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Introduction
Today I will talk about the universal formula for               , unitary BCFT2  

without extended symmetry

The basic technique is analytic conformal bootstraps 

those were recently developed.

So I start with the motivation to conformal bootstrap approach first.

Cardy formula is a relatively well known example of the consequence 
of analytic bootstrap, so we review them with a modern point of view 
with recent techniques.

<latexit sha1_base64="55/T9MPJnRbkPKMHUXt6hRzeNG0="></latexit>

c > 1
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Phase diagrams

magnet Liquid-Vapor

[pictures from Pelisseto-Vicari 02]
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Universality: experimental results
Monte Carlo simulation of Ising model

Experiments

Liquid-Vapor

Magnet

Both agrees well !

[table from Pelisseto-Vicari 02]
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Conformal bootstrap
We can study the lattice Ising model to study critical exponents of water.

but we also wonder whether we can access the exponents themselves 
directly in a model independent way.

→ conformal bootstrap

in particular, without relying Lagrangian,

duality invariant etc…

Today, we talk on a universal consequence of Virasoro symmetry

For example, by solving bootstrap equations   

in 2+1d      symmetric CFT 

w/ 2 relevant operators (fine tunings), 

we get critical exponents !

[figure from D.Simons-Duffin 15]

[Ferrara-Gatto-Grillo 73, Polyakov 74]

<latexit sha1_base64="SD6FUUSvhmwvo8OVLVVCG9WUsY0=">AAAEzHiclVM7b9RAEJ4LhoTwSAISQqI5EQVRnfYiBIgqShoqlEvukohcdLJ965wVv2LvXUgstxT8ACgoeEgUCPEroOAPpEhDjyiDREPB57G5CznFgV15Z3b2+8bz2DUCx46UEAelkTPa2XOjY+fHL1y8dHlicurKSuR3Q1M2TN/xwzVDj6Rje7KhbOXItSCUums4ctXYWkjPV3syjGzfq6vdQG64+qZnW7apK5iaTVdXHcOIHyet2dbktKgIHuVhpZor03PXal/tj/OfF/2p0j41qU0+mdQllyR5pKA7pFOEuU5VEhTAtkExbCE0m88lJTQObhcoCYQO6xbWTezWc6uHfeozYraJvzj4QjDLNCP2xXtxKL6ID+Kb+HWir5h9pLHsQhoZVwatiWf Xl3+eynIhFXUGrMKYFVl0n2O1EXvAljQLM+P39l4cLj9YmolvibfiO+J/Iw7EJ2Tg9X6Y72py6WVBPAby1rGX8Hly5VKcy+eD2UQEkna4fi5n5KFjMew96AHQf/QQuw5iTwpZIWTGCfod1dGZYlabO/6/LJfvSpLrWS/Mf+BZOcfiqpmnoKMcHdE2R1aMlv2apVqEPNJb6eWsNE+L65meDio7jC0fQSsgYpaSnmCN2ZIc81kfQtX7qKPedvgmZLLN94IReN3V4295WFmZrVTvVu7U8MznKRtjdINu0m285Xs0Rw9pkRqoS0DP6RW91h5pSou1JIOOlHLOVfpraE9/A0/iCm8=</latexit>Z2

even we don’t start by writing Hamiltonians!



7

Some basics of 1+1d CFT

global conformal symmetry = Poincare + Scale inv + special conformal =

・operator state correspondence

・2 and 3 pt: position dependence are determined by global conformal symmetry

In 1+1d it is extended to Virasoro symmetry

Via Weyl transformation, 

we can map the cylinder to plane

<latexit sha1_base64="Qllj/xy0mNyffvfhYM9ahUhkb3c="></latexit>

z ! z + ✏
<latexit sha1_base64="aFSq906URzrV7Q1EVFqvgif7P0k="></latexit>

z ! z + ✏z
<latexit sha1_base64="/lP3OBMvMvWnhLwc4v7ABsOitgM="></latexit>

z ! z + ✏z2

<latexit sha1_base64="zPvtSE1CreAGYyaWDkj3sFuoCR0="></latexit>

z ! z + ✏zn+1

<latexit sha1_base64="fSJC5ygHcI7qP8vf/W8RtyDEnMQ="></latexit>

O
<latexit sha1_base64="++RKWrh3DBL0ouoj1G9dRITuu80="></latexit>

|Oi

<latexit sha1_base64="E4Bwp5/xT84CW0Z8O77je8rMXbU="></latexit>z

States are mapped to local operators

<latexit sha1_base64="o+O5NlzRskWeeN+YIXzypt0TL9U="></latexit>

hOi(z1, z̄1)Oj(z2, z̄2)i

<latexit sha1_base64="COgStbD5QWKl+/0d6FmuJ0ydhzo="></latexit>

L�1
<latexit sha1_base64="I2e6lpjSEEZqskQ6IOjQReCJdvQ="></latexit>

L0
<latexit sha1_base64="09j7QIWJ1rdqI0xysUvsI3QGkU8="></latexit>

L1

<latexit sha1_base64="lPpu/2JF1HOhRI5S++7kYcR0muI="></latexit>

Ln

Scaling dimension (+ spin) = eigenvalue of dilatation:
<latexit sha1_base64="9caQ3Ac8FMhZSnEXQQ8hDwCi88w="></latexit>

L0 |Oi = hO |Oi

<latexit sha1_base64="0sRu1QJRXIIkAIT75QNTdMd9DGI="></latexit>

=
�ij

(z1 � z2)h1+h2(z̄1 � z̄2)h̄1+h̄2

<latexit sha1_base64="BqKXJu1l8n3maXqo0jv83gKxXKg="></latexit>

hOi(z1, z̄1)Oj(z2, z̄2)Ok(z3, z̄3)i
<latexit sha1_base64="lkJ1UfCf10/wamAAcNNYOvOfiI4="></latexit>

=
Cijk

z
hi+hj�hk

12 z
hj+hk�hi

23 z
hk+hi�hj

13 z̄
h̄i+h̄j�h̄k

12 z̄
h̄j+h̄k�h̄i

23 z̄
h̄k+h̄i�h̄j

13

symmetry generators:

<latexit sha1_base64="/x0D+/HK2EeJFJ7T2KUPW5dWkrk="></latexit>

✏ 2 C

<latexit sha1_base64="EGIkUJeTePIditdfgh8J0nilIgA="></latexit>

SL(2,C)
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A natural parametrization in Virasoro representation
To employ Virasoro symmetry, it is convenient to “Liouville “ parametrization:

