes 
single-qubit X and two-qubit ZZ rotations. Random Pauli gates are inserted to 
twirl (spirals) and controllably scale the noise of each CNOT layer. The dagger 
indicates conjugation by the ideal layer. b, Three depth-1 layers of CNOT gates 
suffice to realize interactions between all neighbour pairs on ibm_kyiv.  

c, Characterization experiments efficiently learn the local Pauli error rates λl,i 
(colour scales) comprising the overall Pauli channel Λl associated with the lth 
twirled CNOT layer. (Figure expanded in Supplementary Information IV.A).  
d, Pauli errors inserted at proportional rates can be used to either cancel (PEC) 
or amplify (ZNE) the intrinsic noise.

→ テンソルネットワーク:テンソル=点、添字=線分で表現

[Y.Kim et al. Nature 618, 500–505 (2023)]

→ 添字を全て計算して和を取り切ると物理量に。

木構造

MPS 2d-square 3d-cube PEPS



◉ テンソルネットワーク法の種類
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◇ (日本で)よく使われる分類:
ハミルトニアン形式 ラグランジアン形式

→ 量子状態がネットワーク

| i =

<latexit sha1_base64="mVpTmrhC+gtyiUXB8OulnrBeP6k="></latexit>

◇ 密度行列くりこみ群
　(DMRG), 1+1次元
◇ PEPS, 2+1次元

→ 物理量がネットワーク

h |O| i =

<latexit sha1_base64="97RzttESLgls2JZk2LXpE2M2fI8="></latexit>

◇ テンソル繰り込み群
　(TRG)

→ 変分法や特異値分解(SVD)を使うなど共通点は非常に多い



◉ テンソル繰り込み群(TRG)
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◇ TRG = テンソルネットワークの近似計算手法
[https://smorita.github.io/TN_animation/]

[M. Levin, C.P. Nave arXiv:cond-mat/0611687]

◇ 長所と短所

○符号問題の回避:
　有限密度系の計算が可能

×高次元や複雑な系で高コスト

→ 個の格子点上の
テンソルの厳密計算(イジング模型)では、

という途方もない大きさのテンソルが登場。

128 × 128

2128 × 2128 × 2128 × 2128

→ TRGなら例えば まで圧縮。16 × 16 × 16 × 16

×系統誤差の存在

https://arxiv.org/abs/cond-mat/0611687
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◉粗視化の様子 [https://smorita.github.io/TN_animation/]

→ TRGは分解と縮約を繰り返して粗視化していく
→ ネットワークの圧縮はSVDか変分法。
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◉ 特異値分解 (SVD)

→ 添字　を打ち切って近似する 

◇ より大きな特異値  がより近似に重要λ
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◉ 変分法

→ 添字　を最初から小さく限定して最適化する 
◇ このコスト関数を逐次的に最小化させる手法

a
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a
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c

d

k

k

Tabcd ≃
D

∑
k=1

Ak
abλkBk

cd

→ テンソルネット法の近似はほぼSVDか変分法のみ

→ 模式的には、左のテンソルを右のテンソルで近似してる。

| |A | | = tr(A†A) = ∑ λ2
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◉ SVDによる粗視化(e.g. 画像圧縮)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]

◇ この強烈な近似はしていい？

→ 10/200とか20/200といった圧縮がうまくいく。
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◉ テンソルネットワーク表現の構成方法

◇ 近年の発展が目覚ましいのはいいが、興味のある系に
　TRGを使いたいときに具体的にどうすればいいのか？

→ 使い慣れたラグランジアンや経路積分、場の理論から、
　　　　系の詳細によらずネットワーク表現を見つけたい。

◇ ハミルトニアン形式ならITensorとかで(簡単なものは)、
　ハミルトニアンが書き下せれば大体計算できる。

◇ TRGでは物理量のテンソルネットワーク表現が必要。

（とりあえず使ってみたい！　くらいで使えるように）

https://itensor.org/docs.cgi?page=classes/dmrg
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◉ テンソルネットワーク表現の構成方法

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1

(e.g.): 二次元イジング(分配関数)

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν

(e.g.):  ゲージ理論Z2

→ 見慣れた形式そのものはネットワーク表現ではない。
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テンソル繰り込み群



14

◉ テンソル繰り込み群にはどんな種類がある？

特異値分解 　 　　　or 　　　　　　変分法
近似手法

計算量削減 = 低オーダー近似
追加分解 or SVDの打ち切り方 or 境界条件

精度改善
コスト関数の範囲拡大, 最適化パラメーターの増加,
　　　　　　　　　近距離相関を取り除く(Disentangler)

→ 基本的には全ての手法がこれらの組み合わせで理解できる
(近似を表現するコスト関数を見ると違いがわかりやすい)
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Simple TRG, 
Anisotropic TRG,
Bond-weighted TRG, 
Core TRG, 
CTMRG, 
GILT,
HOTRG, 
Randomized TRG, 
SRG, 
TNR, 
Loop-TNR, 
Triad TRG,
MDTRG,
ALL-mode TRG,
Branching TRG, 

…etc.の組み合わせ

Boundary HOTRG  
CTM-TRG
NNR-TNR

10
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◉ Cause-graining by TRG
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A(next)

◇ コスト関数
◇ 特異値分解を用いた近似的縮約
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[M. Levin, C.P. Nave arXiv:cond-mat/0611687]

https://arxiv.org/abs/cond-mat/0611687
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◉ Cause-graining by HOTRG

<latexit sha1_base64="7+qSLhx25l0hZUMNztrMTiMMYfY="></latexit>�

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01
<latexit sha1_base64="P0Tna+7LWk8xqwR7dCUg2J/ALVE="></latexit>

x0
1

<latexit sha1_base64="JXAa8dPmJt+7eaURE/zIuxX6uXI="></latexit>x1

<latexit sha1_base64="XBHErAmmqE9fIkFkfqM9n+w8QwA="></latexit>x2
<latexit sha1_base64="QY4omSExI+GLN42/8u/8+j22DkE="></latexit>

x0
2

<latexit sha1_base64="NuE548F8iCmEw1vezcU5HZeKZmM="></latexit>

ỹ
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◇ コスト関数

→ これでUを見つける。

縮約の計算量:

◇ 射影テンソル　を用いた近似的縮約

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]
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◉特異値分解と射影テンソル
◇ 特異値分解による打ち切りは射影テンソルで表現可能。
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◉ Boundary-HOTRG
→ HOTRGでのIsometryは　　に対して(HO)SVDを考えた。
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HOTRG boundary HOTRG

→ 隣からの寄与を取り入れるためにコスト関数が違う。
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[S.Iino, S.Morita, N.Kawashima arXiv:1905.02351]

→ Boundary HOTRGでのIsometryは　　   に対してSVDを
考える。

→ よりGlobalな近似を与える
計算量のオーダーを変えない
良い方法を提案。
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◉ Anisotropic TRG (ATRG)
[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

◇ 追加の分解でテンソルの
　オーダーを落とす
オーダー d+1 まで分解

◇ 追加分解は計算量を削減
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O(D4dim−1) → O(D2dim+1)

複数のコスト関数を順番に
最適化していく。

隣接したテンソルで縮約と
分解を考えていく。
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◇ 任意のネットは3本足
(Triad)テンソルで表現できる。
オーダー 3を基本に考える。

◇ 追加分解は計算量を削減

◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]
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O(D4dim−1) → O(Ddim+3)

複数のコスト関数を順番に
最適化していく。

計算途中でも大きなオーダー
にならないように。
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◉ DMRGとTRG
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◇ 単純なDMRGは下のネットワークの縮約。

→ DMRGでは変分法を使うことが多い。
→ 特異値分解の組み合わせ、TRGで近似縮約してもいい。

TRGはラグランジアンを必要としない。
 (DMRGもハミルトニアンとは無関係に考えることも可能)
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Kicked Ising model on the Quantum computer
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◉ IBM’s paper
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Evidence for the utility of quantum 
computing before fault tolerance
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Sami Rosenblatt1, Hasan Nayfeh1, Yantao Wu3,4, Michael Zaletel3,5, Kristan Temme1 & 
Abhinav Kandala1 ✉

Quantum computing promises to o!er substantial speed-ups over its classical 
counterpart for certain problems. However, the greatest impediment to realizing its 
full potential is noise that is inherent to these systems. The widely accepted solution 
to this challenge is the implementation of fault-tolerant quantum circuits, which is 
out of reach for current processors. Here we report experiments on a noisy 127-qubit 
processor and demonstrate the measurement of accurate expectation values for 
circuit volumes at a scale beyond brute-force classical computation. We argue that this 
represents evidence for the utility of quantum computing in a pre-fault-tolerant era. 
These experimental results are enabled by advances in the coherence and calibration 
of a superconducting processor at this scale and the ability to characterize1 and 
controllably manipulate noise across such a large device. We establish the accuracy  
of the measured expectation values by comparing them with the output of exactly 
veri"able circuits. In the regime of strong entanglement, the quantum computer 
provides correct results for which leading classical approximations such as pure-state- 
based 1D (matrix product states, MPS) and 2D (isometric tensor network states, 
isoTNS) tensor network methods2,3 break down. These experiments demonstrate a 
foundational tool for the realization of near-term quantum applications4,5.
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It is almost universally accepted that advanced quantum algorithms 
such as factoring6 or phase estimation7 will require quantum error cor-
rection. However, it is acutely debated whether processors available at 
present can be made sufficiently reliable to run other, shorter-depth 
quantum circuits at a scale that could provide an advantage for prac-
tical problems. At this point, the conventional expectation is that the 
implementation of even simple quantum circuits with the potential 
to exceed classical capabilities will have to wait until more advanced, 
fault-tolerant processors arrive. Despite the tremendous progress 
of quantum hardware in recent years, simple fidelity bounds8 sup-
port this bleak forecast; one estimates that a quantum circuit 100 
qubits wide by 100 gate-layers deep executed with 0.1% gate error 
yields a state fidelity less than 5 × 10−4. Nonetheless, the question 
remains whether properties of the ideal state can be accessed even 
with such low fidelities. The error-mitigation9,10 approach to near-term 
quantum advantage on noisy devices exactly addresses this ques-
tion, that is, that one can produce accurate expectation values from 
several different runs of the noisy quantum circuit using classical  
post-processing.

