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Recent Studies about 't Hooft Anomaly

e Discussion of the low-energy dynamics of gauge theories based on the mixed

between discrete and higher-form symmetries.
(Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501)
 This type of application of the anomaly has been studied vigorously.
v Yamaguchi, arXiv:1811.09390
v' Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389
v Honda, Tanizaki, arXiv:2009.10183
v etc.

« Keywords: , higher-form symmetries
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't Hooft Anomaly

't Hooft anomaly :
Couple a background gauge field A, with the preserved current j, related to the
symmetry

Z[A,] = <exp (z’fAMj“» Z|A,+0,0)=Z[A,]exp(s.A(0,A4,))

Phase Gap

« 't Hooft anomaly matching:
The property of matching the 't Hooft anomaly calculated respectively in both UV

and IR theory

> Using the prediction of the low-energy physics of gauge theories



Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501

Zn Zero-form Gauge Symmetry

* Introducing the U(1) gauge field 4,
S=[(d*xD,H'D,H+---, D,H=0,H—iNA,H
« Condense the Higgs H. ¢ is a scalar field.
H =he?, ¢~¢+2n
S=[d*zh*(0,¢0 — NA,)>+ -

e VEV h - o0, we get the constraint,
Oy —NA, =0



Zn Zero-form Gauge Symmetry

Constraint: 0,¢ = NA,

It N =1, A, is pure gauge by the constraint, U(1) symmetry is broken completely.
On the other hand, if N > 1, Zy symmetry is remained. Wilson loop is

W = [exp(i [ A,)]" = exp(i [ 99) = 1

By this constraint, a pair, (4,,¢$), U(1) gauge field A, and a scalar field ¢,
constructs Zy one-form gauge field.

This pair, (Aw c|>), has the Zy zero-form gauge symmetry, and the transformation
is b b+ N
Ay Ay 4+ OuA



Zny One-form Gauge Symmetry

Zy zero-form gauge symmetry AN, -form gauge symmetry
* A pair, U(1) gauge field 4, and * A pair, U(1) two-form gauge field B, and
a scalar field ¢, constructs Zy one- U(1) gauge field C,,, constructs Zy
form gauge field. gauge field.
_ _ In short, we write
« Constraint « Constraint NB = dC

NA, =0,¢ NB,, = 9,0,

« Zy zero-form gauge transformation | « Z, one-form gauge transformation

¢ ¢+ NA C, — Cy+ N\,
A Ay + O, By — By + 9\




Couple with SU(N) Gauge Theory with 8 Term

+ Action:g — _é ir (B :1%*/ﬁr< EB\)]*F);%#I /(frﬁ?ﬂBM (F-1B) + o / uA (tr F — NB)

- Couple the pair, (B, C,), Zy two-form gauge field, with SU(N) gauge theory
> Extend the SU(N) gauge theory to the U(N) gauge theory
> A U(N) gauge field, whose traceless part is SU(N) gauge field A.

> Eliminate the trace-part by one-form gauge symmetry, Zn One-form Gauge Transformation
A— A+ A Cr—C+ N

» Imposing the constraint, B — B4+ d)\
tr(F) =NB

» With the gauge transformation of a pair (B, C), Zy two-form gauge field, F' = F — 1B
becomes A gauge invariant.

> By this F, we obtain the SU(N) gauge action coupling with the Z, two-form gauge field.



Mixed 't Hooft Anomaly
in SU(N) Gauge Theory with 8 Term

e Action:

! 9/\ T-symmetry when 6 =0

» Coupling Z, two-form gauge field ©~ as the background gauge field,
1 0 1
S:_@/tr[(f—ﬂ YAX(F —1 )]+8?/tr[(]:_]l YA (F—1 )]+%/u/\(tr}"—N )

> Respecting Zy one-form gauge symmetry, when 6 =,

T —1+N+2p
Z|B] = Z|Blexp [ N /NB A NB] 2mi X (Fractional)

> This is mixed 't Hooft anomaly between the Z, one-form gauge symmetry and the T-
symmetry when 6 = .

> Our motivation is to understand these in a completely regularized framework (lattice
field theory).



