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« Gapped: ‘fracton order’

« e.g.) X-cube model, foliated field theory, ...

° #GS — 22(Lx+Ly+Lz)_3

« Gapless
« e.g.) 2RTTIRFDAEXBB(disclination)

« EREXNINT Y VILT—VERIC L SRR



Bl RzXEKT 2%

e Subsystem XJFN4E [Vijay-Haah-Fu, PRB'16]  [Williamson, PRB’16], ...

* Pt x,y) = Pt x,y) + ¢ (x) + (Y)
 Polynomial shift X{#RME  (cromov, PRX19), ...

mi

c p P+ cl-xi + cljxixj + .-
¢ REE: ZEMFE—AV N [Pretko, PRB'17], ...

5 15 7

Ly
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* Non-Riemannian geometry  [Angus-Kim-Park 21], ...

* Degenerate metric
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Higher-rank gauge theories

BEE: (BRI OWOEREONTT v VILT— U5

e WDOHhD/N\NYIT— g [Pretko, PRB’17], ...

« Scalar charge gauge theory
* Vector charge gauge theory

« ZEMFE—AY MREFZER
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Scalar charge gauge theory

.« - {¢, Aij} A;; [ XSF: A=A
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. ES & HE

il
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Lagrangian P —=——__F E __B B

De2 Y 2e?

o V—ANDIEE ZL oo = Pp + Ayl



Scalar charge gauge theory

- EFLELD
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V.E- V=) @E:E(VxB+BxV)+J

V-B=0 0B=—-VXE

« S SEDF v v FLAE—N(ZEFEIRIT). o ~k
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Vector charge gauge theory
- TV (@A) Ay RN A; = A,

A
¢; > P — A, Ajj = A+ 0

\/

. B & BB

El] - = atAij _ a(iqu) Bil — €ijk€lmnajdmAkn

« Lagrangian 1

1
g——EE ——BB
De2 Y

V) —ANDWEE ¢ ,0 + AZJJ



Vector charge gauge theory
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rvrwvSLR--TS59NVE
SEOINTVILT—IETEIMMD
v v ILRAE—RDIEFE

BEICNT UTEE  [Rasmussen-You-Xu, 1601.08235]

R[]
1. "RESER & dynamical BT —IYHICHEELTWED T,
2 O—/VLFETIF AR WA, BOXIHRME EAH 2
2. UQ(l) &= I EERD photon (& U(1) 1-form SHREED SSB (TS NG E— K &
B X%, higher-rank gauge theory O+ v L XE—RNKDHE¥EIZ?
k< 7% higher-rank gauge theory & D 1§ H'. guiding principlel& ?
ZN5SDHED model-independent ZR4&F#D 1T (& ?
Higgsing Ic & D “fracton order’zRIFTE5H?
. {AIEX lattice elasticity DIEFHIC T 77 NV DNFETS2DH?

o o A W
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. FEhEHE j;%jgr%ﬁsb\—l%—mﬁ [Gaiotto-Kapustin-Seiberg-Willett ’15]

« “p-form WIE" > p-RITYENBRZFFO

: O

0-form symmetry 1-form symmetry

- FEPE W(C,) C, i pRTMASHIE
- WinEEEY UWMp_,)) 8€G My, & (D—p— 1)RTHSKE
Mp_, 1 £ CN—EUYYIULTNDEE,

(U(Mp_,_p)W(C,)--) = (R, - W(C,)---)

. U(l)[p] R W(Cp) — eia W(Cp)
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[Gaiotto-Kapustin-Seiberg-Willett ’15]

« #l: U(l) 1-form X#RM% in 2+1 dim.

o WIHMEICEE L ZIRAL BN —M{IELEThTWS

© ERXIFRED B FERIE N
- VEHOFHEMTICEZS
- BEEN — MAROYHILIEEE

- &Efit »> BEl - IR A=Y E—F
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non-uniform &&= FRE
e Xv v LR T7Z7 KVHEIE non-uniform RERIFRIEDSSB U 7= 18
e non-uniform: REBRHAE & B2 TRV VER = R RiE

