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Recent Studies about ʼt Hooft Anomaly

• Discussion of the low-energy dynamics of gauge theories based on the mixed
't Hooft anomaly between discrete and higher-form symmetries.
（Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501）

• This type of application of the anomaly has been studied vigorously.
ü Yamaguchi, arXiv:1811.09390
ü Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389
ü Honda, Tanizaki, arXiv:2009.10183
ü etc.

• Keywords: ʼt Hooft anomaly, higher-form symmetries
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ʼt Hooft Anomaly

• ʼt Hooft anomaly：
Couple a background gauge field 𝐴! with the preserved current 𝑗! related to the 
symmetry

• ʼt Hooft anomaly matching:
The property of matching the ʼt Hooft anomaly calculated respectively in both UV 
and IR theory

ØUsing the prediction of the low-energy physics of gauge theories
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Phase Gap
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ℤ! Zero-form Gauge Symmetry

• Introducing the 𝑈 1 gauge field 𝐴", 

• Condense the Higgs 𝐻. ϕ is a scalar field.

• VEV ℎ → ∞, we get the constraint,
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ℤ! Zero-form Gauge Symmetry

• Constraint:
• If 𝑁 = 1, 𝐴! is pure gauge by the constraint, 𝑈 1 symmetry is broken completely.

On the other hand, if 𝑁 > 1, ℤ# symmetry is remained. Wilson loop is

• By this constraint, a pair, (𝐴!, ϕ), 𝑈 1 gauge field 𝐴! and a scalar field ϕ,
constructs ℤ# one-form gauge field.

• This pair, 𝐴!, ϕ , has the ℤ# zero-form gauge symmetry, and the transformation 
is 
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ℤ! One-form Gauge Symmetry

ℤ# zero-form gauge symmetry

• A pair, 𝑈 1 gauge field 𝐴! and 
a scalar field ϕ, constructs ℤ# one-
form gauge field.

• Constraint

• ℤ# zero-form gauge transformation

ℤ# one-form gauge symmetry

• A pair, 𝑈 1 two-form gauge field 𝐵!$ and 
𝑈 1 gauge field 𝐶!, constructs ℤ# two-
form gauge field.

• Constraint

• ℤ# one-form gauge transformation

6

In short, we write 
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Couple with 𝑆𝑈(𝑁) Gauge Theory with θ Term

• Action:

• Couple the pair, 𝐵!" , 𝐶! , ℤ# two-form gauge field, with 𝑆𝑈(𝑁) gauge theory
Ø Extend the 𝑆𝑈(𝑁) gauge theory to the 𝑈(𝑁) gauge theory
Ø𝒜： 𝑈(𝑁) gauge field, whose traceless part is 𝑆𝑈(𝑁) gauge field 𝐴.
Ø Eliminate the trace-part by one-form gauge symmetry,

Ø Imposing the constraint,

Ø With the gauge transformation of a pair (𝐵, 𝐶), ℤ# two-form gauge field,                       
becomes λ gauge invariant.

Ø By this 𝐹, we obtain the 𝑆𝑈(𝑁) gauge action coupling with the ℤ# two-form gauge field.
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Mixed ʼt Hooft Anomaly 
in 𝑆𝑈 𝑁 Gauge Theory with θ Term

• Action:

ØCoupling ℤ! two-form gauge field 𝐵 as the background gauge field,

ØRespecting ℤ! one-form gauge symmetry, when 𝜃 = 𝜋,

ØThis is mixed ʼt Hooft anomaly between the ℤ! one-form gauge symmetry and the 𝒯-
symmetry when 𝜃 = 𝜋.

ØOur motivation is to understand these in a completely regularized framework (lattice 
field theory).

8

𝒯-symmetry when θ = 0, π

2π𝑖×(Fractional)
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Principal Fiber Bundle

• Covering manifold by patches 𝑈% , each patch has 𝑆𝑈 𝑁 gauge field 𝑎% , matter 
field 𝜙% in an irreducible  representation 𝜌.

• 𝑔%& at 𝑈%& = 𝑈% ∩ 𝑈& • Cocycle condition at 𝑈%&' = 𝑈% ∩ 𝑈& ∩ 𝑈'

9

Transition Function 𝑔%&

𝑈% 𝑈&

𝑈%&'

𝑈%

𝑈'𝑈&
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ℤ! One-form Gauge Symmetry and Fiber Bundle

• Especially for the adjoint representation, the cocycle condition can become 
relaxed.