<latexit sha1_base64="ec6xuKHa0ByXyoIrKHXBUrzJuCc="></latexit>

h =
⇣Q
2

⌘2
+ P 2

<latexit sha1_base64="GvmUMtnNQZRBEVl6R3XiKP7Wa6s="></latexit>

Q = b+ b�1

<latexit sha1_base64="cvAIZmhEw8VxXloYXDmV3D6bS6I="></latexit>

c = 1 + 6Q2

<latexit sha1_base64="sQHAl+qqBcLTxb0PNdyLguGFJgA="></latexit>

= ↵(Q� ↵)

cf) parametrization in minimal models
<latexit sha1_base64="IzKWuNKa1ktF1s8pxfcBR3lHEm0="></latexit>

c(p,q) = 1� 6
(p� q)2

pq
= 1 + 6(i

p
p/q + (i

p
p/q))2 ⌘ 1 + 6Q2

(p,q)

<latexit sha1_base64="RczvWDshPcoPEjTq2uw3xBystRM="></latexit>

Q(p,q) = b(p,q) + b�1
(p,q)

<latexit sha1_base64="bFhe3x1ouuReyyr4qfdwN8Xw4vc="></latexit>

b(p,q) = i

r
p

q
<latexit sha1_base64="RXBaC9B1mpEph30xf7QdabcV42I="></latexit>

h(m,n) =
(pm� qn)2

pq
+

(p� q)2

4pq

<latexit sha1_base64="nU6/pDST7+PrjSLNuf0NnnYuoVE="></latexit>

=
Q2

(p,q)

4
+ (imb(p,q) + inb�1

(p,q))
2

basically the same parametrization

<latexit sha1_base64="BPMYAOVbud9m3hP9I9xMz+9WIac="></latexit>

=
Q2

(p,q)

4
+ P 2

(m,n)



9

CFT Data

any Riemann surfaces are decomposed 
into “pants”

= inserting the resolution of identity 

   we can represent the correlation function     

   using spectrum and three point functions

→ CFT is determined through 

・the dimension of primary operators
<latexit sha1_base64="zZ+PMpX+PE69IWQRbXkIpndbv08="></latexit>

(hi, h̄i)

・OPE coefficient
<latexit sha1_base64="ASRFLTX0U8OhpU+I1l0shzPeC9g="></latexit>

Cijk that determines the three pt function
<latexit sha1_base64="BqKXJu1l8n3maXqo0jv83gKxXKg="></latexit>

hOi(z1, z̄1)Oj(z2, z̄2)Ok(z3, z̄3)i
<latexit sha1_base64="lkJ1UfCf10/wamAAcNNYOvOfiI4="></latexit>

=
Cijk

z
hi+hj�hk

12 z
hj+hk�hi

23 z
hk+hi�hj

13 z̄
h̄i+h̄j�h̄k

12 z̄
h̄j+h̄k�h̄i

23 z̄
h̄k+h̄i�h̄j

13

<latexit sha1_base64="nW7W1pYMMgS+h+q+qGSJAc/cwi8="></latexit>

1 =
X

|Oii hOi|

There are many ways to decompose it.

Consistency condition = conformal bootstrap equation !

<latexit sha1_base64="Q3E+TdlmC6K6Ef3yfgah0WB37V0="></latexit> =
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example; bootstrap equation of 4pt functions
<latexit sha1_base64="FO/97OcfJAd8iJtYZj5PNqt8O10="></latexit>

hOi(0, 0)Oj(1, 1)Ok(z, z̄)Ol(1,1)i
<latexit sha1_base64="0gFP729m1oN6qHYp3mciqPdQQgs="></latexit>

=
X

p

CijpCpklF

i j
k l

�
(p|z)F


i j
k l

�
(p|z̄)

<latexit sha1_base64="PMJwgtKnThj2NfYebf0nM4rfc3A="></latexit>

=
X

q

CilqCqjkF

i l
j k

�
(q|1� z)F


i l
j k

�
(q|1� z̄)

→ gives an infinite set of polynomial equations.

in 1+1d for minimal models this equation is solved (= RCFT is solved!)
[cf: Belavin-Polyakov-Zamolodchikov 84]

in 2+1d       symmetric CFT with 2 relevant ops, 

this is numerically solved 

[El Showk-Paulos-Poland-Rychkov-Simons Duffin-Vichi 12]
[Kos-Poland-Simons Duffin 14]

(equations are for finite number of OPE coefficients)

<latexit sha1_base64="SD6FUUSvhmwvo8OVLVVCG9WUsY0="></latexit>Z2

<latexit sha1_base64="4dElqqAtxcHfGO2KB9sxFnMtq4U="></latexit>

F

i j
k l

�
(p|z) : conformal block

…



11

Modular bootstrap and Cardy formula
<latexit sha1_base64="RAicp8RtZbIK8fxZ2qLg4SjQeno="></latexit>

Z(�) = Z(4⇡2/�)
<latexit sha1_base64="3NY62mmi+vPFtB3LYAuvSk4QNmw="></latexit>

Z(�) =

Z
N(E)e��EdE

The density of state is derived by the inverse Laplace transformation
<latexit sha1_base64="ZgwmrzJ9qPMefSmd+OovzJC/BXY="></latexit>

N(E) =

Z
d�Z(�)e�E

Using the modular invariance, the high energy is dominated in the 

low temperature regime in the dual channel:

<latexit sha1_base64="gUDr+s26RJgNZYPoOLblpudVRFU="></latexit>

⇠ e2⇡
p

cE
3

<latexit sha1_base64="7MMU+AIlS4Tn6cD0C9vqq/UxL9M="></latexit>

E ! 1
saddle pt. Cardy formula

Casimir energy: fixed by conformal anomaly !

<latexit sha1_base64="RxYkeiwM6ZlxFI6q42A2uo3nAoI="></latexit>=<latexit sha1_base64="j+UShwz3ozdBnrJg773+n7ArTJA="></latexit>

�
<latexit sha1_base64="5J3847udU5Vd89ijofqGrULLJDc="></latexit>

2⇡

<latexit sha1_base64="5J3847udU5Vd89ijofqGrULLJDc="></latexit>

2⇡

<latexit sha1_base64="j+UShwz3ozdBnrJg773+n7ArTJA="></latexit>

�

<latexit sha1_base64="FfNuTYvPcFHWkhguu6W4/orrXxY="></latexit>⌧

<latexit sha1_base64="UvPQFVuoJqiuqWPQgg2+vXTEL/Y="></latexit>x

<latexit sha1_base64="MeBPoCF63LnCjbRuqKZJYB+llqM="></latexit>

N(E) =

Z
d�Z(4⇡2/�)e�E =

Z
d� e

⇡2c
3� (1 + excited states))e�E
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Virasoro Characters

<latexit sha1_base64="TNbsB2MBo6NzRIg15NAO3t7DwEY="></latexit>

�P (⌧) =
qP

2

⌘(⌧)
<latexit sha1_base64="BTTL0dpB76wNxgNXUelZcSkx5TQ="></latexit>

�1(⌧) = � i
2 (b+b�1)(⌧)� �� i

2 (b�b�1)(⌧)

Virasoro characters for generic representation

By simple Fourier trasformations, these transform as

<latexit sha1_base64="6hnvu20CfMA0lVl5bBOz6vj5pDw="></latexit>

SPP 0 [1] = 2
p
2 cos(4⇡PP 0)