[P, 0] #0

o fll) RFZEXIFRME (B35 - 7—R k) (0-form XtRiE)

o O WP, EHFRTH, WIMEERET UM) = e'?CM) 4 topological
e O—HILIRREFRIDBIZLTWS o
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e FI. 7SV NVOEE) & "THFOHFIREROEAICHIRENHD S, &R,
> T, 1-form XIFNED B 2B Z ZE X Do

o FIZIE. B Q ZFHFDOATFOHEFRERZ x ARICENITHBWKSICLIEWEEITIE.
[iP, Q=0
Zimlc I KD 1-form XWHREDER Q' ZB AT %,

o 1-form W Q & O WEFEMNICENIIERHZE XD (L0 EE 9 0-form
BEICHERT 27 —YVI5DER).

o BoNEFmTIE. B O D Wilson line h¥ x BHICEEREICUNBITRV = x AF
(CED LT 7 Uy
Txﬁﬁ
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FryvTLR T2 N BEOBMEROBERGE

o ZOEIHTIK. BBAROHRIERFERME P; & DRMERICLD
dAvhO—lEanTWwa,

. BHOM (Q,0) KR [iP, Q)] = 5,0
0

[iP,Q,] = [iP,, Q] = [iP,, 0] — Q BWFhOAMICHLEIFAL
=770 K>
{ET RJLF¥—T scalar charge gauge theory [CIR&

o BRIDHH (ql'a Qz) AR Rk [iPi’ Q]] = elijk

qZ — [iPx9 Qy] - = [iPya Qx] — CIZ = 7'3_@6: L D&l 7Ly
charge vector q DRIFIE q DFHFMEIT UDE)F 7R

{ETRJLF—T vector charge gauge theory [CJF5&
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#: 1P, Q' =0
o« ALY b j(x) B [iPy, j,(0)] = 0,j,(x) =T EZ j(x) & uniform &F5

e 0,0 TEFHEND O-form WiTHEETEZ2: O =[ xji O =‘ *x K
\% \%

o R [1P,Q1=0 Z®WITrdhicid. *x K=kk—x%j
* j, * k& uniform 72AH LV &

ES N [iPx,Q’]zj (0x*k—x0x*j)=J 6x(*k—x*j)+J *xj=0

vV 1% V
=0
c.f. BEAZRICNT DR EFHAL Y
(1P, Tyl = = 6;;P + oy P Uy)' = x5 17— x5 17

o RTFH! dxj=0
d*K=0 «— dxk=dxAxj



f: 1P, Q1 = Q
e 258 dxj=0  dxk=dxAxj

o T—IBADIEE L=aAXj+a Axk

cp
o F—ITM  ar a+dA+ Adx Q DT—Igh Q' DT — VBB TEE
a - a +dA’
o T —IARZE field strength f=da—-dxAa f=da
e pure gauge theory P — _ Lf/\ *f — ' AXf

2e? 2(e')?
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#l: 1P, Q'] = Q
e [iP, Q] = Q IZ#> 1-form TRt Q, Q' £

e Wilson line W(C) = expi[ a W'(C) = expiJ a’
C C

® f—y\gjﬁo)??\\
W(C) » W(C) eXpiJ dx A’ W=7 C H¥ x H¥ constant DEANICHNIET — I RE
C - O x AEICENT R

Txﬁﬁ

7 O DR 74 C/D
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Scalar charge gauge theory
from 1-form SSB



Theory with a U(1) & dipole charges

e Charges 0 U(1) charge .
[IPi9 Q]] - = 51]Q

{0;},._1 5 dipole charges

. @778 d*j=0 d* K, =0

Q(V)=J * j Ql-(V)=J * K

v v
e Dipole current [IEDHZES: * K, = % k;+x;, %

J=J,0dx*, k; = (k;),dx* & uniform current

[iP: Q/(V)] = [ 0xk) + x,0,0%))| = J 0%+ 3, % ) = %)

