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Introduction



Diagnhostics for quantum chaos

. Qut-of-time-order correlators (OTOC)

(Wi(t,d)V(0,0)W(t,d)V(0,0))

~ 1 — gerr(t—d/vE) 1.,
(W (t,d)W(t,d))V(0,0)V(0,0))

Az : Lyapunov exponent v : butterfly velocity

. Spectral form factor (SFF) Z(5+it)Z(p —it)

Ramp (linear growth) behavior
due to random matrix description

They are well-studied even Iin hep-th community
due to a connection to black holes.



Thermal 2pt function may capture
quantum chaos for operators.

iIme evolution of SFF
Z(B+it)Z(6 —it) = Z o~ B(Ei+E;) jit(Ei—Ej)
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SFF is related to
thermal 2pt function without matrix elements.
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Krylov complexity is a measure
defined from 2pt functions.

Krylov complexity Ko (t ann (t)]°

[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E Altman, 201 8]

Lanczos algorithm i1s a mathematical method
for Krylov basis ©,,for O(1).

O(t) = ) i"ou(t)On

n=0

Lanczos algorithm can determine Krylov basis O,
Lanczos coefficients b, , and wave functions ©n (%)



Conjectured properties of
Krylov complexity for chaotic systems

[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E. Altman, 2018]
- Universal operator growth hypothesis:

Lanczos coefficient b, grows linearly at large n.
by, ~ an + ry

- Krylov complexity Ky (t) grows exponentially
and bounds Lyapunov exponent Ar .

Ko(t) ~ e** AL < 2

These properties have been proved

or checked in some systems.

[A. Avdoshkin, A. Dymarsky, 2019], [Y. Gu, A. Kitaev, P. Zhang, 2021],
[E. Rabinovici, A. Sanchez-Garrido, R. Shir, J. Sonner, 2020], -



Krylov complexity in CFTs

[A. Dymarsky, M. Smolkin, 202 1]
Ko(t) at finite temperature in 2d CFTs, free massless
theories, and holographic models were studied.

They found the universal exponential growth behavior
2m ¢

Ko(t) ~e# " In any theories.

The exponential growth of Ky(t) may not be
chaotic behavior in CFTs.



My motivation

- Understand the meaning of CFT results
IN [A. Dymarsky, M. Smolkin, 2021]

- Understand how much difference of Krylov complexity
INn lattice and continuum theories

- Compute Krylov complexity of familiar and simple
theories in QFT’s textbooks
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Outline

1. Lanczos coefficients and Krylov complexity

2. Conjectures for quantum chaos

3. Lanczos coefficients and Krylov complexity
in scalar QFTs

4. Summary
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Lanczos coefficients and Krylov complexity

. LanczosfR# & Krylov complexity i
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O(t) = ) i"pn(t)On

n=0
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Expansion of o(t) and inner product

O(t) _ eth(De—th _ Z (Zt) Jéde, ro — [H, O]

n=0

We want to construct an orthonormal basis for {£L"O}
choosing an Inner product.

Choices of inner products

(A|B) := Tr[ATB]/Tr[1] Infinte temperature
1
(A\B)g = ﬁTr[e_BH(ATB + BA")]  Standard inner product
1

W o._ —BH/2 —BH/2
(A|B)5 = ETI’[G PHIZ AT e=PHI B Wightman inner product

13



Construction of orthonormal basis
Do) = |0), (Oo|L|Op) := (O|LOp)

ao :(Oo‘[, OQ), ‘Al) .= L‘Oo) — CL()‘OQ),
by =v/(A1]A1), |O1) =0y 'A).

a1 2(01|£ 01), |A2) p— ,C‘Ol) —CL1|01) —b]_‘O()),
by =+/(A2|Az), |O2) = b3 '|As).

We can construct |O.) such that (O,.]|0.) = dmn

14



Lanczos algorithm

An algorithm for tridiagonalization
of a Hermitian matrix

If (L"O|LIL"O) := (L™O|L"TO) is Hermitian,
one can construct an orthonormal basis |0,,)
O_1):=0, |Oo) :=|0), L]IOn) =an|On) + b,|On—1) + bp11|Ont1)

Krylov subspace

A bl 0 0

Span{L" O} by ai by O
Krylov basis (Om|L|0,) =] 0 b2 a2z b3
O ) 0 0 bg as

an, b, : Lanczos coefficients
15



Lanczos coefficients can be
determined from a Zpt function.

t
2pt function C(t) := (O|O(— Z M,, —

1 dmC(t)

Moments My := —o =0 = (Oo|L"[Op)

t=0

Moments determine Lanczos coefficients.

My = (Oy|L]|Og) =ay,
Oy) =ag + by,
Ms = (Oy|L?|Op) ao + 2a0b2 + a1b7,
My = (Oo|L*|Og) =(ag + a1)?*b] + (ag + b7)* + b3b3.