Ø 𝑛%&' has the gauge redundancy.
Ø The transition function has the transformation:  

For the invariance of the cocycle condition, 

ØThis transformation is ℤ# one-form gauge transformation, 𝑛%&' is ℤ# two-form 
gauge field.
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Fiber Bundle in 𝑆𝑈(𝑁)/ℤ! Gauge Theory
and Fractional Topological Charge

• The topological charge can become fractional by the principal fiber bundle in the 
𝑆𝑈(𝑁)/ℤ# gauge theory.
(ʼt Hooft, Nucl. Phys. B 153 (1979), van Baal, Commun. Math. Phys. 85 (1982))

※Mixed ʼt Hooft anomaly: 

11

2π𝑖×(Fractional)

Factor for Fractionality
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Fractional Topological Charge on the Lattice

• Above discussion about mixed ʼt Hooft anomaly and the fractional topological 
charge is all in the continuum.

ØTo understand these in a completely regularized framework (lattice gauge theory).
(cf. Itou, arXiv:1811.05708)

• Integer topological charge was formulated in the lattice 𝑆𝑈(𝑁) gauge theory.
(Lüscher, Commun. Math. Phys. 85 (1982))

ØWe formulate fractional topological charge in the lattice 𝑈(1) gauge theory.

ØThe formulation in the lattice 𝑈(1) gauge theory is simpler, so we apply this.
(Fujiwara, Suzuki, Wu, arXiv:0001029)
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Fiber Bundle and Lattice Gauge Theory

• Divided the manifold by the hyper cubes 𝑐(𝑛)
• Example: 3𝑑

13

site 𝑛

𝑐(𝑛)𝑐 𝑛 − �̂�

𝑣$,&(𝑥)

𝑓(𝑛, µ)𝑝(𝑛, µ, ν)

𝑈(𝑛, µ)

ρ

ν

µ
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Lüscherʼs Idea

• Topological charge is defined by the continuum function: transition function 𝑣(,!,

• By the interpolate function: “Parallel transporter”, he defined the transition 
function 𝑣(," on the face 𝑓(𝑛, µ).
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𝑓(𝑛, µ)

Lüscher, Commun. Math. Phys. 85 (1982)



Interpolate Function in 𝑆𝑈(𝑁) Gauge Theory

• In 𝑥 ∈ 𝑓(𝑛, µ), 
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𝑠'

𝑠(

𝑠) 𝑠*

𝑠+

𝑠,

𝑠-

𝑠.

𝑥/
𝑥0
𝑥1
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Parallel Transporter 
in the Lattice 𝑈(1) Gauge Theory

• By the parallel transporter 𝑤*(𝑥), we obtain the transition function 𝑣(,! in the 
continuum point 𝑥:

16

lattice

Continuum
Interpolate

Interpolate Parameter 𝑦2
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Image of Parallel Transporter

ØExample: in 2𝑑,
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2

𝑛

𝑛 − ;2 𝑛 − ;2+ ;1
𝑤$34,(𝑥)

𝑤$(𝑥)
𝑥

𝑣$,,(𝑥)

Notation

site 𝑛

𝑐(𝑛)𝑐 𝑛 − �̂�

𝑣$,&(𝑥) 𝑈(𝑛, µ)
µ

Parallel Transporter

𝑓(𝑛, µ)

𝑐(𝑛)

𝑐 𝑛 − ;2 𝑐 𝑛 − ;2 + ;1



Transition Function on the Lattice in 2𝑑

• By using the parallel transport function, the transition function is,

Ø Example: in 2𝑑,
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𝑛

𝑛 − ;2 𝑛 − ;2+ ;1

1

2
𝑥

𝑣$,,(𝑥)



Transition Function on the Lattice in 4𝑑

Ø In 4𝑑,

ØField strength is
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New Transition Function on the Lattice

• At 𝑥 ∈ 𝑓(𝑛, µ), constructing transition function 𝑣(," on the lattice 𝑈(1)/ℤ+ gauge 
theory,

Øω! is the factor for relaxing the cocycle condition,

Ø𝑧!$ ∈ ℤ and 𝑧!$ = −𝑧$!

20

Fractionality in the Continuum 𝑆𝑈(𝑁)/ℤ! Gauge Theory
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𝑐(𝑛)𝑐 𝑛 − �̂�

𝑣$,&(𝑥)

𝑓(𝑛, µ)

µ



Cocycle Condition on the Lattice

• For the ordinary transition function V𝑣(,", the cocycle condition is

• For the new transition function 𝑣(,", owing to ω!,

21

ℤ+ “Relax”

Lattice Version of  
𝑔%&𝑔&'𝑔'% = 1
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New Transition Function

∈ ℤ5



Ø Under the “Admissibility condition”, the gauge configuration is sufficiently smooth.

• Field strength is 

※ 𝑞 is needed for the invariance under the ℤ+ one-form transformation.

Admissibility Condition

• It is impossible to define the topological charge which has intervals on the lattice.