Quantum advantage can be approached in two steps: first, by dem-
onstrating the ability of existing devices to perform accurate computa-
tions at a scale that lies beyond brute-force classical simulation, and 
second by finding problems with associated quantum circuits that 
derive an advantage from these devices. Here we focus on taking the 

first step and do not aim to implement quantum circuits for problems 
with proven speed-ups.

We use a superconducting quantum processor with 127 qubits to 
run quantum circuits with up to 60 layers of two-qubit gates, a total of 
2,880 CNOT gates. General quantum circuits of this size lie beyond what 
is feasible with brute-force classical methods. We thus first focus on 
specific test cases of the circuits permitting exact classical verification 
of the measured expectation values. We then turn to circuit regimes 
and observables in which classical simulation becomes challenging 
and compare with results from state-of-the-art approximate classical 
methods.

Our benchmark circuit is the Trotterized time evolution of a 2D 
transverse-field Ising model, sharing the topology of the qubit proces-
sor (Fig. 1a). The Ising model appears extensively across several areas in 
physics and has found creative extensions in recent simulations explor-
ing quantum many-body phenomena, such as time crystals11,12, quan-
tum scars13 and Majorana edge modes14. As a test of utility of quantum 
computation, however, the time evolution of the 2D transverse-field 
Ising model is most relevant in the limit of large entanglement growth 
in which scalable classical approximations struggle.

In particular, we consider time dynamics of the Hamiltonian,

∑ ∑H J Z Z h X= − + , (1)
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in which J > 0 is the coupling of nearest-neighbour spins with i < j and 
h is the global transverse field. Spin dynamics from an initial state can 
be simulated by means of first-order Trotter decomposition of the 
time-evolution operator,
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in which the evolution time T is discretized into T/δt Trotter steps and 
θR ( )Z Z Ji j

 and θR ( )X hi
 are ZZ and X rotation gates, respectively. We are not 

concerned with the model error owing to Trotterization and thus take 
the Trotterized circuit as ideal for any classical comparison. For exper-
imental simplicity, we focus on the case θJ = −2Jδt = −π/2 such that the 
ZZ rotation requires only one CNOT, 

where the equality holds up to a global phase. In the resulting circuit 
(Fig. 1a), each Trotter step amounts to a layer of single-qubit rotations, 
RX(θh), followed by commuting layers of parallelized two-qubit rota-
tions, RZZ(θJ).

For the experimental implementation, we primarily used the IBM 
Eagle processor ibm_kyiv, composed of 127 fixed-frequency transmon 

qubits15 with heavy-hex connectivity and median T1 and T2 times of 
288 µs and 127 µs, respectively. These coherence times are unprec-
edented for superconducting processors of this scale and allow the 
circuit depths accessed in this work. The two-qubit CNOT gates between 
neighbours are realized by calibrating the cross-resonance interac-
tion16. As each qubit has at most three neighbours, all ZZ interactions 
can be performed in three layers of parallelized CNOT gates (Fig. 1b). 
The CNOT gates within each layer are calibrated for optimal simultane-
ous operation (see Methods for more details).

We now see that these hardware performance improvements enable 
even larger problems to be successfully executed with error mitigation, 
in comparison with recent work1,17 on this platform. Probabilistic error 
cancellation (PEC)9 has been shown1 to be very effective at providing 
unbiased estimates of observables. In PEC, a representative noise model 
is learned and effectively inverted by sampling from a distribution of 
noisy circuits related to the learned model. Yet, for the current error 
rates on our device, the sampling overhead for the circuit volumes 
considered in this work remains restrictive, as discussed further below.

We therefore turn to zero-noise extrapolation (ZNE)9,10,17,18, which 
provides a biased estimator at a potentially much lower sampling cost. 
ZNE is either a polynomial9,10 or exponential19 extrapolation method 
for noisy expectation values as a function of a noise parameter. This 
requires the controlled amplification of the intrinsic hardware noise 
by a known gain factor G to extrapolate to the ideal G = 0 result. ZNE 
has been widely adopted in part because noise-amplification schemes 
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Fig. 1 | Noise characterization and scaling for 127-qubit Trotterized 
time-evolution circuits. a, Each Trotter step of the Ising simulation includes 
single-qubit X and two-qubit ZZ rotations. Random Pauli gates are inserted to 
twirl (spirals) and controllably scale the noise of each CNOT layer. The dagger 
indicates conjugation by the ideal layer. b, Three depth-1 layers of CNOT gates 
suffice to realize interactions between all neighbour pairs on ibm_kyiv.  

c, Characterization experiments efficiently learn the local Pauli error rates λl,i 
(colour scales) comprising the overall Pauli channel Λl associated with the lth 
twirled CNOT layer. (Figure expanded in Supplementary Information IV.A).  
d, Pauli errors inserted at proportional rates can be used to either cancel (PEC) 
or amplify (ZNE) the intrinsic noise.
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These experimental results are enabled by advances in the coherence and calibration 
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It is almost universally accepted that advanced quantum algorithms 
such as factoring6 or phase estimation7 will require quantum error cor-
rection. However, it is acutely debated whether processors available at 
present can be made sufficiently reliable to run other, shorter-depth 
quantum circuits at a scale that could provide an advantage for prac-
tical problems. At this point, the conventional expectation is that the 
implementation of even simple quantum circuits with the potential 
to exceed classical capabilities will have to wait until more advanced, 
fault-tolerant processors arrive. Despite the tremendous progress 
of quantum hardware in recent years, simple fidelity bounds8 sup-
port this bleak forecast; one estimates that a quantum circuit 100 
qubits wide by 100 gate-layers deep executed with 0.1% gate error 
yields a state fidelity less than 5 × 10−4. Nonetheless, the question 
remains whether properties of the ideal state can be accessed even 
with such low fidelities. The error-mitigation9,10 approach to near-term 
quantum advantage on noisy devices exactly addresses this ques-
tion, that is, that one can produce accurate expectation values from 
several different runs of the noisy quantum circuit using classical  
post-processing.

Quantum advantage can be approached in two steps: first, by dem-
onstrating the ability of existing devices to perform accurate computa-
tions at a scale that lies beyond brute-force classical simulation, and 
second by finding problems with associated quantum circuits that 
derive an advantage from these devices. Here we focus on taking the 

first step and do not aim to implement quantum circuits for problems 
with proven speed-ups.

We use a superconducting quantum processor with 127 qubits to 
run quantum circuits with up to 60 layers of two-qubit gates, a total of 
2,880 CNOT gates. General quantum circuits of this size lie beyond what 
is feasible with brute-force classical methods. We thus first focus on 
specific test cases of the circuits permitting exact classical verification 
of the measured expectation values. We then turn to circuit regimes 
and observables in which classical simulation becomes challenging 
and compare with results from state-of-the-art approximate classical 
methods.

Our benchmark circuit is the Trotterized time evolution of a 2D 
transverse-field Ising model, sharing the topology of the qubit proces-
sor (Fig. 1a). The Ising model appears extensively across several areas in 
physics and has found creative extensions in recent simulations explor-
ing quantum many-body phenomena, such as time crystals11,12, quan-
tum scars13 and Majorana edge modes14. As a test of utility of quantum 
computation, however, the time evolution of the 2D transverse-field 
Ising model is most relevant in the limit of large entanglement growth 
in which scalable classical approximations struggle.

In particular, we consider time dynamics of the Hamiltonian,
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◇ Transverse Ising (2+1dim)
(Kicked Ising)
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in which J > 0 is the coupling of nearest-neighbour spins with i < j and 
h is the global transverse field. Spin dynamics from an initial state can 
be simulated by means of first-order Trotter decomposition of the 
time-evolution operator,
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in which the evolution time T is discretized into T/δt Trotter steps and 
θR ( )Z Z Ji j

 and θR ( )X hi
 are ZZ and X rotation gates, respectively. We are not 

concerned with the model error owing to Trotterization and thus take 
the Trotterized circuit as ideal for any classical comparison. For exper-
imental simplicity, we focus on the case θJ = −2Jδt = −π/2 such that the 
ZZ rotation requires only one CNOT, 

where the equality holds up to a global phase. In the resulting circuit 
(Fig. 1a), each Trotter step amounts to a layer of single-qubit rotations, 
RX(θh), followed by commuting layers of parallelized two-qubit rota-
tions, RZZ(θJ).

For the experimental implementation, we primarily used the IBM 
Eagle processor ibm_kyiv, composed of 127 fixed-frequency transmon 

qubits15 with heavy-hex connectivity and median T1 and T2 times of 
288 µs and 127 µs, respectively. These coherence times are unprec-
edented for superconducting processors of this scale and allow the 
circuit depths accessed in this work. The two-qubit CNOT gates between 
neighbours are realized by calibrating the cross-resonance interac-
tion16. As each qubit has at most three neighbours, all ZZ interactions 
can be performed in three layers of parallelized CNOT gates (Fig. 1b). 
The CNOT gates within each layer are calibrated for optimal simultane-
ous operation (see Methods for more details).

We now see that these hardware performance improvements enable 
even larger problems to be successfully executed with error mitigation, 
in comparison with recent work1,17 on this platform. Probabilistic error 
cancellation (PEC)9 has been shown1 to be very effective at providing 
unbiased estimates of observables. In PEC, a representative noise model 
is learned and effectively inverted by sampling from a distribution of 
noisy circuits related to the learned model. Yet, for the current error 
rates on our device, the sampling overhead for the circuit volumes 
considered in this work remains restrictive, as discussed further below.