<latexit sha1_base64="M9bfrCi5nlE+jgwzxpBdD98TSvE="></latexit>

SP1[1] = SP, i2 (b+b�1) � SP, i2 (�b+b�1) = 4
p
2 sinh(2⇡bP ) sinh(2⇡b�1P )

<latexit sha1_base64="ufELK2sdej4O4SszyTKpy0SOFOI="></latexit>

�P (�1/⌧) =

Z
dP

2
�P 0(⌧)SP 0P [1]

: vacuum character
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Cardy formula as crossing Kernel
<latexit sha1_base64="DTaVje/FWVnIjPnUj9tJKuvV4J4="></latexit>

1
<latexit sha1_base64="DTaVje/FWVnIjPnUj9tJKuvV4J4="></latexit>

1

<latexit sha1_base64="9AK1T2M27xiQ3Y9XraWxjK4Q+7E="></latexit>

Z(⌧, ⌧̄) =

Z
dP

2

dP̄

2
⇢(P, P̄ )�P (⌧)�P̄ (⌧̄)

<latexit sha1_base64="pnzNZqfgtQjwLJdnz2RQCW7fft0="></latexit>

⇢(P, P̄ ) =
X

i

�(P � Pi)�(P̄ � P̄i)

<latexit sha1_base64="x18fMWvXGQgRVkk6tzeDpJLdEkI="></latexit>

Z(�1/⌧,�1/⌧̄) =

Z
dP

2

dP̄

2

dP 0

2

dP̄ 0

2
SP 0P [1]SP̄ 0P̄ [1]⇢(P, P̄ )�P̄ 0(⌧)�̄P̄ 0(⌧̄)

<latexit sha1_base64="5ZzoyTvH3fpxu7b5gr6OPCyaHPs="></latexit>

⇢(P, P̄ ) =

Z
dP 0

2

dP̄ 0

2
SPP 0 [1]SP̄ P̄ 0 [1]⇢(P 0, P̄ 0)

Modular invariance:

<latexit sha1_base64="pB7PG5cjocPa0TYuQh6k5OHL/qA="></latexit>

⇢(P, P̄ ) ⇠ SP1[1]SP̄1[1]

<latexit sha1_base64="TlL6Fi6DFUQQEQ/lbP3vWmlTeRY="></latexit>

⇠ 2e2⇡QP e2⇡QP̄

<latexit sha1_base64="L90n0bXOETd1Tpt9pBhmwgx7eeY="></latexit>

P ! 1
<latexit sha1_base64="naX2MT7GCm9fBaBU2e6/cqxjCjg="></latexit>

P̄ ! 1

Cardy formula (for primaries) as crossing Kernel !
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The universal OPE density

<latexit sha1_base64="r3AcGp6R+BW0KP/+O7KxQ2avVAg="></latexit>

C0(P1, P2, P3) =
1p
2

�b(2Q)

�b(Q)3

Q
± �b(

Q
2 ± iP1 ± iP2 ± iP3)

Q3
i=1 �b(Q+ 2iPk)�b(Q� 2iPk)

→Any asymptotics of OPE densities are uniformly expressed using the function

where

<latexit sha1_base64="Yi87/eUIFQgFgeJ/rIVxO70v9nk="></latexit>

= log
�2(x|b, b�1)

�2(Q/2|b, b�1)
<latexit sha1_base64="EvaaFrYJO3Ktseo+1NItiggwzNI="></latexit>

�2(x|!1,!2) =
1Y

n,m=0

(x+ n!1 +m!2)
�1 : double gamma function

So next we should consider is the statistics of OPE coefficients!

<latexit sha1_base64="IGIABP0lBFRZC374CC2tFMi/nHY="></latexit>

log�b(x) =

Z 1

0

dt

t


e�xt � e�

Qt
2

(1� e�bt)(1� eb�1t)
�

(Q2 � x)2

2
e�t �

Q
2 � x

t

�

We derived an asymptotic formula for the density of states.

“ “
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The asymptotic formula for OPE density

<latexit sha1_base64="CzaLv9mII2EslvNMDlWiA9ztGuQ="></latexit>

|Cijk|2 ⇠ C0(Pi, Pj , Pk)C0(P̄i, P̄j , P̄k)

For any of H-L-L, H-H-L, H-H-H cases,

(at least one of      ,      ,       is large)

the average of OPE density is universally summarized as 

<latexit sha1_base64="inb4NaJYCXW00ig4CNj+cEngo/c="></latexit>

Pi
<latexit sha1_base64="kjtpOYpCbNuUV6eHrOVa2tPb86U="></latexit>

Pj
<latexit sha1_base64="ssxIrhdBYzDLnvtqFzOznDSO3Lc="></latexit>

Pk

[Collier-Maloney-Maxfield-Tsiares 19]



<latexit sha1_base64="RrKceDAJW2FCotkYF8XwyeQ1Qxw="></latexit>

P

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0
<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0
<latexit sha1_base64="HoM/SA8YUgwxhE1ARVTjcVyo9cQ="></latexit>

P 0

16

Elementary Kernels

Fusion transformation: transformation of sphere 4pt conformal blocks

Modular S transformation: transformation of torus 1pt conformal blocks

These are purely kinematical (fixed by Virasoro symmetry)

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="XZ4RxZt66fRGuvK1P/azh/ZPIWE="></latexit>

P3

<latexit sha1_base64="nIjtXLcKuyM3nbnVIUt08ROw9AM="></latexit>

P4
<latexit sha1_base64="nIjtXLcKuyM3nbnVIUt08ROw9AM="></latexit>

P4

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="XZ4RxZt66fRGuvK1P/azh/ZPIWE="></latexit>

P3

<latexit sha1_base64="1izXd++89fXs/IhqTv6tPMadFSE="></latexit>

Ps

<latexit sha1_base64="ykDqeVXETGLXHTpbfKvEVg8+QGg="></latexit>

Pt

<latexit sha1_base64="UrzoR+rpk6e9V/DLZKwXAv4vIj8="></latexit>

F

P2 P1

P3 P4

�
(Ps|z) =

Z
dPt

2
FPsPt


P1 P2

P3 P4

�
F

P2 P3

P1 P4

�
(Pt|1� z)

kernel conformal blockconformal block

<latexit sha1_base64="kznnu4bmf1HYRi58I/zXxGvxgRo="></latexit>

⌧h0F [P0](P |⌧) =
Z

dP 0

2
SP 0P [P0]F [P0](P |� 1/⌧)

[Ponsot-Tschner  99,01]
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Analogy with hypergeometric function

<latexit sha1_base64="KEStAXJ/GmRGuQMhL2+i9JR2S1E="></latexit>

2F1(↵,�, �; z) =

<latexit sha1_base64="8C2hPvPy+ZRhGWyBIYh61r14edQ="></latexit>

�(�)�(� � ↵)

�(�)�(� � ↵)
(�z)↵2F1(↵,↵+ 1� �,↵+ 1� �; 1/z)

<latexit sha1_base64="BV3rnApe/dNL6tgz5PGE3U9HJZI="></latexit>

+
�(�)�(↵� �)

�(↵)�(� � �)
(�z)��

2F1(�,� + 1� �,� + 1� ↵; 1/z)

“block” “block”

“block”

kernel

kernel

Actually if one of 4 operators is in a degenerate representation, 
conformal blocks is represented by hypergeometric functions.