Principal Fiber Bundle

« Covering manifold by patches U;, each patch has SU(N) gauge field a;, matter
field ¢; in an irreducible representation p.

« gij atU;; = U; nU;  Cocycle condition at U;;, = U; N U; N Uy
a; = g5 @i —ig;; dgi; GiiGinghi =1

d; = plg;;" )i

U, U

~ AN

(Transition Function g;;




Zny One-form Gauge Symmetry and Fiber Bundle

« Especially for the adjoint representation, the cocycle condition can become
relaxed.

9ij9jk9ki = EXP (% )
»{1,,.} has the gauge redundancy.
> The transition function has the transformation:
gij — exp (32 Nij) 94
For the invariance of the cocycle condition, >— - S;E%%f%;‘jggt%ohneory
Nijk — Nijk + (ON)ijk
(ON)igk = Nij — Nik + Aji

> This transformation is Zy one-form gauge transformation, {1, } is Zy two-form
gauge field.

€ Zy




Fiber Bundle in SU(N)/Zy Gauge Theory
and Fractional Topological Charge

 The topological charge can become fractional by the principal fiber bundle in the
SU(N)/Zy gauge theory.
('t Hooft, Nucl. Phys. B 153 (1979), van Baal, Commun. Math. Phys. 85 (1982))

gij = exp (Kt Nij) 9ij

Ui(’ Uj (SU(N)/Zy Transition Function) ~ w,, x (SU(N) Transition Function)
| ¥ Factor for Fractionality
9ij
XMixed 't Hooft anomaly: z[B] L 7Z[B]exp [ —1 ZNJFQP /NB/\NB]
TN

2mi X (Fractional)



Fractional Topological Charge on the Lattice

« Above discussion about mixed 't Hooft anomaly and the fractional topological
charge is all in the continuum.

> To understand these in a completely regularized framework (lattice gauge theory).
(cf. Itou, arXiv:1811.05708) 1

Our Purpose

. topological charge was formulated in the lattice SU(N) gauge theory.
(Lascher, Commun. Math. Phys. 85 (1982))

> We formulate topological charge in the lattice U(1) gauge theory.
T

Our Paper

» The formulation in the lattice U(1) gauge theory is simpler, so we apply this.
(Fujiwara, Suzuki, Wu, arXiv:0001029)




Fiber Bundle and Lattice Gauge Theory

« Divided the manifold by the hyper cubes c(n)

« Example: 3d
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Lischer, Commun. Math. Phys. 85 (1982)

L Uscher’s |dea

- Topological charge is defined by the continuum function: transition function v, |,

Q(vn, ) 247T2 Z Z / xgwpa Tr((vﬁ,bavvn,u)(U;,Lapvn,u)(’U;,Laovn,u))

n pwipo” 0

xswpa Tr((fun 10, L)(vn i LO0sUn—p, ,,))

« By the interpolate function: “Parallel transporter”, he defined the transition
function v, , on the face f(n, p). — f(n,p

\
e o e e




Lischer, Commun. Math. Phys. 85 (1982)

Interpolate Function in SU(N) Gauge Theory

* Inx € f(n, ),

Difficult!!
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Fujiwara, Suzuki, Wu, arXiv:0001029

Parallel Transporter
in the Lattice U(1) Gauge Theory

- By the parallel transporter w™(x), we obtain the transition function v, in the
continuum point x: v, ,(z) = w" #(z)w"(z) "

lattice . . ——
w"(z) =U(n,1)7*U(n + o011, 2)10)2 Un4+o11l4+092+---+0op_1D—1,D)°P
z=n+>» oui (0, ={0,1})
u=1
Interpolate

[Ty (oku+(1—ok)(1=0.))

w () = 11 w™ (n + E_: m@)
k=1

{O—k:OJ-}k:l’... .D—1

x:n—l—z far, 0<y, <1
k=1

Interpolate Parameter



Image of Parallel Transporter

» Example: in 2d Notation f(n, )

c(n) e —
Pr() site n u@n )

n © ®-x @
Parallel Transporter 0<y; <1

w"(x) =U(n,1)"
C(Tl—?) C(Tl—?-l—i) ,wn—é(x)