We therefore turn to zero-noise extrapolation (ZNE)9,10,17,18, which 
provides a biased estimator at a potentially much lower sampling cost. 
ZNE is either a polynomial9,10 or exponential19 extrapolation method 
for noisy expectation values as a function of a noise parameter. This 
requires the controlled amplification of the intrinsic hardware noise 
by a known gain factor G to extrapolate to the ideal G = 0 result. ZNE 
has been widely adopted in part because noise-amplification schemes 
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Fig. 1 | Noise characterization and scaling for 127-qubit Trotterized 
time-evolution circuits. a, Each Trotter step of the Ising simulation includes 
single-qubit X and two-qubit ZZ rotations. Random Pauli gates are inserted to 
twirl (spirals) and controllably scale the noise of each CNOT layer. The dagger 
indicates conjugation by the ideal layer. b, Three depth-1 layers of CNOT gates 
suffice to realize interactions between all neighbour pairs on ibm_kyiv.  

c, Characterization experiments efficiently learn the local Pauli error rates λl,i 
(colour scales) comprising the overall Pauli channel Λl associated with the lth 
twirled CNOT layer. (Figure expanded in Supplementary Information IV.A).  
d, Pauli errors inserted at proportional rates can be used to either cancel (PEC) 
or amplify (ZNE) the intrinsic noise.

[Kim, Y et al. Nature 618, 500–505 (2023,June)]
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as the validity of exponential extrapolation is no longer guaranteed  
(see Supplementary Information V and ref. 31). We restrict the circuit 
depth to five Trotter steps (15 CNOT layers) and judiciously choose 
observables that are exactly verifiable. Figure 3 shows the results as 
θh is swept between 0 and π/2 for three such observables of increasing 
weight. Figure 3a shows Mz as before, an average of weight-1 $Z % observa-
bles, whereas Fig. 3b,c show weight-10 and weight-17 observables. 
The latter operators are stabilizers of the Clifford circuit at θh = π/2, 
obtained by evolution of the initial stabilizers Z13 and Z58, respectively, 
of |0%⊗127 for five Trotter steps, ensuring non-vanishing expectation 
values in the strongly entangling regime of particular interest. Although 
the entire 127-qubit circuit is executed experimentally, light-cone and 
depth-reduced (LCDR) circuits enable brute-force classical simula-
tion of the magnetization and weight-10 operator at this depth (see 
Supplementary Information VII). Over the full extent of the θh sweep, 
the error-mitigated observables show good agreement with the exact 
evolution (see Fig. 3a,b). However, for the weight-17 operator, the light 
cone expands to 68 qubits, a scale beyond brute-force classical simula-
tion, so we turn to tensor network methods.

Tensor networks have been widely used to approximate and com-
press quantum state vectors that arise in the study of the low-energy 
eigenstates of and time evolution by local Hamiltonians2,32,33 and, more 
recently, have been successfully used to simulate low-depth noisy 
quantum circuits34–36. Simulation accuracy can be improved by increas-
ing the bond dimension χ, which constrains the amount of entangle-
ment of the represented quantum state, at a computational cost 
scaling polynomially with χ. As entanglement (bond dimension) of a 
generic state grows linearly (exponentially) with time evolution until 
it saturates the volume law, deep quantum circuits are inherently dif-
ficult for tensor networks37. We consider both quasi-1D matrix product 
states (MPS) and 2D isometric tensor network states (isoTNS)3 that 
have O χ( )3  and O χ( )7  scaling of time-evolution complexity, respectively. 
Details of both methods and their strengths are provided in Methods 

and Supplementary Information VI. Specifically for the case of the 
weight-17 operator shown in Fig. 3c, we find that an MPS simulation of 
the LCDR circuit at χ = 2,048 is sufficient to obtain the exact evolution 
(see Supplementary Information VIII). The larger causal cone of the 
weight-17 observable results in an experimental signal that is weaker 
compared with that of the weight-10 observable; nevertheless, mitiga-
tion still yields good agreement with the exact trace. This comparison 
suggests that the domain of experimental accuracy could extend 
beyond the scale of exact classical simulation.

We expect that these experiments will eventually extend to circuit 
volumes and observables in which such light-cone and depth reduc-
tions are no longer important. Therefore, we also study the perfor-
mance of MPS and isoTNS for the full 127-qubit circuit executed in Fig. 3, 
at respective bond dimensions of χ = 1,024 and χ = 12, which are primar-
ily limited by memory requirements. Figure 3 shows that the tensor 
network methods struggle with increasing θh, losing both accuracy and 
continuity near the verifiable Clifford point θh = π/2. This breakdown 
can be understood in terms of entanglement properties of the state. 
The stabilizer state produced by the circuit at θh = π/2 has an exactly flat 
bipartite entanglement spectrum, found from a Schmidt decomposi-
tion of a 1D ordering of the qubits. Thus, truncating states with small 
Schmidt weight—the basis of all tensor network algorithms—is not 
justified. However, as exact tensor network representations generi-
cally require bond dimension exponential in circuit depth, truncation 
is necessary for tractable numerical simulations.

Finally, in Fig. 4, we stretch our experiments to regimes in which the 
exact solution is not available with the classical methods considered 
here. The first example (Fig. 4a) is similar to Fig. 3c but with a further 
final layer of single-qubit Pauli rotations that interrupt the circuit-depth 
reduction that previously enabled exact verification for any θh (see Sup-
plementary Information VII). At the verifiable Clifford point θh = π/2, 
the mitigated results agree again with the ideal value, whereas the 
χ = 3,072 MPS simulation of the 68-qubit LCDR circuit markedly fails 
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Fig. 3 | Classically verifiable expectation values from 127-qubit, depth-15 
Clifford and non-Clifford circuits. Expectation value estimates for θh sweeps 
at a fixed depth of five Trotter steps for the circuit in Fig. 1a. The considered 
circuits are non-Clifford except at θh = 0, π/2. Light-cone and depth reductions 
of respective circuits enable exact classical simulation of the observables for all 
θh. For all three plotted quantities (panel titles), mitigated experimental results 
(blue) closely track the exact behaviour (grey). In all panels, error bars indicate 
68% confidence intervals obtained by means of percentile bootstrap. The 
weight-10 and weight-17 observables in b and c are stabilizers of the circuit at 
θh = π/2 with respective eigenvalues +1 and −1; all values in c have been negated 
for visual simplicity. The lower inset in a depicts variation of $Zq% at θh = 0.2 
across the device before and after mitigation and compares with exact results. 

Upper insets in all panels illustrate causal light cones, indicating in blue the 
final qubits measured (top) and the nominal set of initial qubits that can 
influence the state of the final qubits (bottom). Mz also depends on 126 other 
cones besides the example shown. Although in all panels exact results are 
obtained from simulations of only causal qubits, we include tensor network 
simulations of all 127 qubits (MPS, isoTNS) to help gauge the domain of  
validity for those techniques, as discussed in the main text. isoTNS results  
for the weight-17 operator in c are not accessible with current methods (see 
Supplementary Information VI). All experiments were carried out for G = 1, 1.2,  
1.6 and extrapolated as in Supplementary Information II.B. For each G, we 
generated 1,800–2,000 random circuit instances for a and b and 2,500–3,000 
instances for c.
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FIG. 2: (Color online) Comparing the gPEPS method in simulating the kicked transverse field Ising model against
the 127-qubit IBM Eagle quantum processor and various other tensor network methods. The operator expectation
values shown in (a) Average Magnetization, (b) Weight-10 observable, and (c) Weight-17 observable, are computed
with respect to the state | (✓h, 5)i. Each bottom plot shows the absolute di↵erence between the light-cone based
exact results and the results obtained through simulations (gPEPS and Eagle processor). Labelling of qubits is done
sequentially, from left to right and top to bottom, starting with 0.
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FIG. 3: (Color online) Comparison of the gPEPS simulation with higher number of trotter steps with the Eagle
quantum processor and various other tensor network methods. (a) Weight-17 observable computed after 6 trotter
steps with respect to the state | (✓h, 6)i. The bottom plot shows the absolute di↵erence between our simulation
and the available exact result. (b) Weight-1 expectation value computed after 20 trotter steps with respect to the
state | (✓h, 20)i. Because of the absence of exact result for this simulation, we have computed the absolute di↵erence
between our simulation and the BP-approximation tensor network state approach with � ! 1, presented in the
bottom subplot. (c) Finite-entanglement scaling of Weight-1 observable expectation value h (✓h, 20)|Z62| (✓h, 20)i
with respect to the inverse of bond dimension (1/�) for two distinct ✓h values. Labeling of qubits is done sequentially,
from left to right and top to bottom, starting with 0.

Fig.3(a). Comparison against the exact result [2] shows
that gPEPS simulations with bond dimension � = 64
already outperform the Eagle quantum processor in ac-
curacy. As expected, we have observed further enhance-
ments in accuracy for larger bond dimension � = 128.

To further test the algorithm we performed simulations
involving longer unitary evolutions, with 20 trotter steps,
and across a range of ✓h values. We computed the ex-
pectation value of the Weight-1 (single-site) operator, as
shown in Fig.3(b). Notably, we achieved numerically ex-

act results for the Cli↵ord points ✓h = 0 and ✓h = ⇡/2
when using bond dimension � = 64. While an exact so-
lution for longer unitary evolution remains elusive, we
were able to compare with tensor network results in the
infinite bond dimension limit [3], obtained from finite-
entanglement scaling. While our � = 64 bond dimension
accurately captures points for ✓h . 3⇡/16, noticeable de-
viations become apparent beyond this regime. As shown
in the figure, we could improve the accuracy significantly
by increasing the bond dimension to � = 128, 256 and

[arXiv:2309.15642]
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FIG. 1. Expectation values of di↵erent observables considered in Ref. [10]. Exact results [for panels (a)–(c)], quantum simulation
experiment (“Quantum”), and MPS results are reproduced from Figs. (3a)–(4b) of Ref. [10]. Following that reference, the
magnetization Mz =

P
q Zq/n (a), weight-10 (b), and weight-17 (c) observables are simulated for a quantum circuit consisting

of five Trotter steps (amounting to five layers of non-Cli↵ord gates), another weight-17 observable (d) is computed for a quantum
circuit consisting of five Trotter steps and an additional RX layer (six non-Cli↵ord layers in total), and hZ62i in (e) is simulated
for a circuit composed of twenty Trotter steps (twenty non-Cli↵ord layers). For visual simplicity, values in (c) and (d) were
negated. The SPD results were computed at ✓h = k⇡/32 for integer k between 0 and 16 (“+” markers).