[minimal models;   Belavin-Polyakov-Zamolodchikov 84]
[in Liouville theory; Tschner 95]

<latexit sha1_base64="JI4uakPBV0dnpDewMR8sXm+cUns="></latexit>

log�(z) =

Z 1

0

dt

t


e�zt � e�t

1� e�t
+ (z � 1)e�t

�where

: ”single” gamma function

difference: We do not know blocks explicitly, but still can write down kernels!

<latexit sha1_base64="IGIABP0lBFRZC374CC2tFMi/nHY="></latexit>

log�b(x) =

Z 1

0

dt

t


e�xt � e�

Qt
2

(1� e�bt)(1� eb�1t)
�

(Q2 � x)2

2
e�t �

Q
2 � x

t

�
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Analogy with SU(2) 6j symbol

<latexit sha1_base64="X8IenFc4C7rMfdE+8GBhtQ97hhc="></latexit>⇢
a b c
d e f

� <latexit sha1_base64="mypGQvKRQlJiBn5tbj2msMQgqWI="></latexit>

=
4Y

i=1

p
�(↵̂i)

X

k

(�1)k
(k + 1)!

Q4
j=1(k � ↵j)!

Q3
l=1(�l � k)!

Fusion matrix is basically 6j symbol for Virasoro group

6j-symbol: a transformation of basis of 3 angular momentums:

(generically for representations of any group       we have fusion matrices)

( Actually 6j symbol is a data of fusion category. 

  The representation of     ,          , is a fusion category. 

  

  Modular tensor category, which is the underlying structure in 2d (R)CFT,  

  is also automatically a fusion category.)

<latexit sha1_base64="yJ2k6TgGgI/mBLDIJKQpgQBzay8="></latexit>

RepG
<latexit sha1_base64="UZzVBRPDraKEESE3RTvF09uhxFk="></latexit>

G

<latexit sha1_base64="UZzVBRPDraKEESE3RTvF09uhxFk="></latexit>

G
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Elementary Kernels; explicit form

<latexit sha1_base64="BA2gwzy3BxGLdIY4xchsaM+WriU="></latexit>

FPsPt


P2 P1

P3 P4

�
= Pb(Pi;Ps, Pt)Pb(Pi;�Ps,�Pt)

Z
ds

i

4Y

i=1

Sb(s+ Uk)

Sb(s+ Vk)

<latexit sha1_base64="1OYKXZC7BaTtaDXS0nSjw5f8fAY="></latexit>

SPP 0 [P0] =
⇢0(P )

Sb(
Q
2 + iP0)

�b(Q+ 2iP 0)�b(Q� 2iP 0)�b(
Q
2 + i(2P � P0)�b(

Q
2 � i(2P + P0))

�b(Q+ 2iP )�b(Q� 2iP ))�b(
Q
2 + i(2P 0 � P0))�b(

Q
2 � i(2P 0 + P0))

<latexit sha1_base64="37hevYJ7qDNg74fPQi4czL0ekO4="></latexit>

⇥
Z

d⇠

i
e�4⇡P 0⇠ Sb(⇠ +

Q
4 + i(P + 1

2P0))Sb(⇠ +
Q
4 � i(P � 1

2P0))

Sb(⇠ +
3Q
4 + i(P � 1

2P0))Sb(⇠ +
3Q
4 � i(P + 1

2P0))

Fusion kernel:

Modular S kernel:

What is important is the following limits:
<latexit sha1_base64="j7+Y0RcsOh0/0i0/WdFb/cJWx/Q="></latexit>

FPs1


P2 P1

P2 P1

�
= ⇢0(Ps)C0(P1, P2, Ps)

(Cardy density)

(OPE density)
<latexit sha1_base64="HsZ19LRMpcNIK5vlYhoZLxPl0WE="></latexit>

SPs1[1] = 4
p
2 sinh(2⇡bP ) sinh(2⇡b�1P ) = ⇢0(P )

[Ponsot-Tschner 99,01]

[cf; Kusuki 18, Collier-Gobeil-Maxfield-Perlmutter 18]
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Heavy-Light-Light case
<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="DTaVje/FWVnIjPnUj9tJKuvV4J4="></latexit>

1

<latexit sha1_base64="8reGY2jH/69UfOK0xo2gByLjBtI="></latexit>X

Os

C12sC12sF

P2 P1

P2 P1

�
(Ps|z)F


P̄2 P̄1

P̄2 P̄1

�
(P̄s|z)

<latexit sha1_base64="yHklaojXfO0nH0gIt7sYJORYnMU="></latexit>

=

Z
dPs

2

dP̄s

2
⇢s(Ps, P̄s)F


P2 P1

P2 P1

�
(Ps|z)F


P̄2 P̄1

P̄2 P̄1

�
(P̄s|z)

OPE density

Bootstrap eq:
<latexit sha1_base64="c0TWv8QU8UyCqPGBIa42LIdYQqA="></latexit>

⇢s(Ps, P̄s) =

Z
dPt

2

dP̄t

2
FPsPtFP̄sP̄t

⇢t(Pt, P̄t)

<latexit sha1_base64="JvEeROp2zgvIO38KTWEuEcthoyw="></latexit>

= ⇢0(Ps)⇢0(P̄s)C0(P1, P2, Ps)C0(P̄1, P̄2, P̄s)

<latexit sha1_base64="gAquJOudkUTjPlBl/17aABzfLtM="></latexit>

⇢0(Ps)⇢0(P̄s)|C12s|2 ⇠ FPs1


P2 P1

P2 P1

�
FPs1


P2 P1

P2 P1

�

<latexit sha1_base64="tpJdaBwR9Tm33SxDiWrrT74x9Og="></latexit>

=

Z
dPt

2

dP̄t

2
⇢t(Pt, P̄t)F


P2 P2

P1 P1

�
(Pt|1� z)F


P̄2 P̄2

P̄1 P̄1

�
(P̄s|1� z̄)

<latexit sha1_base64="6tWYUvEefsvAARWJ8YulsRYyYZg="></latexit>X

Ot

C11tC22tF

P2 P2

P1 P1

�
(Pt|1� z)F


P̄2 P̄2

P̄1 P̄1

�
(P̄t|1� z̄)