— [U(n — Qa 1)U(n —2 + i, 2)]y1 U(n _ Q’ 2)1—y1

p—
)
N @
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Transition Function on the Lattice in 2d

« By using the parallel transport function, the transition function is,

Unp(z) = " F(z)w" (z)

> Example: in 2d,

| U 2() :fw”_é(x)w” (z)~*
VUn,2(X) A A~ A )

—U(n—2,2) [U(n—2,1)U(n —2+1,2)U(n,1)"Un - 2,2)"1]"

L y(n, 1) =U(n — Q, 2) exp [z’ylFlg(zz — ?)]
LA —1
|2— Flw(n) = B In [U(n,,u)U(n + [, v)U(n + 0, p) " U (n, V)_l]
1 :[U(n—f,l)U(n—QJri,Q)]ylU(n—Q,Q)l_yl
e S
n—2 n—2+1

12/21/22 REPRKFRANFimAIREtL I+ — 18



Transition Function on the Lattice in 4d

In 2d

>|n 4d, A . A
o () = Uln — 1,1) Upo(z) =U(n —2,2)exp [zylFlg(n — 2)}
X exp [’iy4F14(TL — i) —+ iy3y4F13(TL —1 + 21) —+ ’Lyg(l — y4)F13(n — i)
+ 1y2ysyaFra(n — 1+3+ 21) + 1y2y3(1 — ya) F12(n — 1+ 3)

+iya(1 — y3)yaFr2(n — 14+ 4) +iya(1 — y3) (1 — ya) Fra(n — i)],

Umg(l') == U(n — Q, 2) exp [z'y4F24(n — Q) + iy3y4F23(n — Q + 21) + ’I,yg(l — y4)F23(n — 2)] 5
vn3(z) = U(n —3,3) exp liyaF3a(n — 3)] :
Un,4($) — U(n o 217 4)

> Field strength is
1

Fyw(n) = =1 [U(n, p)U (n + 1)U (n + 0, 1) "' U (n,0) 7]



New Transition Function on the Lattice

Fractionality in the Continuum SU(N)/Zy Gauge Theory

(SU(N)/Zy Transition Function) ~ w,, x (SU(N) Transition Function)

« At x € f(n, ), constructing transition function v, , on the lattice U(1)/Z, gauge

theory,

Un, () = Wy (2)0n, ()

> w, is the factor for relaxing the cocycle condition,

exp | = Ppy Ty
wy(z) = {1 P ( q ZV?’E“ L

> zyy € L and zy,, = —z,,

) for , = 0 mod L

otherwise

f(n,w

-

cn—p) e

-

Vn,u(X) °

siten

v




Cocycle Condition on the Lattice

New Transition Function

Un,u(x) = W/L(x)?vjn,u(x) at x € f(n,p)

 For the ordinary transition function v, ,, the cocycle condition is

Lattice Version of
) () (@) g (@) T =1 e PGS TEISTOR O

9ij9jk9ki = 1

» For the new transition function v, ,, owing to w,

Un—ﬂ,V(x)vn,u(x)vn,V(x)_lvn—ﬁ,M (5’7)_1

_ {exp <%zw) for z,, = x, = 0mod L «— Z; "Relax”

1 otherwise
€ Z,



Admissibility Condition

» It igd em ploa Sibtertic sl bfitg tbaditpaidgtbel ghageseconfigh tedtoimtsrvatticinritiy $abboth.

Admissibility Condition

~

sup FW(n)| <€, 0<e< E
n,pu,v 3q

Sufficiently
Smooth Region

« Field strength is

F,.(n)= i In [U(n, w)U(n+ f,v)U(n+ 0, 1)~ Ul(n, V)_l}q

2% q is needed for the invariance under the Z, one-form transformation.



Z, One-torm Global Symmetry on the Lattice

- The factor of fractionality w, is related to the Z, one-form transform.

> Link variable

o
U(n, ) — exp (ﬂzy) U(n, ) n, =0
q

> Transition function € Zq

271 -
exp | &2z, | v x) forx, =1
'Dn,,u(w) N p( q M) ”%M( ) K .
U, () otherwise

> Cocycle condition

Not Ly “Relax”

/

B (@) ()55, ()5, () = 1

12/21/22 RERFPRATFRAREL IS —




Z, One-torm Gauge Symmetry on the Lattice

- The factor of fractionality w, is related to the Z, one-form transform.