Overall, our results demonstrate that our simple sparse Pauli dynamics approach can faithfully simulate the quantum
experiments recently performed on the new Eagle processor of IBM. Two days before this preprint was posted,
a preprint was posted by Tindall et al. [11] that showed that an alternative tensor network method that takes
advantage of the qubit connectivity of the device also outperforms the MPS or isoTNS [12] methods employed in
Ref. [10] and can also simulate the quantum experiments. In contrast to that work, our method is not specially
constructed for a given qubit connectivity map, nor does it rely on low entanglement. That both classical approaches
succeed illustrates the rich landscape of approximate classical algorithms that remain to be explored. Finally, we
believe that the method we describe here holds promise not only for quantum circuit simulations, but also for more
general simulation problems in quantum dynamics.

Method. Consider the unitary composed of Pauli rotation gates after the Cli↵ord transformation described above:
U =

Q
i Uj(✓j) =

Q
j exp(�i✓jPj/2), defined by the rotation angles ✓j and Hermitian Pauli operators Pj . (Note that

because the Cli↵ord gates have been applied, the Paulis Pj are not those of the original circuit, and all the rotations
are non-Cli↵ord).

We compute the expectation value of a Pauli observable

hOi = h0⌦n|U †
OU |0⌦ni (2)

by performing Heisenberg evolution of the observable under Pauli rotation gates, using

Uj(✓j)
†
�Uj(✓j) = cos(✓j)� + i sin(✓j)Pj� (3)

[arXiv:2306.16372]
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FIG. 1. Comparison of classical approximations for hZ62i at
Trotter depth D = 20 against experimental ZNE results: (1)
matrix-product-state (MPS) representation of the pure state
within a lightcone-reduced volume [3]; (2) extrapolation of the
MPS results with respect to the estimated circuit fidelity (see
Supp.); (3) Belief propagation tensor network states [4]; (4)
MPO representation of Heisenberg evolution (this work); (5)
simulation of a 31 qubit subset of the IBM Eagle device [5]; (6)
Cli↵ord perturbation theory [6]. The latter four methods dif-
fer by ⇠ 20% amongst themselves near ✓h ⇠ ⇡/4, an amount
largely within the spread of the ZNE error bars. Without
further calculations it is not clear which of these methods is
most accurate.

challenges for classical simulation methods. It is there-
fore crucial to emphasize that the Ref. [3] did not claim
“quantum advantage” or any provable speedup, and it
was left open whether other approximate classical meth-
ods might perform better than the pure state methods.
Indeed, it was suggested that approximating the Heisen-
berg evolution of the measured operators, rather than
the quantum states themselves, was a promising future
direction.

In this work we report the results of such additional
classical calculations. In contrast to the pure-state meth-
ods, we find that in the verifiable regime, matrix-product
approximations of the Heisenberg evolution give excellent
agreement with the exact results, and therefor with ZNE.
Going beyond the verifiable regime, we find classical sim-
ulations remain in good agreement with ZNE even up to
20 Trotter steps (60 CNOT layers), and reproduce the
exact results at ✓h = ⇡/2. These results provide further
evidence that ZNE produces accurate expectation values
at scales orders of magnitude beyond both exact verifi-
cation and the unmitigated results.

At depth D = 20, there remains a range of ✓h ⇠ ⇡/4
where Heisenberg simulations are not fully converged,
and they do not precisely agree with results of the newly
developed “BP-TNS” classical approximation recently
reported in [4]; Cli↵ord perturbation theory (CPT) re-

|Oii =

hh⇢|

|Oii

(a)

(U
†
⌦
U
)D

O =

(b)

FIG. 2. Evolution of operators using matrix product opera-
tors (MPO). (a) The 1D MPO representation of an operator
can be viewed as a vectorized state in a larger Hilbert space of
onsite dimension k = 4. (b) An operator expectation value is
found by evolving the vectorized operator by U

†
⌦ U , in this

work represented by the product of 13 MPOs, each of bond
dimension 4.

ported in [6, 10]; and simulations on a smaller 31-qubit
geometry reported in [5]. The various methods mutu-
ally disagree at about the 20% level, which happens to
be comparable to the ZNE error bars which sit between
them - see Fig.1. The Heisenberg evolution is a fully con-
trolled approximation, meaning it is in principle exact,
but only in the limit of a bond dimension which scales
exponentially in D

2. BP-TNS, on the other hand, is fully
converged at a more favorable bond dimension of 2D, but
makes uncontrolled approximations which make it inex-
act even in this limit. CPT is a perturbative expansion
in tan(✓h) (truncated at order K = 10 in Ref. [6]) which
is no longer a small parameter at the ✓h ⇠ ⇡/4 point.
Smaller-size methods depend on the restricted growth of
the operator, and ultimately will require a careful finite-
size scaling analysis. Without additional study, it is not
yet clear which of the methods is most accurate in this
regime. We anticipate further improvements in classical
methods or quantum hardware will prove fruitful here.

I. HEISENBERG-MPO METHOD

We begin by describing the numerical method used to
approximate the Heisenberg evolution of an observable,
O(D) = (U †)D OU

D. We take the standard approach of
approximating O(D) via a 1D matrix-product operator
representation (MPO) [11, 12]. The MPO can be viewed
as a vectorized MPS in a doubled Hilbert space of local
bond dimension 4, as shown in Fig. 2(a). To map the 2D
heavy-hex lattice to a 1D chain, sites are ordered accord-

[arXiv:2306.17839] 5

FIG. 3. Comparison for classically verifiable systems of our BP-approximated tensor network state approach to simu-
lating the dynamics of the kicked transverse field Ising model on a heavy-hex lattice versus the Eagle quantum processor
and alternative tensor network methods. Expectation values with respect to the state | (✓h, 5)i (i.e following 5 Trotter
steps of the dynamics of the model — see Eqs. (1) and (3)) are plotted, alongside exact results determined from light
cone simulations. a) Average magnetization. b) Weight-10 observable. c) Weight-17 observable. The bottom plots
show errors defined as the absolute di↵erence between the simulation result and the exact result. For some data points
the error from our TNS simulation is too small to fit on the scale of the plot and so these points are not marked.
Circled, annotated points denote, for a given ✓h, the memory required to store the state of the system at the given
bond dimension � and the walltime associated with performing the simulation and calculating the relevant observable
on a Macbook M1 Pro.

heavy-hexagon lattice, corresponding to a quantum
computer with an infinite number of qubits. Again,
we approximate the dynamics and take expectation
values using the BP approximation. Given the evi-
dence that we have presented on the accuracy of the
BP approximation for the finite case of this system,
especially for larger system sizes, we expect that these
results are highly accurate.

For the infinite heavy-hex lattice there is a 5-site
unit cell which can be tiled to produce the infinite
lattice (see Fig. 5). It can be shown that simulat-
ing a periodic system on the unit cell using belief
propagation corresponds to simulating the infinite
lattice under the belief propagation approximation,
where the sites of the periodic system constitute a
unit cell of the infinite system [14]. This is analogous
to the standard approach to simulating infinite sys-
tems with the simple update tensor network method
[25]. Therefore we take the single unit cell, impose
periodic boundary conditions, and present results for
the belief propagation approximated dynamics. Fig.
5 illustrates this idea, showing the dynamics of the
magnetization of the infinite system compared to the
expected magnetization of a representative site near
the center of the finite system. The extremely close
agreement between the magnetization of the infinite

and finite heavy-hex lattices provides strong evidence
that boundary e↵ects are minimal in the 127-qubit
model and the results are already very close to those
of the thermodynamic limit.

In Fig. 5 we also show the time-dependence of the
bipartite entanglement entropy per edge s across a
bipartition of the infinite lattice. Our infinite BP-
approximated TNS method gives us an estimate of
this quantity via the spectrum {�i} of the bond ten-
sors along the edges separating the partitions:

s =
�2X

i=1

�
2
i log2(�

2
i ) (2)

which requires summing over the spectrum of only
one of the bond tensors due to the fact that they are
all identical along the cut being made. We observe
that the entanglement in the system shows a sharp
linear growth at short times before slowing down sig-
nificantly and potentially saturating over a large time
scale. This long-lived plateu is consistent with stud-
ies of the decay of the magnetisation in a smaller sys-
tem [21] which suggests that the time-to-decay scales
exponentially with the inverse of ✓h. This long-time
slow growth means that we can accurately simulate
the infinite quantum processor up to large circuit

[arXiv:2306.14887]
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FIG. 2. Left : The expectation value of the modified weight-17 stabilizer W̃17 obtained by PEPO, MPS [1], CPT [4], the IBM’s
quantum hardware with error mitigation (IBM) [1], and compared against exact results, on the quantum circuit with 5+1
Trotter steps (5 Trotter steps with an addition rotation gates, corresponding to Fig.4(a) in Ref. [1]). Right : The absolute errors
with respect to the exact results. The computation time of the PEPO method with � = 184 in obtaining a data point is less
than 3 seconds using a single Intel Xeon Gold 6326 CPU.