<latexit sha1_base64="UrzoR+rpk6e9V/DLZKwXAv4vIj8="></latexit>

F

P2 P1

P3 P4

�
(Ps|z) =

Z
dPt

2
FPsPt


P1 P2

P3 P4

�
F

P2 P3

P1 P4

�
(Pt|1� z)Kernel:

<latexit sha1_base64="ERfJ6KMlQ6kotPHeAfx+JSdBRL0="></latexit>

Ps, P̄s ! 1
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Heavy-Heavy-Light case
The game is basically the same: 

Start with OPE square, join holes for heavy operators, then transform 
to the dual channel where identity dominates

<latexit sha1_base64="Dctfz0cdWBgiHilEQNsafQ09S+Q="></latexit>

⇢0(P1)⇢0(P̄1)⇢0(P2)⇢0(P̄2)|C012|2 ⇠
<latexit sha1_base64="AKCVs3Y2IYV+doYqShxl2627SfE="></latexit>

SP11[1]FP21


P0 P1

P0 P1

�
SP̄11[1]FP̄21


P̄0 P̄1

P̄0 P̄1

�

<latexit sha1_base64="qAFfevv19xIKbZjtrL7y47mHK/0="></latexit>

= ⇢0(P1)⇢0(P̄1)⇢0(P2)⇢0(P̄2)C0(P0, P1, P2)C0(P̄0, P̄1, P̄2)

<latexit sha1_base64="DTaVje/FWVnIjPnUj9tJKuvV4J4="></latexit>

1
<latexit sha1_base64="DTaVje/FWVnIjPnUj9tJKuvV4J4="></latexit>

1

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0
<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0

<latexit sha1_base64="0BOdGfILFZMp4thewbv2apKDYlA="></latexit>

P0

<latexit sha1_base64="XxjkfxOZfChsVeaMcEXZT4wiK3w="></latexit>

P1, P̄1, P2, P̄2 ! 1
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Heavy-Heavy-Heavy case

<latexit sha1_base64="WxFH0qgQPpo4bk13wdmDnQrsIx8="></latexit>

⇠ SP11[1]SP31[1]FP21


P1 P3

P1 P3

�
SP̄11[1]SP̄31[1]FP̄21


P̄1 P̄3

P̄1 P̄3

�

<latexit sha1_base64="CGsIG/rWWaJduKf1w98bawR4CSE="></latexit>

⇢0(P1)⇢0(P̄1)⇢0(P2)⇢0(P̄2)⇢0(P3)⇢0(P̄3)|C123|2

<latexit sha1_base64="r840LjPrF/J1Ps+Pc2pCmZVL6lM="></latexit>

P1
<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2
<latexit sha1_base64="XZ4RxZt66fRGuvK1P/azh/ZPIWE="></latexit>

P3

<latexit sha1_base64="LEMuQyXwAmpwdaFJQApfALBsjuM="></latexit>

P 0
3

<latexit sha1_base64="r840LjPrF/J1Ps+Pc2pCmZVL6lM="></latexit>

P1
<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="LEMuQyXwAmpwdaFJQApfALBsjuM="></latexit>

P 0
3<latexit sha1_base64="5tAtY++cNkojD0VsGi0D/NVGkNE="></latexit>

P 0
1

<latexit sha1_base64="zwLTdFNS1g86s3CdDQ2Ov7PUgBs="></latexit>

P 0
2

<latexit sha1_base64="zOaP2DFjj/LodiaVI4NmIfm+F1k="></latexit>

= ⇢0(P1)⇢0(P̄1)⇢0(P2)⇢0(P̄2)C0(P1, P2, P3)C0(P̄1, P̄2, P̄3)
<latexit sha1_base64="NyQDwFQfXnm5ESBQcLCO1kXPz4M="></latexit>

P1, P2, P3, P̄1, P̄2, P̄3 ! 1
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Boundary conformal field theory

Appears in many physics contexts like:

・boundary critical phenomena

 I think 1+1d BCFT is ubiquitous since the radial direction has a boundary

 and only s-wave can reach the core of impurities.

・Kondo effect
・monopole-fermion scattering
・open strings and D-branes
・black holes coupled to a bath

According to Pauli, “God made solids, but surfaces were the work of the 
devil”. So boundaries are complicated. 

So Boundary CFT may be rich enough to lack universal formula…

etc…
→

<latexit sha1_base64="CuL/aP3uNuve/hTxDWkBar6v8Dc="></latexit>r
1+1d

boundaryimpurity
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Some basics of 1+1d BCFT

global conformal symmetry = Translation + Scale inv + special conformal 

・operator state correspondence

・2 and 3 pt: position dependence are determined by global conformal symmetry

In 1+1d it is extended to Virasoro symmetry

Via Weyl transformation, 

we can map the strip to UHP

<latexit sha1_base64="Qllj/xy0mNyffvfhYM9ahUhkb3c="></latexit>

z ! z + ✏
<latexit sha1_base64="aFSq906URzrV7Q1EVFqvgif7P0k="></latexit>

z ! z + ✏z
<latexit sha1_base64="/lP3OBMvMvWnhLwc4v7ABsOitgM="></latexit>

z ! z + ✏z2

<latexit sha1_base64="zPvtSE1CreAGYyaWDkj3sFuoCR0="></latexit>

z ! z + ✏zn+1

<latexit sha1_base64="E4Bwp5/xT84CW0Z8O77je8rMXbU="></latexit>z

States are mapped to boundary operators

<latexit sha1_base64="COgStbD5QWKl+/0d6FmuJ0ydhzo="></latexit>

L�1
<latexit sha1_base64="I2e6lpjSEEZqskQ6IOjQReCJdvQ="></latexit>

L0
<latexit sha1_base64="09j7QIWJ1rdqI0xysUvsI3QGkU8="></latexit>

L1

<latexit sha1_base64="lPpu/2JF1HOhRI5S++7kYcR0muI="></latexit>

Ln

Scaling dimension  = eigenvalue of dilatation:

symmetry generators:

<latexit sha1_base64="15I4eJQJp4eQfwbGwS+TeTIbnxI="></latexit>

✏ 2 R

<latexit sha1_base64="oI+QEXaEtlQyuwTI1U0t1XSt128="></latexit>

 ab
i

<latexit sha1_base64="EgkDnJ/KQKBZUU/SecQBqeoG9So="></latexit>a
<latexit sha1_base64="VRZ8+52AJ1ybXmVi2FAO+v1ezys="></latexit>

b

<latexit sha1_base64="HkHul0QwfxmatI8Xy3H/kV1+JD0="></latexit>

| ab
i i

<latexit sha1_base64="EgkDnJ/KQKBZUU/SecQBqeoG9So="></latexit>a
<latexit sha1_base64="VRZ8+52AJ1ybXmVi2FAO+v1ezys="></latexit>

b

<latexit sha1_base64="W/K1LDoZAR1PQ+I/11n6bwowF0k="></latexit>

=
g(ab)ij �ij

|x1 � x2|2hi

<latexit sha1_base64="HtycomIx7GpoWivXKlrl6xgjvAc="></latexit>

h (ab)
i (x1) 