> Link variable

271

U(n, 1) — exp [7;@(7@)] Uln, )

> Transition function

271

€ Z,

o) = xp | 20~ )| vnle) @ € Flp)

> Cocycle condition

Vn—p,3(T) V0 (2)Vn, ()

12/21/22

Ly relax

_— 9

271

17}71—,&,1/(37)_1 = €XP [—Zuv(n -

q

€ Z,
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Fractional Topological Charge on the Lattice

e In the continuum,

Q=

1
327'('2 T4

(T%UgqudﬁLV(x)Pba($)

. Topological charge is calculated by the transition function,

87T2 D D Ewno /

n Ww,V,p,0

New Transition Function

~

VU, () = Wy ()0, ()

2 [Vn, 0 (2)0pVn pu () 7 [Vn—p (2) 7 OpVn— o ()]

(an)

 For the new transition function v, ,,

Factor of Fractionality

Fractional!!

E g,ul/paz,uvzpa E Epvpo v E Fpa
u v,p,0 /J, V,p,0 1, =0
_/// g g Euvpo Foo(n+i+70)

3272

n  u,V,p,0

Integer

wu(x) ~ X (7';2 Z Z,uzxy

VFEH

Cross Term

|



Mixed 't Hooft Anomaly

e A lattice action is

S

1 - - .
@ Z Z F,Lu/ (n)F,ul/(n> =+ Smatter o quQ
n Qv

_ _ By the Witten Effect
> Topological charge is Honda, Tanizaki, arXiv:2009.10183

1
QQ — 8_(] Z EuvpofuvZpo +7
/’L7y7p70-

v'invariant under the Z, one-form gauge transformation
v'odd under the lattice T-transformation: ¢Q N —qQ)

»We discussed the mixed 't Hooft anomaly between the Z, one-form gauge symmetry
and the T-symmetry when 6 = .



Mixed 't Hooft Anomaly

« ¢S is ,under the T-transformation, when 6 = ,

eiqu l; e—iqu _ e—27r7qu ) eiﬂ'qQ

277@ ,
17T
— exp ( E EpvpoZuvZps | € ¢

WiV, p,0
> Introducing a local counter term which is invariant under the Z, one-form gauge

transformation,
S 2777,/4:
e counter — eXp Z gluypo-zlu,yzpd

V50,0




Mixed 't Hooft Anomaly

« Including this local counter term, e'S is ,under the T-transformation, when 8 = r,

ZWQQ Scounter I> e —1imqQ ‘|’Scounter —_ 6_217"(]@ 2Scounterel7TqQ Scounter

2T :
= eXp — ( ) E 5,u1/poz,ul/zpa GZWQQQ Scounter

8
q w,v,p,0 -

{o,£8,+16,-

» The anomaly is canceled for =0 mod g.

» This is| impossible for g € 27Z.
possible for g € 2Z + 1.

> This implies the mixed 't Hooft anomaly between the Z, one-form gauge
symmetry and the 7-symmetry for g € 2Z when 6 = 7.



Conclusion and Future Work

« Conclusion
»We formulated the fractional topological charge in the lattice U(1) gauge theory.

> Our construction provides the mixed 't Hooft anomaly between the Z, one-form
gauge symmetry and the T7-symmetry for g € 2Z when 6 = .

e Future works

» The formulation of the fractional topological charge in the lattice SU(N) gauge
theory

> The formulation of the Witten effect on the lattice



Back Up



't Hooft Anomaly Matching Condition

> Application example

v'Restricting the low-energy effective theory of QCD, this condition requires
lagrangian to have the Wess-Zumino-Witten term.

v'Since a part of the background gauge field exists as the gauge field in Electro-
Weak gauge theory, 't Hooft anomaly can be observed in the collapse of neutral
meson. To match the experiment with this theory, the strong field theory is
detected to SU(3) gauge theory.



Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

Higher Form Symmetry

« Reconsider an ordinary symmetry (zero-form symmetry) by the expansion of the space.

>In (2+1) dimension
By the transformation of field {/(x), the charge o has the 2-dimmension expansion.

' Rp(a)e R = e (x), Q= d*z j(z), j"(z) = i (z)y ()

graphical 172

E e () % E o ¢ 'M(a]

X E N g . i Hidaka, Hirono, T\Iitta, Tanizaki, Yokokura, arXiv:1903.06389
12/21/22 RERFRANFRAREL I — 32



Higher Form Symmetry

 Extend the object to it with the higher expansion
>In (2+1) dimension

« zero-form symmetry « one-form symmetry
v'Point (0d) W(x) is changed.  Extend v'loop (1d) W(C) is changed.

v'Surrounded by the (2d) v’ Linked by the (1d)

t

i i

i i

i e Y(z)

| W) S =
. A




Symmetry Operator’s Topological Invariance

 Infinitisimal transformation of M¢,

t t

Uy(M2+ 0X)

Uy (M)

X X

0Q = [aravsasad — Jarad = Joxad = [xadi =0



Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501

Zny One-form Gauge Symmetry

« An example of higher form symmetries, Zy one-form gauge symmetry, is not
familiar.

» Rough method of making Zy one-form gauge symmetry
v’ Consider Zy zero-form gauge symmetry
v'Raise the rank of the derivative

v'Consider Zy one-form gauge symmetry



Wilson Loop and Transition Function

* Divided the torus into two part,

a;

9Gij
. X /
W(C) —ezfy’ e " g 9 nymaiezfa;w a;
\ . Zf me a;
zc—):c’,y—)y’/ gj gw
—gijet o

09/08/22 MBS HEKRKES 2022 8aAl33-13
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Integration of B(3) in 2d Manifold

 Surface operator: U, (X) = exp (zk/ B,w)
>

> To be invariant under the gauge transformation: B, — B, + 9;,\,; .k should be
quantized.

» By the constraint: NB,, = 9,,C,,,

k k
exp <ik/EB(2)> = exp (ZN /E dB(1)> = exp (ZN : 27TZ)

> The integration of B(® in 2d manifold is

2T
B® e ~—7
[ e



Transition Function in SU(N) Gauge Theory

« Transition function is defined in nontrivial patches.

 In 2d, the manifold T2 is divided by four patches

Xy = Ay — —@ -
r — —
| ~ | J - -

I | ys f3 fiod Go1) o Yo 0x v A— 0 = houdel
I- J = g v

X S LLC —

v x, =0 <
t A f

identity
Xy x, =0 x, =a,
12/21/22 RERFRANFRAREL I — 38



Transition Function in SU(N) Gauge Theory

« By the transition function ﬁu, the cocycle condition is
Qu(xv = a,/)(l,,(aju = O)Q;l(xv = O)le(xu =ay) =1

- To consider the fractional topological charge, we redefine the transition function Q.

(Making SU(N)/Zy bundle)
7 1 factor of fractionality

1 Ny Ly
Wy = exp (N Z ”a T\1>/ SU(N)'s generator

v

> The cocycle condition is relaxed,

2
Qu(zy = a,)Q(z, = O)Q;l(xy =0)Q, ' (v, =a,) = exp (ﬂ )



Cocycle Condition on the Lattice

(new transition function) ~ w,, X (normal transition function)

« By the new transition function, the cocycle condition is

—1
(9 xr . o o —1-
il 7) B (2 () (2)
| ,U”_ R {x\—l . Y (m\ neW
— KA YLV —1

n—i " ()0 ()0 ()

vV vn_I;’M(x)
L» M —e



Parallel Transport Function

« Parallel transport function’s image is “by the interpolate parameter y, the
transition function is defined as the function on an arbitrarily point x on the link”.

()

S @



Link Variables

* In SU(N) gauge field, this process is very complicated.

> By the parallel transport function, we defined the new link variable.
upy = " (@)U (Z, )™ ()

(
y

Image of uy,

n
> By this link variable, we define the interpolate function.



Transition Function

« By the interpolate function made from the new link variable, we define the
transition function as continuum function on the lattice .