Figure 2 shows the calculated results. On the left
panel, we see that the IBM measurement, MPS, and CPT
results deviate clearly from the exact results, while our
PEPO results obtained just with a small bond dimen-
sion � = 2 already agree better with the exact values.
The right panel of Fig. 2 compares the absolute errors
of the results obtained with di↵erent algorithms, show-
ing clearly that PEPO with � = 2 has similar accuracy
as MPO with � = 1024 and CPT with K = 10. It
indicates that our Heisenberg PEPO method can auto-
matically detect the intrinsic structure of Cli↵ord gates.
Furthermore, by taking � = 184, we find that the errors
of the PEPO results already fall below the rounding er-
ror of the double-precision floating numbers. Precisely at
the Cli↵ord point with ✓h = ⇡/2, the error of the � = 2
PEPO result drops to zero, indicating that our approach
perfectly catches the low-rank structure of the Cli↵ord
gates. The computation time for each point is less than
3 seconds for � = 184 using one CPU. In our PEPO cal-
culation, we directly evolve the tensor-network operator
using the simple update starting from the original circuit
without using any information obtained from the man-
ual Cli↵ord expansions. It clearly shows that the PEPO
method can detect the low-entanglement structure of the
circuit automatically.

B. Circuit with 20 Trotter steps

Here we conduct numerical experiments on deep cir-
cuits with 20 Trotter steps. Figure 3 (left) shows the
expectation value of hZ62i computed using PEPO with
di↵erent �. We find that hZ62i converges very quickly
with increasing � and becomes nearly � independent in
the regimes ✓h  ⇡/8 and ✓h � 5⇡/16. In the inter-
mediate regime, ⇡/8 < ✓h < 5⇡/16, hZ62i shows visible

variance with � due to the rapidly increasing entangle-
ment of PEPO with the Trotter steps. However, hZ62i

varies monotonically with increasing �, unlike the results
obtained with MPO, in this regime, allowing us to reli-
ably estimate the values of hZ62i by extrapolation to the
limit � ! 1.

Figure 3 (right) compares our results with the IBM
measurement data after error mitigation and those pub-
lished by other calculations. In the regime ✓h  ⇡/8,
the results of all approximate algorithms agree well with
each other. In the regime ✓h > 5⇡/16, the results of
PEPO, Google 31-qubits, CPT, and MPO all converge
to 0, while isoTNS, BP-TNS and MPS results deviate
from zero significantly. In this regime, the computation
is pretty easy because the X-rotation gates are close to
the Cli↵ord limit. The deviation of the MPS, isoTNS and
BP-TNS is because these methods can not detect the en-
tanglement structures even in the near-Cli↵ord limit. In
the intermediate regime, ⇡/8 < ✓h < 5⇡/16, a discrep-
ancy is observed between the results obtained with di↵er-
ent methods. The classical simulation becomes challeng-
ing in this regime because the X-rotation gates deviate
significantly from the Cli↵ord limit, and the entangle-
ment becomes strong. Notably, PEPO gives considerably
greater values than other results in this regime. Before
extrapolation, the PEPO results increase with increasing
�. Their di↵erences with the CPT and IBM’s measure-
ment results also grow with increasing �. However, due
to the strong entanglement and non-verifiable nature, we
cannot tell which method is more accurate in this regime.

V. DISCUSSION AND CONCLUSION

We have developed an accurate and e�cient approach
for simulating the discretized dynamics of the kicked

[arXiv:2308.03082]
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初期テンソルの構成方法
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◇ どうやってテンソルネットワーク表現を構成するのか？

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1 = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1

→ テンソル はネットワークを構成してはいない。
     (添字  が三つの違うテンソルに含まれている)

Kσx,yσx+1,yσx,y+1

σx,y

Kσx,yσx+1,yσx,y+1
, Kσx−1,yσx,yσx−1,y+1

, Kσx,y−1σx+1,y−1σx,y

◇ 従来法: 関数(テイラー)展開を使う ( )σ2 = 1

Boltzmann
            factor

◉ 二次元イジング模型のテンソルネットワーク表現

(e.g.): 二次元イジング(分配関数)
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◇ 従来法は？: (Taylor) expansion. and  σ2 = 1

W =
cosh(β ), sinh(β )

cosh(β ), − sinh(β )

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1

= ∑
σ,l,m

∏
x,y

Wσx,y,lx,y
Wσx,y,lx−1,y

Wσx,y,mx,y
Wσx,y,mx,y−1

= ∑
l,m

∏
x,y

K(exp)
lx,ylx−1,ymx,ymx,y−1

 の和を先に取り切る.σ

x-direction:σ → l
y-direction:σ → m

→ テンソル  がネットワークを構成する。

     (添字  と  が二つのテンソルにだけ含まれる)

K(exp)
lx,ylx−1,ymx,ymx,y−1

lx,y mx,y
K(exp)

lx,ylx−1,ymx,ymx,y−1
, K(exp)

lx+1,ylx,ymx+1,ymx+1,y−1

[Z.Y.Xie et al. arXiv:1201.1144]
[H.H.Zhao et al. arXiv:1002.1405]

[Y.Liu et al. arXiv:1307.6543]

eβσx,yσx+1,y =
1

∑
lx,y=0

(cosh(β))1−lx,y(σx,yσx+1,ysinh(β))lx,y =
1

∑
lx,y=0

Wσx,ylx,y
Wσx+1,ylx,y

σx,y → {lx,y, mx,y}

◉ 二次元イジング模型のテンソルネットワーク表現
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◉ 展開による構成手法
◇ 条件(e.g. ) がない時、展開による構成は？σ2 = 1

F(σx,yσx+1,y) =
∞

∑
kx,y=0

C(kx,y)(σx,yσx+1,y)kx,y

σx,y → kx,y

→ 少なくとも の有限性が明示的じゃなくなる。kx,y

→ そもそも より複雑な関数な時は、展開も複雑化eβσx,yσx+1,y

◇ 目的や条件に応じて適切な展開を考えないと、
　表現すら得られないことも（得るのに手間がかかる）。

→ どの展開を使うかも自由（直行関数展開なども使える）

∑
σ,k

N

∏
x,y=1

(σx,yσx+1,y)kx,y = ∑
σ,k

N

∏
x,y=1

(σkx,y
x,y σkx−1,y

x,y ) = ∑
k

N

∏
x,y=1 (∑

σ

σx,y)
kx,y+kx−1,y

= ∑
k

N

∏
x,y=1

f(kx,y, kx−1,y)

→ 変数変換:



◇ ポイント: 展開を使う場合は のような条件を利用σ2 = 1

◉ 単位行列による構成方法

→ 問題:ボルツマン因子が複雑化していった時、
　　　　　ネットワーク表現を機械的に構成できると嬉しい。

◇ 提案手法: 単位行列による添字のシフト

(e.g.): 二次元イジング模型 (periodic b.c.)

Z = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1
= ∑

σ,b
∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,y+1σx,y+1

= ∑
σ,b

∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,yσx,y

= ∑
σ,b

∏
x,y

K(delta)
σx,yσx+1,ybx,ybx,y+1

[K. Nakayama, M.Schneider arXiv:2407.14226]

◆ index shift ( ) by y + 1 → y δ

32
→ ネットワークを構成している K(delta)

σx,yσx+1,ybx,ybx,y+1
≡ Kσx,yσx+1,ybx,y+1

× δbx,yσx,y
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◉ 模式図

σx,y σx+1,y

σx,y+1

σ → b Kσx,yσx+1,yσx,y+1
→ K(delta)

σx,yσx+1,ybx,ybx,y+1
σ

x

y

→ この構成方法は、
　　条件やボルツマン因子の詳細の情報を一切必要としない。
                                   (e.g. , )σ2 = 1 Kσx,yσx+1,yσx,y+1

= eσx,yσx+1,y+σx,yσx,y+1

矢印  新しい添字 .↔ {σ, a}

(1): 点  元々の添字 ↔ {σx,y, σx+1,y, σx,y+1}

(2): すべての点を矢印で繋ぐ

(3): 矢印 ( 以外)  単位行列  による添字シフト.σ ↔ δ



34

◉ 一般化の一例: J1-J2+α

eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2+t2σx,yσx+1,y+1σx+2,y+1+t3σx,yσx+1,y+1σx+1,y+2+t4σx+1,y+1σx+2,y+1σx+1,y+2

eJ1(σx+1,y+1σx+2,y+1+σx+1,y+1σx+1,y+2) eJ2(σx,yσx+1,y+1+σx+2,y+1σx+1,y+2)

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

Kσx,yσx+1,y+1σx+2,y+1σx+1,y+2
→ K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

a

b

c

→ 追加した赤点はSteiner点と呼ぶ.
→ この模式図はRectilinear Steiner木問題になっている。
(一般化最小木問題。似た問題で巡回セールスマン問題が有名).
→  は だけの添字で表現される.K′ ′ 4 × 4 × 4 × 4
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eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

eJ(x)
1 σx+1,y+1σx+2,y+1+J(y)

1 σx+1,y+1σx+1,y+2

eJ(a)
2 σx,yσx+1,y+1+J(b)

2 σx+2,y+1σx+1,y+2

1-spin

2-spin (J1)

2-spin (J2)

2-spin (g1,g2)

◉ J1-J2+ : Frustrated system with 12 parameters.α
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3-spin t1

et4σx+1,y+1σx+2,y+1σx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2

et2σx,yσx+1,y+1σx+2,y+1

et3σx,yσx+1,y+1σx+1,y+2

3-spin t2

3-spin t3

3-spin t4

◉ J1-J2+ : Frustrated system with 12 parameters.α
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4-spin

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

= K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

◇ 相互作用の種類 (パラメータの数):

 (
4

∑
k=2

4Ck) + 1 = 24 − 4 = 12

◉ J1-J2+ : Frustrated system with 12 parameters.α

→  は だけの添字で表現される.K′ ′ 4 × 4 × 4 × 4
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NOTE:Steiner木問題
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◉ Note: Steiner木問題.
◇ Steiner木問題: 
最短の線分（木）の集合で全ての点を繋ぐ（最小全域木）
　　　　　　　　　　　　　　　+ 新しい点を加えてもいい

