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One way to study quantum gravity is
AdS/CFT duality

Quantum gravity on AdS

= conformal field theory (CFT)

Highly non-trivial and important!



Of course, CFT is not quantum gravity in general.

Special class of CFT, called Holographic CFT,
is dual to quantum gravity on AdS

Typical holographic CFT:
SU(N) gauge theory with conformal symmeiry

1
Newton constant Gy ~ 3

Large N is needed for the bulk spacetime picture



Important property:

(d+1)-dim gravity = d-dim CFT

Gravity theory on AdSg44
(bulk theory)

CFT,; on R x S4-1
(boundary theory)

A

ime anti-de Sitter space
conformal boundary




Duality = Equivalence (of QFT)
How to determine two QFT are equivalent or not?

Two ways:

1. All correlation functions are equivalent

2. Hilbert spaces and Hamiltonians are equivalent




1. All correlation functions are equivalent
=Partition function with sources are equivalent

(Euclidian) path-integral is convenient

2. Hilbert spaces and Hamiltonians are equivalent
=spectrums are equivalent

Operator formalism is convenient

Useful to study
time evolution and intuitive picture of states




Usual formulation of AdS/CFT

equivalences of partition function with source
Zvuik(J) = Zopr(J)
J as boundary condition in AdS
J as source terms in CFT

This relation, called GKPW relation, is assumed



Another formulation of AdS/CFT

In operator formalism,

equivalence between
Hilbert spaces and Hamiltonians
of gravity on AdS and CFT



In this talk, we will study
AdS/CFT in operator formalism

This has not been studied so much,
and,

Important to understand
(time-evolution of) states in AdS/CFT,

In particular, to understand

how bulk space-time emerges from CFT
10



We will focus on Large N limit,
which is essential for AdS/CFT duality

First, we will determine

low energy spectrum of C'F'T}y

which is realized as
(generic) large N strong coupling gauge theory.
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Then, we will explicitly show the duality,
i.e.

Low energy spectrum of large N CF'1T}

equivalent!

Spectrum of free gravity on AdSg11

* Not assuming SUSY, string, D-brane
« Not assuming dual gravity, AdS space
« Not assuming AdS/CFT dictionary (GKPW)

“a derivation of AdS/CFT”
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The specirum determine the theory itself.

From CFT, we can

—

construct bulk local fields in AdS
(bulk reconstruction)

~ derive the GKPW relation

13



Including interactions in bulk theory:

Considering the classical limit
of generic large N gauge theory
with conformal symmetry.

we find that
it is Einstein gravity!

though | will NOT talk this topic
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The explicit formula (HKLL recosntrcution)

is known for a free theory on AdS,
(which is equivalent to strong coupling limit of large N CFT).

t=m/2

It is integration of CFT field over a
region in the spacetime of CFT

This formula is not simple and rather = 7/2

counter intuitive with the causality.




In this talk, we will show that
bulk reconstruction is rather simple
and has an intuitive picture
using alternative reconstruction formula

For example, RN
bulk local state at center is given e

by time evolution of uniformly
distributed CFT primary state.

Only light-like trajectories | >—<--=—_
appear! N




Plan

. Intfroduction

. Low energy spectrum of CFT
. Simple picture of bulk reconstruction

. Bulk wave packet

. AdS-Rindler

. Conclusion
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Low energy spectrum of CFT
and
bulk reconstruction in AdS/CFT
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CFT,; on R x S<—1

unit radious

Conformal mapping from the complex plane to the cylinder (for d = 2)
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CFT,; on R® CFT; on R x S%-1

A

P, = translations pP,=7

M, = rotations M/u/ = rotations in S¢~1
l? = dilatation D = translation in R =| &
K,, = special conformal K y =7
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CFT,; on R X S<—1

unit radious

Conformal algebra

Diagonalizing H = D and " M,,”,

P , K are "creation” and ”annihilation” operators

20



"Highest weight” represenation

Define primary state, |A), s.t
K,|A) =0, D|A)=A|A)
Then, any state in CF'T can be represented as
Pulpuz "'pm|A>
We can rewrite them as
P, P, - P,|A) inlm),  n,l € Z>g
where [, m are labels for the angular mometa and

H|nlm) = (2n + 1 + A)|nlm)

21



We can rewrite them as
PH1PM2"'PM1|A> ‘nlm>7 nal & ZZO

where [, m are labels for the angular mometa and

H|nlm) = (2n + 1 4+ A)|nlm)

‘nlm> — Cnl Slztllluz) .MP,LMP,LLz T P/Jl (PVPV)n‘A>

cn; 18 the normalization constant

where

’(‘llq’; 2) ‘g a normalized rank I

symmetric traceless constant tensor
22



Spectrum is determined
by specifying primary states, |A)