On (@) = S () 7 00,0 () 51 (@)

n—mnp n
o

Image of 7, ,

=



Cocycle Condition

« Check the cocycle condition by this new transition function

»In x € p(n,u,v), we define new function,

P (@as ) = (W) (0 )92 (gt i, VY2 it (i, 199]

n,pv Pop2 pP2po Pop2 “pP2pP3 "P3P1 P1Po bopP1\"P1P3
» The relation with S, (x) is
Sptu(@) = Py (@) (x € p(n, p, V) "
Spu(x) = Ry Pl (@) (x € p(n+ A, 1, \)

.

xCK
Po



Cocycle Condition

> R™ is
anu o (T, Ty) = [(%3“37“72“20)% U
- (ugruzgugsugs)”” ussug) (ulgugitsus;)
- uy (ugiuisussusg) 1" (ugusyusi uly)” ugy
meﬁ(xa, 5’77) = (%3“37“72“20)% Ugs

RZL/J,,W (xOM xﬁ) :ugé

Y~



Cocycle Condition

» By the new interpolate function, in x € p(n, u,v), the cocycle condition is

O (2) T (2) = (Pry ™ (@) T o pw (W) PRl (@) (Pl (2) " on, (n) Py, (2)

:Pg,;yﬁ_ﬂ(x)_lvn—ﬂﬂ/ (n)vn,l/<n)P7?,uu (ZC)

Un— a0 (%) U, (2) = Pg,/jg_ﬂ(w)_lvn—ﬁ,u(n)vn,u(n)Pgﬁuu ()
»When (cocycle condition)=1 is satisfied at each site,

D (2) 0y (1) 0y (1) 0 ()~ =1



Topological Charge

By the new transition function, the topological charge is

P(0p,,) =

1 _ _
2472 2 Ewwir {3/ 2T [Py s, Op (Pt o) (Boijsn) ™ O Bty
m W, V,0,0 p(n+pa+o,u,v)
o 3/ dQCC Tr [ g—kﬁ,uva/?( g—kﬁ,,ul/)_l(Rg,u;v>_180RZ,u;u]
p(n+o,u,v)

_/ dS:ETr[ g+ﬂ,u8V( Z+ﬂ,u)_1sg+ﬂ,uap( Z+ﬂ,u)_1sg+/1,u80( gﬂl,u)_l]
f(n+i,p)

4 / 4’z Tr [Syy 0, (S )~ Sh 0,(Sy )~ S0 05 (Shy )] }
f(n,p)



opological Charge in the SU(N) Gauge Theory

- By the new transition function, we calculate topological charge Q(vy,).

 In 4d continuum theory, (van Baal, Commun. Math. Phys. 85 (1982))

1 — — _
Q(Un,u) :24772 Z/d?’aﬂgﬁwaﬁ Tr((vnaﬁb&/vn,L)(vnal«baavn,}ub)(Un,uaﬁvn,/lu))
7
1 - J—
+ — Z/d25uv5uva6 Tr((vn,lyé’avn,y)%:au (vn,uﬁgvn,b)%:o)

=7 + ——— - S EuvaBRuviaf

integer | fractional




Differential Calculus on the Lattice

1
« k-form function: f(n) = o Z furoope(n)da,, - -dz,,

K1, Mk

 The definition of extra derivative: dz, f,,.....(n) = fu,..p. (n + i) dz,,

> By this extra derivative on the lattice, the Leibniz rule on the lattice is

d[f(n)g(n)] = df(n) - g(n) + (=1)* f(n) - dg(n)

> Example: 1
fn)f(n) = 1 Z fur (1) foo(n + o + D)dzx,dx,dz ,,dz s
1 v,p,0
2 1 .
TN =7 Z Euvpo fur (M) foo(n + it + D)dz1drodrsdry



Zq, One-torm Global Symmetry
and Gauge Symmetry

 Zq one-form symmetry is corresponding to multiplying the Z, element by the
transition function from the point of fiber bundle.