16



Time evolution of #-(?)

O(t) = > i"ea()|On),  @n(t) =i "(On|O(t))

n=0

‘0—1) =0, ‘OO) = ‘(9), ﬁ‘on) :@n‘On) T bnlon—l) T bn+1‘0n+1)

v

don (t)
dt

p—1(t) = 0,900(t) = C(-1), = 1anPn(t) + bnpn—1(t) — bny19n+1(t)

From C(t), we can determine ay, by,
and solve ¢, (t) recursively.
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Krylov complexity K (t ann ()]

[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E Altman, 201 8]

‘ KO( ) =0 due to 900(0) — 172 |90n(t)‘2 =1

O(t) =D i"on(t)|On), @n(t) =i "(0,]O(t))

n=0

- For large Ko (t), vn(t) with large n
should have nonzero values.

- Increase of K (t)under time evolution
means spreading from ¢o(t) to ¢ (t).
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Lanczos coefficients and Krylov complexity
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Conjectures for guantum chaos

- BEFHAR = by~an+vy (FRE)

Krylov complexity DIg RSN k (£
OTOC®DLyapunovig# )\ 1 %= &l R

2
A < A\ < % (F48)

. bp~an+y £ EFHNARX



Universal operator growth hypothesis

b, Of chaotic guantum many-body systems
with local interactions grows linearly.

b, ~an+~v atlarge n

[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E. Altman, 201 8]

O0-1) =0, [O0) :=|0), L]On) =an|On) + bn|On—1) + bns1{Oni1)

30

Large-N, large-g Iimit of SYK
W vrT\/2/q+0(1/q) n=1

n

N vrTv/n(n —1)+0(1/q) n>1

25 -

20 -

$15 -

cos %5~ Lyapunov exponent

T
0 = . ! ; ! 7: TV )\LZQUTFTZQCX
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Ak bounds )\,

Smooth linear behavior b,, ~ an + v implies

the exponential growth behavior Ky (t) ~ 2t = e*x?
[J.L.F. Barbon, E. Rabinovici, R. Shir,R. Sinha, 2019]

An exact example

1 . 1.2
C(t) = (cosh(a))7’ by, = av/n(n —1+1n), Ko(t) =nsinh®(at)

Generalized chaos bound

)\LS)\KZQ()& >\L§>\K§27TT
oroved (T = oo) conjecture (finite T)

[D. E. Parker, X. Cao, A. Avdoshkin, [A. Avdoshkin, A. Dymarsky, 2019],
T. Scaffidi, E. Altman, 2018] [Y. Gu, A. Kitaev, P. Zhang, 2021]
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b ~an+v 7> Chaos

Linear growth from saddle-dominated scrambling

[B. Bhattacharjee, X. Cao, P. Nandy, T. Pathak, 20227]

- Linear growth in free CFTs
[A. Dymarsky, M. Smolkin, 202 1]

In momentum space, a free scalar QFT includes
continuous infinite harmonic oscillators with w? = m? + k?

This subtlety in QFTs is solved by UV cutoff.
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Conjectures for guantum chaos

- EFNARX = bp~an+y  (FE)

Krylov complexity D38 #HIIEINEE Ak (&
OTOC®DLyapunovig# )\ & R

2
A < A\ < % (F48)
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Lanczos coefficients and Krylov complexity
in scalar QFTs

massive scalariZ DIEEF DL anczos{RE &

Krylov complexity Z i\ 7z

. Mass gapDzhR:
Ko(t) ~ " g

bodd t beven @3»1/2»

DA A\ <27/

- UV cutoff@ORhE: b, Dsaturation

Ko(t) ORRRAEN

. 4d¢° & 4d ot R
Z IBENRICEANT

DLanczosfiii
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How to compute b, and Ko (t an

2pt function C(t) = (¢p(t —i5/2,0)$(0,0)) 5

¥ (w) ::/dtC’(t)eM

Wightman power

d—1
spectrum _ 1 / d™ "k I
smb[Fwy2] | (mya 1P k)
1 d*"C(t)
Moments My, =
T (=2 di2n =0
1 O
=— dw w?™ fV (W)
21 ) _

From a given spectral function p(w, k),
we can compute C(t), Ma,, b, Ko(t)

260



d -dim free scalar with odd d , 6m >1

o(w. k) = g[é(w ) — 0(w + )] e = /[KE Fm?

F (@) ~ N(m, B, d) e V2 (02 = m?) P2 O (w] - m)
Mass gap
C@D(t) = D (1) (ng> (¢)sin(mt) + ¢\ (¢) cos(m t))
Oscillation due to mass

3
c§5) (1) = b 5 Power-law decay
(Bm + 2) (6% 4 4t?)