State-operator correspondence:

Primary state |A) Primary field Oa ()
|A) = Oa(z = 0)[0)

Spectrum is determined by specifying Oa ()

23



Let us consider large N CF'T}

I:I(pulPm|A>):(A‘|‘l)(Pu1pm|A>)

A > O(N") for a generic state
because of the quatum corrections

But, symmetry currents are protected
from quantum corrections. ex. for T,,,, A =d

Energy is expected to be O(N?)

only for symmetry currents, generically.
analogous to hydrodynamics

Thus, NOT so many low energy fields (=sparce spectrum)
24



Large NN factorization

In the large N limit,
n-point func. is dominated by 2-point func.

ie. (01020 =) (0102){0304) -+ (O1_10y)
where (O;) =0
(Wick theorem)

(generalized) free theory

Fock space

25



Fock space

O|0) Inlm) one particle state
OO0 ---0|0) multi particle states

AT

Fock space is generated by a,;

A ~ T _
[anlma an’l’m’] — 5n,n’5l,l’5m,m’

which satisty
0) = |nim)

nlm

Energy is given by [H, i1 | =A+2n+1

fn]m,

where n =0,1,2,--- and [ =0,1,2, -

26



Large N CFT spectrum

We conclude that large N CF'T spectrum is
T

nilm

Fock space generated by a

Energy is given by [H, al | =A+2n+1

nilm

where n =0,1,2,--- and [ =0,1,2,---

(This is valid for low energy spectrum)

27



Thus,
low energy limit of the large N CFT is
a free theory.

What is this free theory?

28



Thus,
low energy limit of the large N CFT is
a free theory.

What is this free theory?

Answer: free theory on AdS space

29



Free scalar field in AdSg4

The metric of global AdSg11 (lags = 1) is

ds% e = —(1 4+ r2)dt* + e dr?® + r2dQ5_,

where 0 <r < 00, —00 <t < o0 and

dQ%_, is the metric for round unit sphere S41

] 2 2 .2 2
2l = —dt” +d dS?
'r. COSz(p) ( + dp” + Sin (p) d—l)

where r = tanp, 0 < p < 7/2

______________

Boundary of AdS;,1 is located at p = w/2
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Free scalar field in AdSg4

The action is

1 m?
Sscalar — /dd+l$ —det(g) (igMNqubvN@—l_ 7@62)

The e.o.m. is
0= —gMNVMVNgb + m2¢2.
We expand ¢ with spherical harmonics Y, (€2),
Bt 0, = D (@€ + tnime™ ") Gt (0) Vi ()

n,l,m

Then, normalized solution for the e.o.m. is given as

1 d .

Unim (p) = N sinl(p) COSA(p) o F (—n, A+1l+n,l+ 3’ 81n2(p))
" N

Wni = A+ 2n +1 Gauss’s hyper geometric function

where A = d/2 + \/m? + d? /4
31



Free scalar field in AdSg4

In summary, quantized field is

qg(t’ P Q) — Z (&leeiwmt + &nlme_iwnlt) wnlm(p)yvlm(g)

n,l,m

Wy = AN+ 2n +1
where A = d/2 4+ \/m? + d? /4

The commutation relation and Hamiltonian are

[&nlma &L’l’m’] — 5n,n’5l,l’5m,m’ [H, &nlm] = —Wni

Same spectrum as the CEFT!

32



Therefore,

(low energy theory of)
large N CFT is equivalent to
a free theory on AdS

with the natural assumptions.

* Not assuming SUSY, string, D-brane
* Not assuming dual gravity, AdS space
 Not assuming AdS/CFT dictionary (GKPW)

33



The specirum determine the theory itself.

From CFT, we can

—

construct bulk local fields in AdS

~ derive the GKPW relation and BDHM

34



For energy momentum tensor, instead of scalar,
we can also show that

low energy theory of large N CFT is equivalent

to (free) graviton on AdS,
under the natural assumptions.

35



Including interactions in bulk theory:

Considering the classical limit
of generic large N gauge theory
with conformal symmetry.

we find that
it is Einstein gravity!

“a derivation of AdS/CFT”

| will skip this topic ”



Gravity

CEFT

@7 Q)tD

Shortage of d.o.f?