◇ Rectilinear Steiner木問題: (NP-complete)
格子上のSteiner木問題
      …格子上にのみ点、リンク上にのみ線分。
→ テンソルの添字の大きさが線分の長さに関連 D(Road length)

ini

→ 長距離相互作用では添字の大きさが大きくなっていく。
→ この分類だとゲージ作用（プラケット作用）なども
　最近接相互作用ではないが、この程度なら添字は小さい。

[M. Hanan, SIAM Appl. Math, 14, 2, p255, (1966)]
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最小全域木 Steiner木 Rectilinear Steiner
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→ Num. of interaction (parameters) order ∼ O(∑ 9Ck = 29)
→  has  indices.K′ ′ 26 × 26 × 27 × 27

◉ Note: (Rectilinear) Steiner木問題
◇ Rectilinear Steiner tree problem: Find shortest 
line segment on the lattice between dots with additional dots. 
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K(3d)
σx,y,zσx+1,y+1,z+1σx+2,y+1,z+1σx+1,y+2,z+1σx+1,y+1,z+2

x

y z

→ T(3d)
σx,y,zσx+1,y,zax,y,zax+1,y,zbx,y,zbx,y+1,zcx,y,zcx,y+1,zdx,y,zdx,y,z+1ex,y,zex,y,z+1

◉ (e.g.) J1-J2+  in 3dimα
◇ 三次元でも要領は同じ
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◇ Common method: (Taylor) expansion. and  σ2 = 1

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = coshβ
1

∑
p=0

(tanhβ)p(σn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν)p

Z = ∑
g,h,i,j,k,l

∏
n

T(exp)
[gh]x,y,z[gh]x+1,y,z[ij]x,y,z[ij]x,y+1,z[kl]x,y,z[kl]x,y,z+1

T(exp)
[xX][x′ X′ ][yY][y′ Y′ ][zZ][z′ Z′ ] = (coshβ)3 ∑

a,b,c,d,e, f

AcyZeAfzxbAdYXaBbx′ y′ cBaX′ Z′ eBfz′ Y′ d

◇ 一般にはどんな展開でもいい。.

(Character for gauge theory, Orthogonal function, Taylor…)

[Y.Liu et al. arXiv:1307.6543]

Apqrs = mod(1 + p + q + r + s,2)

Bpqrs = (tanhβ)(p+q+r+s)/4δpqδprδrs

Figure 1. Tensor network for Eq .(2.7). Dotted lines describe the cubic lattice. Black cubes and
spheres represent B and A, respectively. Red, blue and green bars denote the contractions of the
tensor indices.

We can collect the terms involving a �n,µ and sum over it. For example, the case of �n,0 is

expressed as

X

{�n,0=±1}

�
pn,0,1+pn,0,2+qn�1̂,0,1+qn�2̂,0,2

n,0 = 2A(n,µ=0)
pn,0,1pn,0,2qn�1̂,0,1qn�2̂,0,2

, (2.5)

where

Apqrs = � mod (p+q+r+s,2)=0. (2.6)

So the partition function can be rewritten as the following tensor network representation:

Z = (cosh�)3V
X

{p,q}

Y

n,µ>⌫

B(n,µ⌫)
Y

n,µ

A(n,µ). (2.7)

The connections between tensors are depicted in Fig. 1.

In addition, we reconstruct the tensor network representation to reduce the redundant

degrees of freedom. Taking µ = 0 as the temporal direction and µ = 1, 2 as the spatial ones,

we classify the sites as spatially even sites l with

mod(l1 + l2, 2) = 0 (2.8)

and spatially odd sites m with

mod(m1 +m2, 2) = 1. (2.9)

Let us rearrange the tensors so that all the tensors are collected at the spatially even sites. In

this procedure, we employ the gauge fixing with �m,0 = 1 at the spatially odd sitesm(m0 6= 0).

– 3 –

[Y.Kuramashi, Y.Yoshimura, arXiv:1808.08025]
◉ 三次元  ゲージ理論のテンソル表現Z2
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◉ 三次元  ゲージ理論のテンソル表現Z2

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = ∑
σ

∏
n,μ>ν

e−β(xx ̂yyy ̂x+xx ̂z zz ̂x+yy ̂z zz ̂y)/8

yx
zxy

x

z
xy

zy
xz

yz→  方向の添字は互いに独立。x, y, z

x
x a xy

xz

y
y

b yz

yx

z
z c zx

zy

Kxxyxzyyzyxzzxzy
→ K′ ′ [xb][xb]z[yc][yc]x[za][za]y

→  has only  indices.K′ ′ 4 × 4 × 4 × 4 × 4 × 4

◇ 添字のシフトを単位行列で。
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→ Our method produces correct result for critical temperature.

3

U�V

U#V

6A:X 8X aT2+B}+ ?2�i Q7 i?2 i?`22@/BK2MbBQM�H Z2 ;�m;2
i?2Q`v 7Q` /Bz2`2Mi BMp2`b2 i2KT2`�im`2b �X h?2 /Qii2/
HBM2 K�`Fb i?2 +`BiB+�H i2KT2`�im`2 �c = 0.6561 +�H+mH�i2/
BM (9)X a?QrM �`2 i?2 `2bmHib Q#i�BM2/ rBi? i?2 b?B7i2/ �h_:
K2i?Q/ Ub22 �TTX 1V �M/ i?2 BMBiB�H i2MbQ`b T (delta) 7`QK
1[X Uk8VX a22 K�BM i2ti 7Q` /2i�BHb Q7 i?2 +�H+mH�iBQMX U�V
rB/2 `�M;2 Q7 �X U#V xQQK@BM �`QmM/ i?2 K�tBKmK p�Hm2X
L2B;?#Q`BM; /�i� TQBMib ~m+im�i2 /m2 iQ i?2 bi�iBbiB+�H 2``Q`b
7`QK i?2 `�M/QKBx2/ ao.X h?2 ;`2v #�M/ Bb i�F2M �b �M 2b@
iBK�i2 Q7 i?2 mM+2`i�BMiv Q7 �cX a22 K�BM i2ti 7Q` /2i�BHbX

bi2T bBx2 �� b?QmH/ i?2`27Q`2 #2 +�`27mHHv +?Qb2M �M/ QT@
iBKBx2/X

6B;m`2 8 b?Qrb i?2 bT2+B}+ ?2�i Q7 i?2 Z2 ;�m;2 i?2@
Q`v rBi? i?2 BMBiB�H i2MbQ` T (delta)X h?2 +`BiB+�H i2K@
T2`�im`2 Bb 7QmM/ iQ #2 �c = 0.6560(3)X h?2 mM+2`@
i�BMiv Bb 2biBK�i2/ #v i?2 bT`2�/ Q7 `2bmHib /m2 iQ i?2
`�M/QKBx2/ ao.X q2 +?QQb2 i?2 mM+2`i�BMiv Q7 �c bm+?
i?�i i?2 H�`;2bi i2M /�i� TQBMib HB2 BM i?2 2``Q` #�M/-
b22 6B;X 9U#VX � KQ`2 +�`27mH bim/v Q7 2``Q` bQm`+2b
rQmH/ #2 M22/2/ B7 QM2 �BKb 7Q` ?B;?2` T`2+BbBQMX 6m`@
i?2` K2i?Q/b iQ BKT`Qp2 i?2 �++m`�+v +�M #2 7QmM/ BM (9)X
Pm` `2bmHi �c = 0.6560(3) Bb +QMbBbi2Mi iQ i?2 h_: `2@
bmHi �c = 0.656097(1) BM (9) �M/ i?2 JQMi2@*�`HQ `2bmHi
�c = 0.65608(5) BM (8N)X

h?2 +�H+mH�iBQMb b?Qr i?�i Qm` �TT`Q�+? +�M bm++2bb@
7mHHv #2 �TTHB2/ iQ � rB/2 `�M;2 Q7 bvbi2Kb BM+Hm/BM;

;�m;2 i?2Q`B2b- �M/ +�M #2+QK2 � }`bi +�M/B/�i2 iQ BM@
p2biB;�i2 � bvbi2K #v K2�Mb Q7 h_: K2i?Q/bX h?2
K2i?Q/ +�M #2 �TTHB2/ iQ �Mv i`�MbH�iBQM�HHv BMp�`B�Mi
bTBM@bi�iBbiB+�H bvbi2K r?B+? ?�b � }MBi2 MmK#2` Q7 bTBM
/2;`22b Q7 7`22/QKX q2 /2KQMbi`�i2/ i?Bb BM i?Bb b2+iBQM
BM i?2 +�b2 Q7 i?2 Z2 ;�m;2 i?2Q`v �M/ /Bb+mbb i?2 ;2M@
2`�HBx�iBQM �M/ b+�HBM; BM a2+X oX aBM+2 r2 /Q MQi M22/
� KQ/2H@bT2+B}+ 2tT�MbBQM Q7 i?2 Q`B;BM�H T�`iBiBQM 7mM+@
iBQM Q` BMi2;`�i2 Qmi i?2 Q`B;BM�H p�`B�#H2b BM Qm` +QM@
bi`m+iBQM- i?Bb K2i?Q/ +�M bi`�B;?i7Q`r�`/Hv #2 mb2/ 7Q`
� H�`;2 +H�bb Q7 bvbi2Kb- BM+Hm/BM; ;�m;2 i?2Q`B2b- iQ }M/
i?2 i2MbQ` M2irQ`F `2T`2b2Mi�iBQM Q7 T?vbB+�H [m�MiBiB2bX

oX :1L1_�G 6P_J P6 ALAhA�G h1LaP_a

AM i?Bb b2+iBQM- r2 +QMbB/2` i?2 BMBiB�H i2MbQ` +QMbi`m+@
iBQM K2i?Q/ rBi? /2Hi� 7mM+iBQMb 7Q` ;2M2`�H KQ/2Hb- BM@
+Hm/BM; HQM;@`�M;2 �M/ MQM@M2B;?#Q`BM; BMi2`�+iBQMbX q2
/2`Bp2 i?2 b+�HBM; d2[nint+ns�1] 7Q` i?2 MmK#2` Q7 2H2K2Mib
Q7 i?2 BMBiB�H i2MbQ`bX >2`2- d Bb i?2 /BK2MbBQM Q7 i?2 HQ@
+�H >BH#2`i bT�+2- nint Bb i?2 MmK#2` Q7 H�iiB+2 TQBMib Q7
i?2 Q`B;BM�H- MQi HQ+�HHv +QMM2+i2/ i2MbQ`b `2T`2b2MiBM;
i?2 T�`iBiBQM 7mM+iBQMX h?2 MmK#2` Q7 ai2BM2` TQBMib ns