V Vv

- = 5le(V)



Theory with a U(1) & dipole charges
e ALY MREA! dxj=0 dxk+dx; Axj=0

o« F—IBADEE Loy =aNkXj+d; A\XkEk;

p
where a=a,dx" o, =(d,dx"

e RERIZHIRIT BHICIE. RDT —ITIEHNNE

e Gauge-invariant field strengths

f=da+ﬂiAdxi F.=dd.

l l



Scalar charge gauge theory

e Gauge-invariant field strengths  f=da + o, A dxt F.=ddo.

l l

1 1
e Lagrangian F = AKX ——F A XF.

o LUTDORSE massive: (), (),

L D Ndx' A K (d; AdX))
BE DOWFEICE [T B “inverse Higgs IRR” D = RIS FRERR

[lvanov-Ogievetsky '75] [Low-Manohar '02] [Nicolis-Penco-Rosen '14]

o IET%)LF—TIZ scalar charge gauge theory =1
o T —It5 a DZERA X dipole gauge tr. [C&k D 0 [CE %
oa; = 0;\ — 2
« BODT—I% {ay ()
Gauge tr.  0ay = 0p\, o(H ),y = 0;0;A o



I nverse H Ig g S IE% [lvanov-Ogievetsky '75]
iﬁﬁﬂi'libi\jﬁﬁ & E_[@'@;’a: \/\i%/ﬁ\ = [Low-Manohar PRL’02]

[Nicolis-Penco-Rosen, PRD'14]
#(gapless NG modes) < #(Broken generators)

5: Branes, solids, supersolids, ...

ClER (S EEEKEFEL CIEIC K DEIRTE S
Jij — xin _ .X]Pl [1P;, J]k] = - 51']'Pk + 5ikPj

— %I [P,w O1~0 pe= ' ~ Oy nverse Higgs constraint

7 ERIOLSBEVWTEVWTHRWL, @ & aZ2@AANTEL &y
7' B massive ICIHRDZ2DTEIRILF—TEEDEEZITHEW

« Solid DFZE T, [MlEs & MEm A ANTE K &Cosserat elasticity
[Hirono-Qi, PRB’22] 0



1-form XI#FNiE

e Charged objects and symmetry generators

1
W,(C) = exp iqj a 0) = | *
e
C S
: 1 1
C s\8 €

f=da+d,Adx* F.=dd.

l l

. REBHREOREEBLT:  [iP, OS] = — 5,0(S)
- dipole gauge ZEHDF T, W,(C) > elleX'W (C)

o T —I a @ Wilson line 1Z t I} A> TUMEITARLY: fractons

e Magnetic 1-form symmetry & ® 't Hooft anomaly



Fvrv S LANGE—-—RDHE

e Scalar charge gauge theory

_dd+D)
E; DR D Gauss law constraint

e SSB of 1-form symmetries

d(d — 1
Nyg=d—1+(d-1)xd- W-1

o

SSB of QO SSB of Q; Inverse Higgs constraints
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Higgsing C &% fracton order

« c.f. U(l) =35 + charge n Higgs 1% — Z, NROY ALK

Charged matter & ® coupling
DO .= df + na + qbidaci, D¢; :=do¢; +nA;

Lagrangian L0, p;,a, A;] = —g|d9 + na + ¢;dx’|? — %Id@ + nA;|?

n

BETRIF—BRET. Lla, A;,b,Ci| = %db Aa+

2-form 77— C %= dC; =dB; ANdx; ZHEITHDICHIET B &,
X-cube model DIETX)LF—IEH{E#HH D [Slagle-Aasen-Williamson '19]

« ZDEE, Ai— A+ fdzy EWST—IREUNENDZD T,
dipole Wilson loop ei¢JcAi (3 i BICEBEREICUNBITRL KRB