37



Gravity , CFT

N? independent fields!
t =20 P(t, py ) |e=0 < >
A1 (1, p, )|1=0 O(7,Q)]t=0
_____ . 9,0(t, Q) 1—o
o s (90)70(t, Q) |e=o
\\_,& (0¢)°O(t, Q) |1—o

et_at(f)(t, Q)|t=0 = O, Q) [1=¢
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Similarity between Lattice field theory and AdS/CFT

Lattice field theory

QFT
4-dim

Low energy

0-dim theory

Large number of sites (d.o.f)
Symmetry: dicretized Poincare

nearest neighbour interaction
(locality)

AdS/CFT
CFT Gravity
d-dim (d+1)-dim

Low energy

Large N
Symmetry: Conformal

large N factorization

39



Similarity between Lattice field theory and AdS/CFT

Lattice field theory AdS/CFT
QFT CFT Gravity
4-dim d-dim (d+1)-dim
Low energy Low energy

0-dim theory

Large number of sites (d.o.f) Large N
Symmetry: dicretized Poincare Symmetry: Conformal
nearest neighbour interaction large N factorization

(locality)

Qunatum gravity with UV cut-off.

String theory as asymptotic expansion. 40



Bulk reconstruction formula

Bulk local operator:
Ot =0,p,2) =3, | Yt (p)Yim ()i}, + hoc.

Gpim
CF'T primary operator:
Oa(t) =3, WS T Yim (Q)etmtal 4 h.c.

nlm

_ T(d/2) T(ntA+1—d/2)T(ntitA)
where ¢, = %I‘(A)I‘(A—l—l—d/Q) T(nt )L (nti+d/2)

Bulk recpnstruction for bulk local operator at center:
Bt = 0,p = 0)[0) = [ d (Fa(8) Oa(2,8)) |e——2[0)

_ _I'((=iz—A+d)/2)
This should be equivalent to HKLL

For A =d — 1 gb(t =0 s P = O |O fdQ OA(Q t)) |t———|0> 41




Simple picture of bulk reconstruction

42



Bulk local operator at the center

------
hhhhhh




CFT state created at t = —7 /2

[aettos@ioy [ =0

time evolved

/ d204(2)/0)




CFT state created at t = —7/2 is same as
bulk local state at the center !
t

d(p = 0)]0) =
/dQ ez OA(02)]0) -@(P.: @

(for A = d — 1. For other values,
derivative corrections are needed)

---------
- - el




Simple picture:

Light rays from S?~! go to the center
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We will see this from HKLIL reconstruction

3

t—7T/2

= —7/2
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)
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2
™
2

is divergent at t = +m/2

T
N ___ L~

= —77/2
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In fact, this localization is required by causality!

These two should be indpendent @
7
\ d(p=0,t S

— 0)

O, t"Ywhere |t'| < 7/2

= —77/2
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Bulk wave packet

50



Bulk local state is a sum of the light rays,

which are wave packets
moving to different directions.

Each wave packet is
reconstructed by CFT| t+=0 -

t=—m/2

51




Integration over small region A,
instead of whole space

ezt / dQ O (2)]0)
A

This state is like wave packet
moving in radial direction

-------------
....................
........
e gy
.® u,y

(3 te

. .
. LR




A bulk local state,
but moving in radial direction only

ezt / dQ O (2)]0)
A

This is like wave packet
moving in radial direction,

Linear combinations of them
gives (usual) bulk local state

------------
....................
........
e gy

.® u,y

. .
'''''
* .

\i//
53



In CFT picture at t=0

the bulk local state | .o
moving in radial direction ( - 1= Oj
T R

entangled state in CFT

---------
.....................
------
.....

ﬁﬁﬁﬁ

. ~

. L]
'''''
* .

L S
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CF'T picture Bulk picture

This intuitive picture is obtained just by
BDHM and bulk free theory time-evolution.

95



Bulk wavepacket moving in any direction

CF'T picture Bulk picture

In CFT picture, all are in same trajectries

(in this example, 3 wave packets in bulk picture)
56



Causality and duality

Consider light rays from a same spacetime point.

Projected to a time slice of AdS space:

Any light ray reachs same spacetime point,
i.e. At = 7 and at antipodal point. 57



Wave packets in Minkowski space

Wave packet of a free scalar field ¢(¢,Z) in d + 1 dimension

at t = £ = 0 with momentum p:

2(E—p)?

fdfe_%ﬂﬁ'fqb(t,f)]t:om) x fd/;e_a 2 a

i —+

0)
It is required that a?(p)? > 1

Instead of this, we can use

. 2
A

ozt ip;xt+iw —
fdt Hz’:Q,---,ddxze 202 PITT t¢(taw)\x1=o\0>

x t

- f dge_% ((ki—Pi)(I%—pi)+(\/(k1)2+kiki—w)2) CLT |0>

—

where ¢ runs only for 2,--- ,d.
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General wave packets in AdS/CFT

For the Poincare patch of AdSg4i1, metric is

1 i i
d32 — Z—2 (—dt2 + d22 -+ 5wdaﬁ diEJ> :

where z >0 and 7,7 =1,2,--- ,d — 1.