+Q``2bTQM/b iQ i?2 MmK#2` Q7 H�iiB+2 TQBMib M22/2/ iQ
+QMM2+i BbQH�i2/ `2;BQMb- �b 2tTH�BM2/ H�i2` BM i?Bb b2+@
iBQMX
�X *QMM2+i2/ HQM; `�M;2 +?�BM BM R/ �b �M 2t�KTH2

7Q` HQM;2` `�M;2 BMi2`�+iBQMb- r2 +QMbB/2` � bvbi2K r?2`2
2�+? H�iiB+2 bBi2 Bb +QmTH2/ iQ �HH bBi2b mT iQ � /Bbi�M+2 Q7
k bBi2bX h?2 T�`iBiBQM 7mM+iBQM +�M #2 r`Bii2M �b

Z =
dX

�=1

NY

i=1

K�i,�i+1,...,�i+k . UkNV

h?2 HQ+�H T?vbB+�H /BK2MbBQM Bb d- �M/ nint = k+1 Bb i?2
MmK#2` Q7 BM/B+2b Q7 i?2b2 BMBiB�H i2MbQ`bX a22 �TTX � 7Q`
�M 2t�KTH2 Q7 i?Bb ivT2X

q2 �TTHv i?2 /2+QKTQbBiBQM rBi? � /2Hi� K�i`Bt-

K�i,�i+1,...,�i+k =
dX

a(1)
i+1=1

K
�i,�i+1,...,a

(1)
i+1

�
�i+k,a

(1)
i+1

. UjyV

lbBM; i`�MbH�iBQM�H BMp�`B�M+2- r2 /2}M2 i?2 M2r i2MbQ`

K(1)

�i,�i+1,...,�i+k�1,a
(1)
i ,a(1)

i+1

⌘ K
�i,�i+1,...,�i+k�1,a

(1)
i+1

�
�i+k�1,a

(1)
i
, UjRV

r?B+? H2�/b iQ i?2 b�K2 T�`iBiBQM 7mM+iBQM �b i?2 Q`B;BM�H
QM2 B7 QM2 i�F2b i?2 T`Q/m+i Q7 �HH i2MbQ`b �i /Bz2`2Mi
H�iiB+2 bBi2b �M/ bmKb Qp2` �HH BM/B+2b- bBKBH�` iQ 1[X UkNV
#mi BM+Hm/BM; i?2 M2r BM/B+2b a(1)X

q2 +�M `2T2�i i?Bb T`Q+2/m`2 k � 1 iBK2b iQ ;2i i?2
HQ+�H `2T`2b2Mi�iBQM

K(k�1)

�i,�i+1,a
(1)
i ,a(1)

i+1,...,a
(k�1)
i ,a(k�1)

i+1

⌘ K(k�1)

[�ia
(1)
i ...a(k�1)

i ],[�i+1,a
(1)
i+1,...,a

(k�1)
i+1 ]

. UjkV

From initial tensor
by Tayler expansion

◇ Numerical calc. by (modified) ATRG + impurity method

[Y.Kuramashi et al. 
           arXiv:1808.08025]

3-dim Z2 gauge

◉ 三次元  ゲージ理論の相転移Z2
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初期テンソル依存性
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◉ Initial tensor dependence
◇ 簡単にネットワークを見つけられるようになった！

→ でも精度が犠牲になってたりしないか？

→ この依存性を消す方法が経験的に見つけられる。

TRGの精度:
初期テンソルに
                依存しない。

HOTRGの精度:
初期テンソルに
　　　　依存する。

2-dim Ising
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◉ Boundary TRG

◇ Original HOTRG:  か  をノルムの大きさで選ぶ。U V

◇ HOTRG with boundary TRG: 
         を  と  から作る。  P1, P2 U V

→  か   を選ぶ方法から  と  を構成することは、
                                       他のTRGの手法でも問題なく可能。

U V P1 P2

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>

U†(HOTRG)
2

CV =

4

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>

V †(HOTRG)

2

6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
�(U) �M/ �(V )X 6Q` 2t�KTH2- 7Q` �(U),

X

x1,x2,y,yt,y0
1,y2

K⇤
x1ytx0

1
ty0

1
K⇤

x2y2x0
2
tytKx1yx0

1y
0
1
Kx2y2x0

2y

'

DX

a,b

U⇤(HOTRG)
ax0

1
tx0

2
t

⇣
�(U)

⌘2

ab
U (HOTRG)
bx0

1x
0
2

. U.RV

>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>

U†(HOTRG)
2

CV =

4

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>

V †(HOTRG)

2

6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
�(U) �M/ �(V )X 6Q` 2t�KTH2- 7Q` �(U),

X

x1,x2,y,yt,y0
1,y2

K⇤
x1ytx0

1
ty0

1
K⇤

x2y2x0
2
tytKx1yx0

1y
0
1
Kx2y2x0

2y

'

DX

a,b

U⇤(HOTRG)
ax0

1
tx0

2
t

⇣
�(U)

⌘2

ab
U (HOTRG)
bx0

1x
0
2

. U.RV

>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R8

CP1,P2 =

5

◉ boundary HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="7RjFzS/DiN9AD4SWHojdz550bbY="></latexit>

P (bHOTRG)
1

<latexit sha1_base64="IkRterIQjAFqRa+MNOxPku7u2rY="></latexit>

P (bHOTRG)t
2

2

6A:X RjX *Qbi 7mM+iBQM Q7 i?2 b[m22x2`b P (bHOTRG)
1 �M/

P (bHOTRG)
2 7Q` #QmM/�`v >Ph_:X

AM i?2 #QmM/�`v h_: K2i?Q/ i?Bb /2+BbBQM Bb MQi �T@
THB2/X AMbi2�/- b[m22x2`b �`2 +`2�i2/ 7`QK � +QK#BM�iBQM
Q7 U (HOTRG) �M/ V (HOTRG)X h?2b2 b[m22x2`b �`2 mb2/ 7Q`
i?2 i`mM+�iBQM BM i?2 +Q�`b2 ;`�BMBM; bi2TX h?2 T`Q+2/m`2
KBMBKBx2b i?2 +Qbi 7mM+iBQM BM 6B;X RjX 6B`bi- i?2 BbQK2@
i`B2b �`2 +�H+mH�i2/ rBi?Qmi i`mM+�iBQM �b BM 1[X U.RV
�M/ bBKBH�`Hv 7Q` V (HOTRG)X h?2M- � i`mM+�i2/ ao. Bb
T2`7Q`K2/,

�(U)U (HOTRG)V (HOTRG)�(V )
' U⇤V. U.kV

h?2 b[m22x2`b +�M #2 +QMbi`m+i2/ 7`QK i?2b2 i2MbQ`b
�M/ i?2 T`2pBQmb BbQK2i`B2b,

P (bHOTRG)
1 ⌘ V (HOTRG)�(V )V †/

p

⇤ U.jV
P (bHOTRG)
2 ⌘ (1/

p

⇤)U†�(U)U (HOTRG). U.9V

h?2 iQi�H +QKTmi�iBQM�H +Qbi Bb Q7 i?2 b�K2 Q`/2` �b
i?2 Q`B;BM�H >Ph_:- �M/ i?2 +�H+mH�iBQM Q7 P1 �M/ P2 Bb
MQi i?2 /QKBM�Mi +Qbi BM i?2 `2MQ`K�HBx�iBQM bi2TX h?2
`2bmHib Q7 i?Bb #QmM/�`v >Ph_: K2i?Q/ �`2 Km+? H2bb
/2T2M/2Mi QM i?2 bvKK2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2M@
bQ`b �b /Bb+mbb2/ BM a2+X AAAX h?2`27Q`2- i?2 K2i?Q/ +`2@
�i2b KQ`2 `2HB�#H2 `2bmHibX AM �//BiBQM- i?2 +Qbi 7mM+iBQM
Q7 i?2 #QmM/�`v >Ph_: BM 6B;X Rj �TT`QtBK�i2b 7Qm`
i2MbQ`b BMbi2�/ Q7 irQ 7Q` i?2 mbm�H >Ph_: �b BM 6B;X RkX
h?2 �TT`QtBK�iBQM i�F2b BMiQ �++QmMi � H�`;2` `2;BQM �M/
+�M i?mb BKT`Qp2 i?2 �++m`�+v Q7 i?2 �TT`QtBK�iBQMX q2
MQi2 i?�i i?2 #QM/@r2B;?i2/ h_: K2i?Q/ 7Q` >Ph_:
Bb �HbQ #�b2/ QM i?2 #QmM/�`v h_: i`mM+�iBQM (eR)X

h?2 B/2�b T`2b2Mi2/ ?2`2 +�M ;2M2`�HHv #2 mb2/ BM �Mv
h_: K2i?Q/ rBi? BbQK2i`B2bX _2TH�+BM; U (HOTRG)

!