22

Continuum deformation
Sufficiently 

Smooth Region

Admissibility Condition
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ℤ" One-form Global Symmetry on the Lattice

• The factor of fractionality 𝜔" is related to the ℤ+ one-form transform.
ØLink variable

ØTransition function

ØCocycle condition

23
µ

ν

Wilson Line
𝑊(𝐶)

Not ℤ5 “Relax”
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ℤ" One-form Gauge Symmetry on the Lattice

ℤ5 “relax”

• The factor of fractionality 𝜔" is related to the ℤ+ one-form transform.
ØLink variable

ØTransition function

ØCocycle condition

∈ ℤ5

µ

ν

Wilson line
𝑊(𝐶)

∈ ℤ5



Fractional Topological Charge on the Lattice

• In the continuum,

• Topological charge is calculated by the transition function,

• For the new transition function 𝑣(,",

25

Fractional!! 
Integer 

Cross Term 
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Mixed ʼt Hooft Anomaly

• A lattice action is 

ØTopological charge is 

ü invariant under the ℤ+ one-form gauge transformation 
üodd under the lattice 𝒯-transformation:
ØWe discussed the mixed ʼt Hooft anomaly between the ℤ+ one-form gauge symmetry 

and the 𝒯-symmetry  when 𝜃 = 𝜋.

26

By the Witten Effect
Honda, Tanizaki, arXiv:2009.10183
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Mixed ʼt Hooft Anomaly

• 𝑒%, is ,under the 𝒯-transformation, when 𝜃 = 𝜋,

Ø Introducing a local counter term which is invariant under the ℤ+ one-form gauge 
transformation,
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Mixed ʼt Hooft Anomaly

• Including this local counter term, 𝑒%, is ,under the 𝒯-transformation, when 𝜃 = 𝜋,

Ø The anomaly is canceled for 
ØThis is  impossible for 𝑞 ∈ 2ℤ.

possible for 𝑞 ∈ 2ℤ + 1.
ØThis implies the mixed ʼt Hooft anomaly between the ℤ+ one-form gauge 

symmetry and the 𝒯-symmetry for 𝑞 ∈ 2ℤ when 𝜃 = 𝜋.

28

0,±8,±16,⋯
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Conclusion and Future Work

• Conclusion
ØWe formulated the fractional topological charge in the lattice 𝑈(1) gauge theory.
ØOur construction provides the mixed ʼt Hooft anomaly between the  ℤ+ one-form 

gauge symmetry and the 𝒯-symmetry for 𝑞 ∈ 2ℤ when 𝜃 = 𝜋.

• Future works
ØThe formulation of the fractional topological charge in the lattice 𝑆𝑈(𝑁) gauge 

theory
ØThe formulation of the Witten effect on the lattice
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Back Up
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ʼt Hooft Anomaly Matching Condition

ØApplication example
üRestricting the low-energy effective theory of QCD, this condition requires 

lagrangian to have the Wess-Zumino-Witten term.
üSince a part of the background gauge field exists as the gauge field in Electro-

Weak gauge theory, ʼt Hooft anomaly can be observed in the collapse of neutral π
meson. To match the experiment with this theory, the strong field theory is 
detected to 𝑆𝑈 3 gauge theory.
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Higher Form Symmetry

• Reconsider an ordinary symmetry (zero-form symmetry) by the expansion of the space.
Ø In (2+1) dimension

By the transformation of field ψ(𝑥), the charge 𝔔 has the 2-dimmension expansion.

32

graphical

Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

𝑡

𝑦

𝑥
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Higher Form Symmetry

• Extend the object to it with the higher expansion 
Ø In (2+1) dimension

33

𝑡
𝑦

𝑥

• zero-form symmetry
üPoint (0𝑑) ψ(𝑥) is changed.
üSurrounded by the face (2𝑑)

• one-form symmetry
ü loop (1𝑑) 𝑊 𝐶 is changed.
ü Linked by the line (1𝑑)

Extend
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Symmetry Operatorʼs Topological Invariance

• Infinitisimal transformation of 𝑀-,

34

=
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ℤ! One-form  Gauge Symmetry

• An example of higher form symmetries, ℤ# one-form  gauge symmetry, is not 
familiar.

ØRough method of making ℤ# one-form gauge symmetry
üConsider ℤ# zero-form gauge symmetry
üRaise the rank of the derivative
üConsider ℤ# one-form gauge symmetry

35

Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501
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Wilson Loop and Transition Function

• Divided the torus into two part,
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Integration of 𝐵($) in 2𝑑 Manifold

• Surface operator:

ØTo be invariant under the gauge transformation:                              ,𝑘 should be 
quantized.