28



Variants of higher-rank gauge theories with fractons

Set of charges

{Qv Ql}

{ Qa Qi’ Q,}

{Qa Qi’ q]}

1 O i)
T

antisymmetric

Nontrivial commutators
[iP, O = 6,0

[1P;, QJ] = 51']’Q
[iPi’ Ql] — Qi

[iP i QJ] — 5le
[1P;, g;] = 6,0,

(1P Qj1---jd—2] = Cijyjaok i

Resulting theory

Scalar charge gauge theory

Traceless scalar charge
gauge theory

Scalar charge gauge theory
without diagonal components

[Seiberg-Shao '20]
[You-Devakul-Burnell-Sondhi '20]

Vector charge gauge theory
(in d-spatial dimensions)
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727 NV BEARICHIRZE R DR Z DO
Fryv/LAR: GRS Y75 —VERICLDRER A4; =A)
SE: Fv v TLR T HBEDELSICFHDOIFSNBDH?
fmam: non-uniform ZERXMATNE(1-form)BBEENICENHTH S
non-uniform: {REFERH L & FEA]#A
REEM EIEDREKD,. BEAROFHIRZRD S
[iP,, Q' = Q0 — Q& x' AAICEIF L
RENICF vy TILR - 75 N UHEZBRTES
BIXILF—CEBEIvIr—YEmzHA
FrvFLRAE—RIE NG E—R
W & DIFAHEMEIC K D —EBDNGE— D ¥+ v T ZHD
Inverse HiggsIRER D& RS FRERR
't Hooft anomaly, Higgsing IC &% fracton order DEIRQZENFZER TS
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Backup slides



X-cube model

[Vijay-Haah-Fu ’'16]
3d cubic lattice

2-dim. Hilbert space at each link [ —@
Pauli matrices at each link ‘ 4

[
(6)) = (7)* =1

R S A -
0,0, = — 0,0/, @

Hamiltonian

H=- Y A.— Y (B +B)+B)
C 1%

Ground-state degeneracy

#GS = 22(Lx+Ly+LZ)—3

32



Foliated field theory

[Slagle-Aasen-Williamson '19]
* Low-energy theory of X-cube model

N [
L:%< e A BF ANdAF +bAda — ek/\b/\Ak>
k=1 k

Lept = » A" ATk +) "B AJE + a Axja + b Axgs
k k

« Gauge transformations * Current conservations
AP AF 1 dAR dxJh = —eF Axja, dxJE =0
B s B* 4 dA%4A,

dxj, =0, dxj,= *J
ar—>a—|—dAa—|—Zek/\Af“4 J T zk: B
k

b— b+ dAy

33



Foliated field theory

[Slagle-Aasen-Williamson '19]

Low-energy theory of X-cube model

N
L=

27

(

Zek/\Bk/\dAk—l—bAda—Zek/\b/\Ak)
k=1

The action is invariant under « Wilson loop operator

Ak 5 Ak 4 gke

k k

— . k
Bk Bk_l_ﬂkek Wi (C) = exp (1}1{714 )

Wilson loop is transformed as

Wk(C) . Wk(c)eifakek/\é(()’)

The loop C should be placed in

a plane perp. to k-axis

Ground-state degeneracy #GS = N2(La+Ly+L:)-3

34



Foliated field theory: ground state degeneracy on T3
[Slagle-Aasen-Williamson '19]
« Write the Lagrangian as

N k » pk A Ak . . k « Ak
L—%;e ANB"NA with constraint dazzk:e ANA

Operators Wk(C) = expi[ AR VRO = expi[ B*

C C

Choose k = x:
non-commutative operators { W(C,(x)), V(C,(x))}

{WHC,), VH(C. (%))}

27l

e.9. WHC))VH((yx)) = eV VHC(x)WHC (X))

The constraint leads to conditions such as

exp iJ ex[ Ax+i[ ez[ A =1
c, JC c. Jc

35