(ba)
j (x2)i

<latexit sha1_base64="RM+wVpavDXPixs+taATKuAGcxnU="></latexit>

SL(2,R)

<latexit sha1_base64="XZOw8egBXJVEEeBKkgJSd0gUV2M="></latexit>

h ab
i (x1) 

bc
j (x2) 

ca
k (x3)i =

C(abc)
ijk

|x12|�12 |x23|�23 |x13|�13

<latexit sha1_base64="2yC1Nip3y///c4i2o17mSOBSE3w="></latexit>

L0 | (ab)
i i = �i | (ab)

i i

<latexit sha1_base64="RWiFDVIYmGXCiFFA7kyNkYF254E="></latexit>

hO↵(z, z̄) 
aa
i (x)i =

C(a)
↵i

|z � z̄|2h↵��i |z � x|2�i

<latexit sha1_base64="oI+QEXaEtlQyuwTI1U0t1XSt128="></latexit>

 ab
i

<latexit sha1_base64="z1QVBrsAN0utn7czB5oiayVwqrc="></latexit>

Oi

<latexit sha1_base64="Tq4wRF2Ue5f4LRdA4tNyx4BjF2w="></latexit>

Oj

<latexit sha1_base64="oI+QEXaEtlQyuwTI1U0t1XSt128="></latexit>

 ab
i

<latexit sha1_base64="z1QVBrsAN0utn7czB5oiayVwqrc="></latexit>

Oi

<latexit sha1_base64="Tq4wRF2Ue5f4LRdA4tNyx4BjF2w="></latexit>

Oj

doubling 
trick
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Boundary entropy

Cardy condition (“modular invariance” for cylinder) relates open channel 
and closed channel:

Similar to the torus case, in               we obtain the Cardy formula for open spectrum 
<latexit sha1_base64="jaeGu+dLgrqRR8e/vQAfWtHbDxE="></latexit>

⌧ ! 0

<latexit sha1_base64="bKEWIbZLp39mNlZ0rA3okEnKhhM="></latexit>

⇢openab (P ) ⇠ gagb⇢0(P )
<latexit sha1_base64="L90n0bXOETd1Tpt9pBhmwgx7eeY="></latexit>

P ! 1

<latexit sha1_base64="vDJpWA8XAwanlKg6EXWGtFbeZDA="></latexit>

log ga

<latexit sha1_base64="ngG9MONMH/B4+HD+mIHbwl3bAeI="></latexit>

ga ⌘ B0
a is essentially a disc partition function

: boundary entropy

<latexit sha1_base64="IY4T6MGA3i56LZK9+y+azWwP2XM="></latexit> X

 i2Hab

ni
ab�i(⌧) =

X

Oi2Hscalar
closed

Bi
aBi

b�i(�1/⌧)

Boundary entropy is the only new ingredient for universal formula in BCFT!

<latexit sha1_base64="H5SiPpj9STHnZhY6ujG9DR2XJ+0="></latexit>

ni
ab 2 Z

<latexit sha1_base64="i01SVvf6wLRSCGiYjsztEtAzVZg="></latexit>

|Bai =
X

Oi2Hscalar
closed

Bi
a |Piii

where is a number of representation 
<latexit sha1_base64="OdvkYZwAsuxtzlUPCg4YAHFJdGs="></latexit>

i

Expansion of Boundary state by Ishibashi state
Ishibashi state

<latexit sha1_base64="Q3E+TdlmC6K6Ef3yfgah0WB37V0="></latexit> =

<latexit sha1_base64="0yGPC/2VmelR5zL0gxDr7Hui6V4="></latexit>a

<latexit sha1_base64="0yGPC/2VmelR5zL0gxDr7Hui6V4="></latexit>a

<latexit sha1_base64="TE5w47Xd7GDXE0cq+Y40vODOLso="></latexit>

b

<latexit sha1_base64="TE5w47Xd7GDXE0cq+Y40vODOLso="></latexit>

b

open channel

closed channel

[Affleck-Ludwig 91]

[Ishibashi 89, Ishibashi-Onogi 89]

(r.h.s and l.h.s are different quantities. This differs from modular invariance)
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BCFT Data

Similarly to bulk CFT,

inserting the resolution of identity 

we can represent the correlation function     

using boundary operator spectrum, 

bulk-boundary functions and boundary 3pt functions

<latexit sha1_base64="nW7W1pYMMgS+h+q+qGSJAc/cwi8="></latexit>

1 =
X

|Oii hOi|

・the dimension      of boundary primary operators

・OPE coefficient that determines the 3pt function

<latexit sha1_base64="uqCaf9iwc8ygqJN0Mq0fUhGYZXE="></latexit>

�i

<latexit sha1_base64="1wreblrfWfYtD4T3Ti5/XEr4RgE="></latexit>

 (ab)
i

<latexit sha1_base64="ppDOGk4MlQTUONZzyk08uFwZZXU="></latexit>

C(abc)
ijk

<latexit sha1_base64="XZOw8egBXJVEEeBKkgJSd0gUV2M="></latexit>

h ab
i (x1) 

bc
j (x2) 

ca
k (x3)i =

C(abc)
ijk

|x12|�12 |x23|�23 |x13|�13

・OPE coefficient that determines the three pt function
<latexit sha1_base64="RWiFDVIYmGXCiFFA7kyNkYF254E="></latexit>

hO↵(z, z̄) 
aa
i (x)i =

C(a)
↵i

|z � z̄|2h↵��i |z � x|2�i

<latexit sha1_base64="qXtFHefkFdFlnqeSAcJzxLOJUTw="></latexit>

C(a)
↵i

On top of bulk data, BCFT is characterized by

<latexit sha1_base64="14g6/LUllPkjMBbiU3A5Nj/5QGM="></latexit>

 ab
i

<latexit sha1_base64="9CbDXMM8Re/I/OC7XyTJ/FsyUeI="></latexit>

 bc
j

<latexit sha1_base64="NOO5e046YuOeD31eeFgaKCnsiLQ="></latexit>

 ca
k

<latexit sha1_base64="sDL7Ms2LgkL9xprHdoIpv1R9XnQ="></latexit>

 aa
i

<latexit sha1_base64="dRaHnO32DXQe2PlFkZPvP/Eav6I="></latexit>

O↵

<latexit sha1_base64="0yGPC/2VmelR5zL0gxDr7Hui6V4="></latexit>a

<latexit sha1_base64="TE5w47Xd7GDXE0cq+Y40vODOLso="></latexit>

b
<latexit sha1_base64="x9aCDN+RXrUI0QxZ8KsP7CBBfNo="></latexit>c

<latexit sha1_base64="0yGPC/2VmelR5zL0gxDr7Hui6V4="></latexit>a

[Cardy 89] [Lewellen 92] [Runkel’s PhD thesis 00] …
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Boundary Kernels

transformation of boundary 4pt conformal blocks

transformation of bulk 2pt conformal blocks

open closed duality

fixed by doubling trick
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Boundary 3pt: Heavy-Light-Light case