General wave packet in AdS/CFT is given by

1 . miazi+t2 SN A .
) = iy & [ drant =2 g

59



General wave packet in AdS/CFT is given by

1 . wimi+t2 SO A .
p,w) = lim —% / dt da’ e~ meT TP TG o h|0)

_ i -
_— t=0,z" =0, size a

60



Bulk local field near boundary
(BDHM extrapolation formula):

Bulk operator at boundary is CFT primary field:

lim,_. (b(t;Z’Q) ~ Oa(t,Q2), where z =n/2 — p

Oa(t,Q) is CFT primary field —

...........
-" “u




General wave packets in AdS/CFT

General wave packet in AdS/CFT is given by

1 . a;iaci—l—t2 S A .
p,w) = lim ~% / dt da’ e~ zar P IS4 o a0)|0)

. wiwi—i—tQ SO
:/dtd:c e 2z TP Tt 2)]0)

in CF'T picture

where we have used BDHM relation
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Energy density of the wave packet

63



Bulk picture

An example of the bulk wave packet
(moving toward the center).

CF'T picture

The corresponding
two "particles” in the CFT picture

64



Overlap between the wave packet state and CFT local state

0|O(r,0)|p, @) ~ ate™@TTPV§(r + 1Z)5(0 — T + 27 7Z)

T

t:—7r/2 -

\.
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CFT states supported in a region

66



CF'T states supported in a region

Let us consider bulk states correspond to

CF'T states supported in interval A at t = 0.

-- - - .
--------
- -




Causal diamond in CFT

region A at ¢t = 0

not supported in interval A at t = 0.

CFT state supported in interval A at t = 0.

68



CF'T states supported in a region

CFT states supported in region A are given by
bulk states supported in the causal wedge of A.

The causal wedge of A ont =0
is bulk region inside of blue curve.

Ryu-Takayanagi surface appears!




Causal diamond in CFT

region A at ¢t = 0

\ 4

/

not supported in interval A at t = 0.

can be bulk state in entanglement wedge
CF'T state supported in interval A at t = 0.

70



Null-geodesics connecting horizons

However, some bulk state supported in causal wedge
of A can not be CFT state supported in region A'!

N ()
(strong) subregion duality is NOT valid. 7



(strong) subregion duality is NOT valid

This problem associated with the null-geodesics was
already raised by
Bousso-Freivogel-Leichenauer-Rosenhaus-Zukowski
In arXiv:1209.4641

Note that
entanglement wedge reconstruction
IS based on this subregion duality.
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Bulk local states at a same bulk point constructed from
CFT states supported in different regions are different

even in the low energy (gravity) theory P

73



Quantum error correction (QEC) code

If bulk local operators ¢(x) constructed from CFT operators
supported in regions A and B are same, It should be
constructed from the ones supported in regions A N B.

However, ¢(x) is
outside causal wedge of A N B.

¢(x) are same only

in low energy theory
(called code subspace )
in QEC proposal.

Our picture is opposite to this:
¢ (x) are different even in low energy theory 74



AdS-Rindler

75



(Global) AdS,.

The metric of global AdSg11 (lags = 1) is

(—dt? + dp* + sin’(p)dQ5_,)

ds%4s =
SAdS COSQ(p)

o where 0 < p < 7/2

g
-------
" ™

Boundary of AdSg4,1 is located at p = /2

76



Boundary of (Global) AdSs

The boundary of AdSs5 is the cylinder

ds? = —dt* + db?

@ cylinder
P=0
—

g
------
" ™



Rindler AdS5

The metric of Rindler patch of AdS3 (l4qs = 1) is

dE?
ds? = _€2dt2R + |+ e - (1 + 52)dX2

where —0o < tp < 00, —00 <y < 00
0 <&< @

Boundary of AdS5 is located at & = oo

Rindler horizon is at & = 0




t = 0 slice of AdS5

79



Boundary of Rindler AdSs

The boundary of Rindler patch of AdSs

is (conformally) Minkowski space
ds® = e?®(—dt% + dx?)

where —oco < tp < 00, —00 <y < 00




Decompositions for Bulk and CFT

AN

Mz |\ Myl A

Bulk space = M4 + M ;
CFT space (=S) = A+ A

81



CFT operator in Rindler patch

By the conformal transformation,

CF'T primary operator in Rindler patch is same as

CF'T primary operator in Minkowski space

82



Free scalar in Bulk Rindler patch

We expand ¢ by the modes vy, x ,,(tr, &, X),

> > 1 - | | | |
O(tr, & x) = / dw/ CD\—\/Z—%;,A(@ [aw,xe_thH)‘X + al,/\e"mR—’“\X} .
0 — 00 e