) (t) = — 4t (B2(Bm + 3) + 4£%(m — 1))
) (1) =28° + m (8% — 16t*) — 24547

27



bn, of free massive scalar theory

Bbn
100 e T
j T | by, ~— N + Yodd (Odd TL)
- -j B
Z ' ’ : T
60| — -_ b,, NE N+ Yoven (€VEN M)
40
20 | . | Yodd — “Yeven ™~ TN
06 . 1IO - 2I0 - 3IO - 4-0

Mass 1 causes the difference between b,qq4 and beven .

b,, is not smooth with respect to " due to mass.
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Ko(t) of free massive scalar theory
1+ Ko(t) Logplotd=5 — Ko(t)~et (1.5< %t < 2.0)

1000+«
[ e Ko(t)=(d-2)sinh?(rtt/B) :

507 -] 2m 4
| Kolt) for fm=0 = - Forfm =0, Ko(t) ~e?
» Ko(t) for fm=10 |

ol T Ko(t) for Bm=50 i [A. Dymarsky, M. Smolkin, 2021]

.ﬂ”
"
- 1
"
"

Kol(t) for m=100. ="

For 8m +# 0 , \x decreases
due to mass.

Mass violates

the smoothness of b,,
for Ko(t) ~ e**

from b, ~ an +~
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Universal behavior of b, in QFTs
High frequency behavior of f(w) b, Lubinsky. H. Mhaskar
is related to b, at large n = Saff, 1988
(W) ~ N(m, 8,d) e 1172 (w? —m?) "2 0(|w| —m)

T
bn N_n

o
The leading term of b,,in QFTs are governed by UV CFTs,

but the sub-leading terms depend on IR like mass.

Introducing UV lattice cutoff changes b, .
[A. Dymarsky’s talk, 2022] [A. Avdoshkin, A. Dymarsky, M. Smolkin, 2022]

We Introduce hard momentum cutoff.

30



b, With finite UV cutoff A

(d = 5)

Y (W) ~ N(m, B, A) (w2 —m?) e 7 O (jw| —m, A — |w|)

by,
100

80
60 -
40 |

20+

0

(d=5m=20,8=1)

boda ~ (A +m)/2

' beven ~ (A —m)/2

UV cutoff A causes the saturation of b,, .
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Ko(t)  Linear plot
T —

[ eeeeees Ko(t) for BA=co
20 Ko(t) for BA=160

; Kol(t) for BA=80
20+
10+
O_ |||||||||||||||||||||||||||||

0.0 0.5 1.0 15 2.0

Ko(t) Linear plot
20—

: Ko(t)=3sinh?(r1t/p) |
- Ko(t) for d=5,8m=10,BA=15 |
10+
5
0-1_./. .................................

0 2 3 4 5

Ko(t) With finite UV cutoff A

—arly-time exponential growth,
independent of A

Late-time linear growth
due to saturation of b,,

Saturation of b, and
late-time linear growth of Ko ()

are consistent with free lattice.
[A. Avdoshkin, A. Dymarsky, M. Smolkin, 2022]
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b,, in lattice and continuum theories

Dispersion relation of free massless scalar

eriodic y continuum
PEMOIE = Zsinka/2 SR =k
lattice a Imit

Schematic plots of by, (IV lattice points, lattice spacing @)

Free lattice Chaotic lattice Free QFT
[A. Avdoshkin, A. Dymarsky, | [J. L. F. Barbon, E. Rabinovici,
M. Smolkin, 2022] R. Shir, R. Sinha, 2019]
L bn~1/a b, ~N/a
T T T

In the continuum limit a — 0, we cannot distinguish

1/a ~ oo and N/a ~ oo.
33



b, In interacting scalar QFTs

From a given spectral function p(w, k),

we can compute C(t), Ma,, b,, Ko(t)

We consider 4d perturbative theory
and one-loop effect.

]- znt—gq5 /4'

2. Lin: = g¢°/3!

34



b, INn 4d 99" /4'theory

One-loop self energy 11, = O

2 2 g

2 2
Thermal mass m.g = m~ + my, = m” - 2452

The effect of go*/4!is
similar to massive free scalar.

g¢* /4! decreases the exponential growth rate

~

Ko(t) ~ et Ak (9) < Ak (0) < 27/

35



br, in 4d g¢°/3'theory (m=0,8=1,A=200)

One-loop self energy 11, = —Q—

b 0bn = bn(g) — bn(0)

100 p——— 0.0010

80 0.0005

L = S A e A I B SN R N BN A S A g=01

. 0.0000| 5o g=0.15

sl | oo ~0.0005 g=1

Oo'”- 5 10 15 20 25 30 35 ~0-0019 5 10 15 20

n - n

alg)/a(0) by (g) ~ a(g)n |
N AN RS RRRSRERS i g¢° /3l causes the difference
1'000022 . : between bodd aﬂd beven.
1.000003' . . neven Bu-t, the dlﬁereﬂCe IS Sma“
because of the perturbation.

00 02 o4 o6 o8 10 ¢
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