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2
<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1
<latexit sha1_base64="hE2PcqB78Is82hZWHvhQr4DYQQE="></latexit>

P1

<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2
<latexit sha1_base64="vjI0azmECq1AItaWvhuhUMqTuM4="></latexit>

P2

<latexit sha1_base64="yRid9aGTpk2oQMsVPgUZmXLx5Eg="></latexit> X

 k2H
a,c
open

C(abc)k
12 C(bca)

21k F

P2 P1

P2 P1

�
(Pk|⌘)

<latexit sha1_base64="NTWpIISf9lqkQVG8i14mBTMWTik="></latexit>

=
X

 i2H
b,b
open

C(bab)i
11 C(bcb)

22i F

P2 P2

P1 P1

�
(Pi|⌘)

<latexit sha1_base64="qiQd+pXh89pTOj59Hn5furTuz7c="></latexit>

C(bab)1
11 C(bcb)

221 = g�1
b g(ab)11 g(bc)22using

<latexit sha1_base64="OGEkQvAHg5qsxeZyHcGrgn2aVXU="></latexit>

|C(abc)P
12 |2 ⇠ g�1

a g�1
b g�1

c C0(P1, P2, P )

where 
<latexit sha1_base64="XCfyrNLXfP//oiJ3Wg4cYQlJWcI="></latexit>

|C(abc)P
12 |2 ⌘ C(abc)P

12 C(cba)21
P

<latexit sha1_base64="pn9SZvV56RU1GT+ZRunTVJFS8C4="></latexit>

g(ab)ij : two point function (boundary Zamolodchikov metric)

[TN-Tsiares 22]
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Boundary 3pt: Heavy-Heavy-Light case

Boundary 3pt: Heavy-Heavy-Heavy case

essentially we are using the doubling trick 
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Bulk-boundary: Heavy-Light case

<latexit sha1_base64="5eZQf/A717CWzSMTcrx6B4w4kxk="></latexit> X

 i2H
a,a
open

C(a)i
1 C(a)

2i F

P2 P̄1

P1 P̄2

�
(Pi|⌘)

<latexit sha1_base64="UIof8Tdm8YTP0zULXpImbUi4oaQ="></latexit>

=
X

 i2H
scalar
closed

C12kC
(a)
k1 F


P2 P1

P̄1 P̄2

�
(Pk|1� ⌘)

<latexit sha1_base64="KPeGqJvmXn46qglrunO5Vxn2+Co="></latexit>

|C(a)
↵i |2 ⇠ g�1

a C0(P↵, P̄↵, Pi)

<latexit sha1_base64="ZJcCdPDAOs9/4Ca1cfdOEP3QktQ="></latexit>

g2a⇢0(Pi)|C(a)
↵i |2 = C(a)

11 FPi1


P↵ P̄↵

P↵ P̄↵

�

<latexit sha1_base64="mdpdczjsV0CJfH903ohoUyrBGrM="></latexit>ga <latexit sha1_base64="yoB1pcvYUbWRqapOLDJCpOwpxF0="></latexit>

⇢0(Pi)C0(P↵, P̄↵, Pi)

where 
<latexit sha1_base64="cu5DorB8jaga5gNPc6T3MABSz68="></latexit>

|C(a)
↵i |

2 ⌘ C(a)
↵i C

(a)i
↵
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Bulk-boundary: Light-Heavy case

Bulk-boundary: Heavy-Heavy case

<latexit sha1_base64="b2M30H9oqOeXslLJWCwR7G05sNM="></latexit>

K(cyl-2pt)
PP̄ ;P1P2

[Pi]<latexit sha1_base64="vcvALpk9SZN8/nNtkvJBftQyQ2A="></latexit>=

<latexit sha1_base64="ka654YqxraiapPGwtnRQB6DVAL0="></latexit>

K(cyl-2pt)
PP̄ ;P1P2

[Pi] =

Z
dP 0

2
F�1
P 0P2


P1 Pi

P1 Pi

�
SPP1 [P

0]FP̄P 0


P Pi

P Pi

�

We could not derive this kernel only using the basic fusion transformations.
we rather employ the doubling trick directly.
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Some differences with bulk formula

<latexit sha1_base64="OGEkQvAHg5qsxeZyHcGrgn2aVXU="></latexit>

|C(abc)P
12 |2 ⇠ g�1

a g�1
b g�1

c C0(P1, P2, P )

・We have boundary entropy factors

<latexit sha1_base64="XCfyrNLXfP//oiJ3Wg4cYQlJWcI="></latexit>

|C(abc)P
12 |2 ⌘ C(abc)P

12 C(cba)21
P

・We couldn’t set the boundary two point function to be 1
(boundary Zamolodchikov metric can be diagonal but can not be set to identity matrix)

and no canonical nomalization, so we care the upper and lower indices 

・Like Cardy formula for open spectrum, bootstrap eq relates 

    different OPE coefficients. 

    It is still powerful enough to derive the universal formula.

(cf: (Selberg)-zeta functions and the asymptotics of the length of primary geodesics)

<latexit sha1_base64="KPeGqJvmXn46qglrunO5Vxn2+Co="></latexit>

|C(a)
↵i |2 ⇠ g�1

a C0(P↵, P̄↵, Pi)
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large c limit:

Since our formula is universal, and in particular we can take the large     limit

・in BTZ limit, we recover the spectral density of particle around BTZ BH
<latexit sha1_base64="ChnYkjqmVTjG/n1SdhYPHbJcfB4="></latexit>

P1 = b�1p+ b�
<latexit sha1_base64="4sXt+URaoD2bFP47lfoOBUn8oQA="></latexit>

P2 = b�1p� b�
<latexit sha1_base64="klf4zmtDlxky5Rj2PC1ehfE+2G4="></latexit>

P3 = i(Q/2� bh)

<latexit sha1_base64="tz85r5wE6+mrYi4FiG1KlDpFvJk="></latexit>

⇢0(b
�1p)C0(P1, P2, P3) ⇠

(2p)2h

2⇡b

�(h+ 2i�)�(h� 2i�)

�(2h)

・in Shwarzian limit, we recover the near extremal BTZ BH dynamics:

[Collier-Maloney-Maxfield-Tsiares 19]

[Ghosh-Triaci-Maxfield 19]
<latexit sha1_base64="IR25l7VI1YflSnx3kQZW7qlROKE="></latexit>

P1 = bk1
<latexit sha1_base64="/gzk/bDc70/E2oS6KcT3eOy5gGQ="></latexit>

P2 = bk2
<latexit sha1_base64="Rdc8KlYu6OazZLRcIVgm58JT/tg="></latexit>

P3 = i(Q/2� bh)