Modes are given as

Nw)\
) 1.
NOES) v

Q;w)\(f) — 9 9 ) "1 _|_€2

(1 + 52)_%}_% 2 F1 (

iw—iA+v+1 iw+id+v+1 1 )

|F (iw—i);—v—}—l) | |I‘\ (iw—f—i);—u—{—l) ‘

Varw|T(iw)|

Nw,)\ -

Here, energy w is any real number
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BDHM relates Bulk and CEFT pictures

In global and Rindler, fields are identical.

lim ‘5 Qb(tR ‘S, ) OA(tR,X).
£— 00 )
tR X / dw \/%F W, ) [&w’)\e_zth—'_Z)\X i a )\eith_iAXi|

Modes with w < |\| are tachyonic!

But, this is not consistent!

84



What is wrong?

Bulk free theory is only the low energy
and large N limit of the (finite N) CFT.

Free theory on the bulk Rindler patch M4 is incorrect

as an approximation of the CFT, i.e. the quantum gravity,
even though the free theory on the bulk Rindler patch is
consistent if it is the UV complete theory.

Failure of low-energy effective theory(=bulk gravity)!
Asymptotic 1/N expansion vs Unitarity

85



Bulk gravity theory can be invalid if we consider a
subregion of spacetime, which implies that there are
"horizons".This is because of the UV cut-off, typically the
Planck mass, of this effective theory.

We stress that this can be seen by considering finite N
because 1/N expansion (i.e. semi-classical expansion) is
based on the leading order spectrum. In this sense, this is
the non-perturbative quantum gravity effect.

86



This is very surprising because the semi-classical
expansion of the bulk gravity theory is expected to be
valid even for a subregion of spacetime and have been

used in many works of literature, including

entanglement wedge construction, sub-region duality,
JLMS, Haking radiation,,,,

Thus, these works are based on the wrong assumption.
(Holographic error correction code is like “aether”)

Such a violation is an essential property of (black hole)
horizon, which is universal to general black hole horizons.

(related to “Brick wall”)

87



Generalization to asymptotic AdS

88



For asymptotic AdS, assuming BDHM,
we have same picture:

CF'T picture Bulk picture

Time-like, not light-like  Null-geodesics in curved space
89

Always time-delay by Gao-Wald theorem



For very heavy star, we need huge

number of independent light fields |

because of the time delay.
For black hole,

we need infinitely many fields.

However,
CFT has N2 degrees of freedom.
Thus, No inside of Black hole.
(finite N effects are important.)

This is a realization of brick wall argument
without boundary condition by hand.
(Dual of black hole is deconfinement
phase (QGP) which has N? light fields.)




Conclusion

Spectrum of large N CFT is identical to
spectrum of free gravitational theory in AdS,
i.e. “derivation” of AdS/CFT

Bulk reconstruction in AdS/CFT is rather
simple and has an intuitive picture.

We also reconsiruct the wave packets in
bulk theory from CFT primary operators.

Our picture of the bulk reconstruction can
be applied to asymptotic AdS spacetime

91



Future directions

Generalizations in many directions
Non-CFT case

Evaluating (entanglement) eniropy
Information loss paradox

Principle of quantum gravity?

92



Fin.
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Null geodesics
INn the AdS-Rindler patch

94



We will regard

tachyonic modes as the bulk local field

95



Null geodesics in AdS-Rindler patch

There are two types:

(1) horizon (£ = 0) to boundary (£ = o), |b] < 1

1 _
f(tR) 1 1+ bt&ﬂh(tR t())

— ) 9 t = —1
V1 =02 sinh(tg — to)| X(tr) = X0 + 5 log 7= btanh(tp — to)

(2) horizon to horizon, |b| > 1

E(tg) = ! 1. b+ tanh(tgr —to)

\/ ’ tr) = —1
0> — Lcosh(tp —to)  X(tR) = X0+ 2 p_ tanh(tr — o)

96



Null geodesics in AdS-Rindler patch

For well-localized wave packet

along null-geodesics with b,

modes a,, » with \/w = b are dominantly contribute

(1) horizon (£ = 0) to boundary (£ = o), |b] < 1
non-tachyonic modes w? > \?

(2) horizon to horizon, |b| > 1

tachyonic modes w? < \?
97



Thus, from the CFT on Rindler patch,

wave packet along horizon to horizon

null-geodesics can not reconstructed

98
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