> Consider the transformation of the transition function on the lattice

> Firstly, consider the Z, one-form global symmetry



Admissibility Condition

* Field strength is
1

F(n) = i In [U(n, w)U(n+ p,v)U(n+ 0, 1)~ Ul(n, I/)_l}q |Fu(n) <

> Invariant under the Z, one-form gauge transformation

> We require the admissibility condition to the field strength,

sup Fw(n)‘ <e O0<e< l
NTRY 3q

> Under this condition, the Bianchi identity is satisfied.

Z %upaAqua(n) =0

V7p’a



Proof of Admissibility Condition

* Field strength is

1 | A A .
Fo(n) = In {ez(au<n>+ay(n>+ﬂ—au(n+y)_ay<n>>}
1 ) A |
=i i (ap(n) +av(n)+p—aun+70)—ay(n))-q+27iN,,(n)]
27
=Aya,(n) — Aya,(n) + ?NMV (n)

> N, is the function for taking F,, back to the range [—m,m].



Proof of Admissibility Condition

By the admissibility condition,

> cuvpeAuFu(n) < 6e

v,p,o

> By definition,

2T 2T
5 cunpalhs (B 0) = By0(0) + TN 1)) = 25 2y 8 Ny (0
v,p,0 q q v,p,0
2By urpr Ny (n) < 1
OD<be< — = 0O0<e< —



Z, Two-torm Gauge Field

 Zq two-form gauge field is defined by
2w (1) = ZuOn,, . L-10n,,L-1 + Bpzy(n) — Apzu(n) + qNpw(n) € Z
> To protect the antisymmetric value,

0<z,(n) <gq for p < v,
2w (n) = —zyu(n) for p>v

»Under the Z, one-form gauge transformation, Z, two-form field is
Zu(n) = 2z (n) + Apzu(n) — Apzu(n) + Ny (n)



Z, Two-torm Gauge Field

- This Z, two-form gauge field is connected to an arbitrary gauge configuration by
the Z, one-form gauge transformation.

12/21/22

Zuw(n) = 2w On,, , L-10n,, -1 + Apzy(n) — Az, (n) +qNy(n)

RPRFRATFHRAREL I F —

e/
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Fractional Topological Charge
by Z, Two-form Gauge Field

27T R ~ 27]' ) )
= o3 2 3 e Funl) + 0] [ Epolr 904l )
nel u,v,p,0

Zuy(n) — Z,UJV(SnM,L—l(SnV,L—l + A,uzz/(n) - Ayzu(n) + CIN;W(”) S 7

— 2 § 5,u1/pazw/zpa 87Tq E Epuvpo Z v E Fpa

w,v,p,0 w,v,p,0 1, =0

3271'2Z Z gﬂVPU ,uu pa(n—|—,u—|— )

n Wu,V,p,0




Mixed 't Hooft Anomaly

« ¢S is ,under the T-transformation,

eiqu l; e—iqu _ e—27r7qu ) eiﬂ'qQ

277@
7/71'
— exp ( E € v po ZuvZpo ¢

WiV, p,0
> Introducing a local counter term which is invariant under the Z, one-form gauge
transformation,

S 27mk Z Z .
e counter :eXp E:MVPO'Z,UJV Zpo—(’n,—l—/,L—l—V)
n  wu,v,p,o

2wk
—exp< Z 5ngzu,,ng>

[V, 0,0




Time Reversal Symmetry

U(n, for 4,
U(n, 1) 5 (7} H) ; h7
U(n —4,4) for p = 4,
- KF,W(T_L) for/ﬁ#ll) V#Zl? rZ’uV<ﬁ)
F,uu(n) — < _F41/(ﬁ' _ Z}) for K= 47 zW(n) I> { —Z4y(ﬁ
| —Fua(n—4) forv= | —24(
sz for p # 4, v # 4,
2w XN § —24, for p =4,
| —2ua forv=4.




Witten Effect

« Setting magnetic monopole with magnetic charge g, electric charge g is induced
by 0 term.

1 0
S:—Z—QZ/tr(f/\*f)—FS?/tr(f/\f) I

> |In the abelian gauge theory, EOM is

e
o = €uwpo Oy (00,As)

0, F" =
L» V- E=-—

> Dirac quaternization is condition: gq =10

A
v

47‘(’ €0 p/eo