<latexit sha1_base64="YpNcIsG3HIWhamp9xubLXvRTfvQ="></latexit>

⇢0(bk) ⇠ 8
p
2b2k sinh(2⇡k)

<latexit sha1_base64="dRaen1KpzsKkITtMZpP6eu3MvrM="></latexit>

C0(bk1, bk2, i(Q/2� bh)) ⇠ b4hp
2(2⇡b)3

Q
±± �(h± ik1 ± ik2)

�(2h)

<latexit sha1_base64="jsOIIHzCCF2rIgrbHMmzzfe3mFU="></latexit>

hBH1|O|BH2i =

(heavy operators = BH microstates)

<latexit sha1_base64="x9aCDN+RXrUI0QxZ8KsP7CBBfNo="></latexit>c

<latexit sha1_base64="tZZI0Yt9qwHRToCShkVM/I53jms="></latexit>

b ! 0
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large c limit: BCFT case

Since our formula is universal, and in particular we can take the large  limit<latexit sha1_base64="x9aCDN+RXrUI0QxZ8KsP7CBBfNo="></latexit>c

・in BTZ limit, we recover the spectral density of particle around BTZ BH

    with End of the World branes = 2BH coupled to a bath (bulk CFT)

<latexit sha1_base64="ChnYkjqmVTjG/n1SdhYPHbJcfB4="></latexit>

P1 = b�1p+ b�
<latexit sha1_base64="4sXt+URaoD2bFP47lfoOBUn8oQA="></latexit>

P2 = b�1p� b�
<latexit sha1_base64="klf4zmtDlxky5Rj2PC1ehfE+2G4="></latexit>

P3 = i(Q/2� bh)
<latexit sha1_base64="tz85r5wE6+mrYi4FiG1KlDpFvJk="></latexit>

⇢0(b
�1p)C0(P1, P2, P3) ⇠

(2p)2h

2⇡b

�(h+ 2i�)�(h� 2i�)

�(2h)

・in Shwarzian limit, we recover the near extremal BTZ BH dynamics:

[TN-Tsiares 22]

<latexit sha1_base64="IR25l7VI1YflSnx3kQZW7qlROKE="></latexit>

P1 = bk1
<latexit sha1_base64="/gzk/bDc70/E2oS6KcT3eOy5gGQ="></latexit>

P2 = bk2
<latexit sha1_base64="Rdc8KlYu6OazZLRcIVgm58JT/tg="></latexit>

P3 = i(Q/2� bh)

<latexit sha1_base64="dRaen1KpzsKkITtMZpP6eu3MvrM="></latexit>

C0(bk1, bk2, i(Q/2� bh)) ⇠ b4hp
2(2⇡b)3

Q
±± �(h± ik1 ± ik2)

�(2h)

<latexit sha1_base64="oqLW4iFH/19yC92eTBR5jXeEXUo="></latexit>

ab hBH1| bc|BH2iac =

<latexit sha1_base64="IdAHPHxwIwXVDNUwnsZki0uXQtU="></latexit>

⇢(ab)open(bk) ⇠ 8
p
2gagbb

2k sinh(2⇡k)

[cf: Gen-Lust-Mishra-Wakeham, 21]

<latexit sha1_base64="tZZI0Yt9qwHRToCShkVM/I53jms="></latexit>

b ! 0
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Some comments:

In the last discussion, we do not specify how we can extend the validity of formulae.

In holographic CFT, we expect that the Cardy formula is valid at relatively low energy
<latexit sha1_base64="A5JLw8D4Ux+R65ui0yAHummNnp0="></latexit>

E ⇠ c/6
<latexit sha1_base64="0KX6SlqHZ3Ecf+xEy30sMGDhwhI="></latexit>

c ! 1

This extension requires the sparse spectrum for low lying operators

whereas the universal derivation of Cardy formula we take                  first.           
<latexit sha1_base64="IEOlXz824Wu6bWa4/zltEYr5w4s="></latexit>

E ! 1

[Hartman-Keller-Stoica 15]

for OPE we need stronger condition                   .[B.Michel 19]

We do not know in the case of BCFT we do not know similar argument
so we are not deriving the AdS/(B)CFT description

or 
AdS boundary

EOW

brane

AdS boundary

AdS scale 

objects

still give some formula which AdS/BCFT should also reproduce
[Takayanagi 11] [Randall-Sundrum 98]



(any defects are formulated as boundary problem by folding                              ) 
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Some Related works:

・As we discussed, our formula is a straightforward generalization of former work
[Collier-Maloney-Maxfield-Tsiares 19]

・For Cardy formula, people also include the width of smearing (“Tauberian theorem”)
[Mukhametzhanov-Zhiboedov 19]

・There are many papers on universal formula with (generalized) symmetries
[Pal-Sun 20] [Ooguri-Harlow 21] [Magan 21] [Kang-Lee-Ooguri 22] [Lin-Okuda-Seifnashri-Tachikawa 22]…

Their formulas are formula with topological defects, whereas our formulas are 

a sort of those with non-topological defect

[Affleck-Oshikawa 96]
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Summary

・We discussed a motivation to Conformal Bootstrap approach.

・Review of Cardy formula with a Kernel point of veiw

・Review of former work by Collier-Maxfield-Maloney-Tsiares:

・Universal formula for BCFT; essentially the same with the bulk but with a factor of   

    boundary entropy

asympototics of average of OPE coefficients are given by       
<latexit sha1_base64="EyKGV4FvltWu9W8UozpSqFOPef0="></latexit>

C0

which is a combination of double gamma functions

・Evil vs Universality: at least asymptotics of 1+1d BCFT data, they are universal.

<latexit sha1_base64="CzaLv9mII2EslvNMDlWiA9ztGuQ="></latexit>

|Cijk|2 ⇠ C0(Pi, Pj , Pk)C0(P̄i, P̄j , P̄k)

<latexit sha1_base64="OGEkQvAHg5qsxeZyHcGrgn2aVXU="></latexit>

|C(abc)P
12 |2 ⇠ g�1

a g�1
b g�1

c C0(P1, P2, P )
<latexit sha1_base64="KPeGqJvmXn46qglrunO5Vxn2+Co="></latexit>

|C(a)
↵i |2 ⇠ g�1

a C0(P↵, P̄↵, Pi)
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Future works

・Include symmetries 

・Tauberian

・condition for extended validity for large c BCFT

・We also find that the normalization of boundary Zamolodchikov metric
<latexit sha1_base64="y0Ve8wHNbEW90xF6m6Ky4FjDgXo="></latexit>

gabij =
p
gagb�ij

is a natural one. Make use of it.

・We focus on the analytic bootstrap. It is interesting to study the numerical one.

                                 find that numerical bootstrap of Cardy condition constrains [Collier-Mazac-Wang, 21]

boundary entropy. it is interesting to study other bootstrap equations.

・Extension to non-unitary BCFT

・Test in explicit examples of c>1 unitary (B)CFT