P (bHOTRG)
1 , P (bHOTRG)

2 /Q2b MQi `2[mB`2 bB;MB}+�Mi �//B@
iBQM�H +QKTmi�iBQM�H +Qbib #mi +�M bi`QM;Hv `2/m+2 i?2
BMBiB�H i2MbQ` /2T2M/2M+2X

�TT2M/Bt 1, �h_:- J.h_: �M/ p�`B�Mib

q2 2tTH�BM i?2 +Q�`b2 ;`�BMBM; bi2Tb rBi? �h_: �M/
J.h_: BM i?Bb �TT2M/BtX q2 �HbQ BMi`Q/m+2 p�`B�Mib Q7
i?2 2bi�#HBb?2/ �H;Q`Bi?Kb �M/ #2M+?K�`F i?2 /Bz2`2Mi
K2i?Q/b 7Q` i?2 irQ@/BK2MbBQM�H AbBM; KQ/2HX

h?2 �++m`�+v Q7 i?2 7`22 2M2`;v /2T2M/b QM i?2 K2i?Q/
mb2/ BM i?2 +Q�`b2@;`�BMBM; bi2TX S�`iB+mH�`Hv- r2 Q#b2`p2
i?�i �H;Q`Bi?Kb r?B+? mb2 BbQK2i`B2b iQ +`2�i2 i?2 BM/B+2b

Q7 i?2 M2ti +Q�`b2@;`�BM2/ i2MbQ`b K(next) �`2 ?B;?Hv /2@
T2M/2Mi QM i?2 BMBiB�H i2MbQ` T`QT2`iB2bX

q2 bi�`i 7`QK i?2 T�`iBiBQM 7mM+iBQM Z =
tr
�Q

i Kxiyix0
iy

0
i

�
- r?2`2 xi Ux0

iV �`2 i?2 BM/B+2b i?�i +QM@
M2+i � H�iiB+2 TQBMi �i bBi2 i iQ Bib M2�`2bi M2B;?#Q` BM
M2;�iBp2 UTQbBiBp2V x@/B`2+iBQMX �++Q`/BM;Hv- yi Uy0iV +QM@
M2+ib iQ i?2 M2ti i2MbQ` BM M2;�iBp2 UTQbBiBp2V y@/B`2+iBQMX
LQi2 i?�i xi+1 = x0

i �M/ yi+1 = y0iX h?2 i`�+2 tr BKTHB2b
� bmKK�iBQM Qp2` �HH BM/B+2bX K +�M- 7Q` 2t�KTH2- #2
K(delta) Q` K(exp) �b /2}M2/ BM a2+X AAAX

h2MbQ` `2MQ`K�HBx�iBQM ;`QmT �H;Q`Bi?Kb T`QpB/2 �
r�v iQ +Q�`b2@;`�BM � ;Bp2M i2MbQ` M2irQ`F iQ � M2r M2i@
rQ`F rBi? 72r2` i2MbQ`bX h?Bb bi2T Bb �TT`QtBK�i2 iQ
�pQB/ �M 2tTQM2MiB�H ;`Qri? Q7 i?2 MmK2`B+�H +Qbib- �M/
i?2 �H;Q`Bi?Kb /Bz2` BM i?2 r�v i?2v i`mM+�i2 i?2 i2MbQ`bX
hvTB+�HHv- irQ i2MbQ`b Q7 �M BMBiB�H H�iiB+2 �`2 `2TH�+2/
#v QM2 i2MbQ` QM � +Q�`b2@;`�BM2/ H�iiB+2X q2 `2bi`B+i
Qm`b2Hp2b iQ b[m�`2 H�iiB+2b BM irQ /BK2MbBQMb #mi MQi2
i?�i KQbi �H;Q`Bi?Kb /Bb+mbb2/ ?2`2 +�M #2 ;2M2`�HBx2/
iQ ?B;?2` /BK2MbBQMbX AM b?Q`i- i?2 ;Q�H Q7 � i2MbQ` `2MQ`@
K�HBx�iBQM ;`QmT �H;Q`Bi?K Bb iQ }M/ i?2 +Q�`b2@;`�BM2/
i2MbQ` K(next) 7`QK i?2 BMBiB�H i2MbQ` K-

Kxyx0y0 ! K(next)
XYX0Y 0 . U1RV
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◉ Triad

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E
<latexit sha1_base64="WcfgT6vP38lUIQT7yloQvc7r1GA="></latexit>

F

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K <latexit sha1_base64="kAw4S6IdaSTqfJydA1rb0WJ3mi0="></latexit>

G
<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E

<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Lx+wgUyNxShd+157raPKfXaLf1c="></latexit>

F 0

<latexit sha1_base64="51Va1FU5U8+NPGmKr+7aQrr2AuA="></latexit>

G0

(a) (b) (c)

6A:X R9X AMBiB�H bi2Tb Q7 � +Q�`b2@;`�BMBM; Bi2`�iBQM BM �h_:@
HBF2 �H;Q`Bi?KbX 6`QK U�V iQ U#V, i?2 mTT2` UHQr2`V BMBiB�H
i2MbQ` Bb bTHBi #v �M ao. BMiQ i2MbQ`b E �M/ F UG �M/ HVX
6`QK U#V iQ U+V, i?2 i2MbQ`b F �M/ G �`2 +QMi`�+i2/ �M/ �T@
T`QtBK�i2/ #v �M ao. BM Q`/2` iQ +?�M;2 i?2 BM/2t /B`2+iBQMX
a22 K�BM i2ti 7Q` /2i�BHbX

6Q` �h_: �M/ J.h_:- r2 +QMbB/2` irQ M2�`2bi
M2B;?#Q` i2MbQ`b

P
y Kx1yx0

1y
0
1
Kx2y2x0

2y
BM i?2 +Q�`b2@

;`�BMBM; bi2TX h?2 i2MbQ`b �`2 }`bi /2+QKTQb2/ BMiQ i`B@
�/b- �b b?QrM BM 6B;X R9U�V iQ U#VX 6Q` i?Bb- i?2 BMBiB�H
i2MbQ`b Q7 i?2 i`�MbH�iBQM�H BMp�`B�Mi M2irQ`F �`2 bTHBi
mbBM; �M ao.,

Kxyx0y0 '

DX

b,c

Hxyb�bcEx0y0c. U1kV

>2`2- H �M/ E �`2 i`mM+�i2/ mMBi�`v K�i`B+2b Q` BbQK2@
i`B2b- �M/ � Bb � /B�;QM�H K�i`Bt rBi? MQM@M2;�iBp2 2M@
i`B2bX h?2 bK�HH2bi bBM;mH�` p�Hm2b �`2 /`QTT2/ BM Q`/2`
MQi iQ 2t+22/ � K�tBKmK #QM/ /BK2MbBQM D BM i?2 �H;Q@
`Bi?KX LQi2 i?�i r2 /Q MQi mb2 BMi2`M�H HBM2 Qp2`b�KTHBM;

[S. Iino et al. arXiv:1905.02351]
[K. N., M.Schneider arXiv:2407.14226]
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◉ Boundary HOTRG

→ HOTRG with  and  は初期テンソルに依存しない。P1 P2

2-dim Ising

HOTRG with   and P1 P2



◇ Many method (ATRG, TriadTRG, MDTRG) can use 
    isometry (  or  ) or  and .U V P1 P2

[D. Kadoh, K.N. arXiv:1912.02414]

50

◉ Boundary TRG for ATRG and MDTRG

→ TRG methods with  and  are initial tensor independent.P1 P2

→ Our construction can also produce compatible result. 

[D. Adachi et al. arXiv:1906.02007]
[K.N. arXiv:2307.14191]

ATRG 
    with   and P1 P2

MDTRG 
    with   and P1 P2

2-dim Ising
[K. N., M.Schneider arXiv:2407.14226]
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◉ まとめ

◇ ボルツマン因子表現があれば、
　簡単にテンソルネットワーク表現に変換できる。

◇ ネットワーク構成方法はSteiner木問題になっている。

◇ 初期テンソル依存性はboundary TRG法で消せる。

◇ 二次元や三次元でテストした。

[main]

[details]

→ この方法が、簡便かつ不利益の少ない選択になり得る。

◇ 依存性を消す方法は拡張性が高い。
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◉ boundary HOTRG
◇ まずはU,Vを厳密に(打ち切りなしで)計算する。

<latexit sha1_base64="m4+Zh1+z+nU590e+kU79JRZ8tTo="></latexit>

�(U)
<latexit sha1_base64="9j9NlF55C1N/R7fRUUIAPyo2u1Q="></latexit>

�(V )

<latexit sha1_base64="fGPHkkSElI+cbDqEXu+j8RKUo6A="></latexit>'

◇ U,Vを両方巻き込みつつSVD,打ち切り近似

◇ を定義P1, P2

[S. Iino et al 1905.02351]

(ルートを取るのは、HOTRGは のように固有値が二乗されているから。)MM†

λ(V)V†U λ(U) = R1R2 ≃ U(R)Λ(R)V(R)

P1 = U λ(U)V(R)/ Λ(R) = R2V(R)/ Λ(R)

P2 = (V λ(V)U(R)/ Λ(R))
†

= (R†
1 U(R)/ Λ(R))

†

U U† V V†
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◉ boundary HOTRG [S. Iino et al 1905.02351]

x1 x′ 1

y′ 

T

T

x2 x′ 2ỹ = U
λ(U )

V†(U) U(V ) V†= λ(V )

y
T

T

T†

T†
V†

[λ(V )]
V=

T†

T†
U†

[λ(U )]
U=

T

T

R1 R2
UV†

λ(V ) λ(U )
≃ Λ(R)U(R) V†(R)

P1 P2 = R2

[Λ(R)]−1V (R) U†(R)

R1 =
[Λ(R)]−1V (R) U†(R)

U
λ(U )

V†

λ(V )

TT = U λ(U)V(U)† = U(V) λ(V)V†

= R2V(U)† = U(V)R1

λ(V )V†U λ(U) = R1R2 ≃ U(R)Λ(R)V (R)†

P1 = U λ(U)V (R)/ Λ(R) = R2V (R)/ Λ(R)

P2 = (V λ(V )U(R)/ Λ(R))
†

= (R†
1 U(R)/ Λ(R))

†