ØBy the constraint:                       ,

ØThe integration of 𝐵(/) in 2𝑑 manifold is 
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Transition Function in 𝑆𝑈(𝑁) Gauge Theory 

• Transition function is defined in nontrivial patches.
• In 2𝑑, the manifold 𝑇/ is divided by four patches

38

𝑈'6

𝑈+6

𝑈,6

𝑈-6 Dℎ'- F𝑔'-

identify

identify

𝑥7

𝑥8 𝑥8 = 𝑎8

𝑥7 = 𝑎7

𝑥8 = 0

𝑥7 = 0
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Transition Function in 𝑆𝑈(𝑁) Gauge Theory

• By the transition function hΩ!, the cocycle condition is

• To consider the fractional topological charge, we redefine the transition function Ω! .
(Making 𝑆𝑈(𝑁)/ℤ# bundle)

ØThe cocycle condition is relaxed,

39

factor of fractionality

𝑆𝑈(𝑁)ʼs generator
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Cocycle Condition on the Lattice

• By the new transition function, the cocycle condition is 

40

𝑛𝑛 − �̂�

µ

ν

𝑛 − �̂�

new

ordinary
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Parallel Transport Function

• Parallel transport functionʼs image is “by the interpolate parameter 𝑦, the 
transition function is defined as the function on an arbitrarily point 𝑥 on the link”.

41

𝑛

𝑥
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Link Variables

• In 𝑆𝑈(𝑁) gauge field, this process is very complicated.
ØBy the parallel transport function, we defined the new link variable.

ØBy this link variable, we define the interpolate function.

42

𝑛

�̅� K𝑦Image of 𝑢9:$
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Transition Function

• By the interpolate function made from the new link variable, we define the 
transition function as continuum function on the lattice .

43

𝑛 − �̂� 𝑛
Image of F𝑣$,8

𝑥
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Cocycle Condition

• Check the cocycle condition by this new transition function
Ø In 𝑥 ∈ 𝑝(𝑛, µ, ν), we define new function,

ØThe relation with 𝑆(,"* 𝑥 is

44

𝑥0

𝑥1 𝑝'

𝑝, 𝑝+

𝑝-
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Cocycle Condition

Ø𝑅* is
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Cocycle Condition

ØBy the new interpolate function, in 𝑥 ∈ 𝑝(𝑛, µ, ν), the cocycle condition is

ØWhen (cocycle condition)=1 is satisfied at each site,
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Topological Charge

• By the new transition function, the topological charge is
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Topological Charge in the 𝑆𝑈(𝑁) Gauge Theory

• By the new transition function, we calculate topological charge Q(𝑣(,!).
• In 4𝑑 continuum theory, （van Baal, Commun. Math. Phys. 85 (1982)）

48

integer fractional
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Differential Calculus on the Lattice

• 𝑘-form function:

• The definition of extra derivative:

ØBy this extra derivative on the lattice, the Leibniz rule on the lattice is

ØExample:
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ℤ" One-form Global Symmetry 
and Gauge Symmetry

• ℤ+ one-form symmetry is corresponding to multiplying the ℤ+ element by  the 
transition function from the point of fiber bundle.

ØConsider the transformation of the transition function on the lattice
ØFirstly, consider the ℤ+ one-form global symmetry
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Admissibility Condition

• Field strength is 

Ø Invariant under the ℤ+ one-form gauge transformation
ØWe require the admissibility condition to the field strength,

ØUnder this condition, the Bianchi identity is satisfied.
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Proof of Admissibility Condition

• Field strength is 

Ø𝑁!$is the function for taking 𝐹!$ back to the range [−π, π].
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Proof of Admissibility Condition

• By the admissibility condition, 

ØBy definition,

ØBy 
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ℤ" Two-form Gauge Field

• ℤ+ two-form gauge field is defined by

ØTo protect the antisymmetric value,

ØUnder the ℤ+ one-form gauge transformation, ℤ+ two-form field is 
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ℤ" Two-form Gauge Field

• This ℤ+ two-form gauge field is connected to an arbitrary gauge configuration by 
the ℤ+ one-form gauge transformation.
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Fractional Topological Charge 
by ℤ" Two-form Gauge Field 
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Mixed ʼt Hooft Anomaly

• 𝑒%, is ,under the 𝒯-transformation,

Ø Introducing a local counter term which is invariant under the ℤ+ one-form gauge 
transformation,
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Time Reversal Symmetry
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Witten Effect

• Setting  magnetic monopole with magnetic charge 𝑔, electric charge 𝑞 is induced
by 𝜃 term.

Ø In the abelian gauge theory, EOM is

Ø Dirac quaternization is condition: 
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ρ/𝜖1

monopole

𝐵 𝐸

𝜃 = (non-zero)
𝜃 = 0


