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Motivation

Every curved manifold can be isometrically embedded into
some higher-dimensional Euclidean spaces.

Embed as
domain-wall
(Nash [1956]) 0

o K

Euclidean lattice space

Curved space

Localize the edge modes of the curved domain-wall fermion.
= they feel "gravity" by the equivalence principle.



Embedding a curved space

For any n-dim. Riemann space (Y, g), there is an embedding
Y — R™ (m > n) such that Y is identified as

xuzxu(yl,... ) (p=1,---,m)

z# : Cartesian coordinates of R™
y' : coordinates of Y

and the metric is written as
ozt ox”
9ij = EW:(SW EN

— vielbein and spin connection are also induced!
(Y, g) can be identified as a submanifold of R™!

Cf. Nash [1956].



Our Work

We consider a Hermitian Dirac operator

n+1 P
H =7 iiA i
7(;’7 o +mslgn(f)>
{’YI?’YJ} - 251]7{’77’7J} - 07 :}/2 =1 7(Iaj - 17' o 7n+ 1)

where the smooth function f : R**! — R determines the
domain-wall Y = { f = 0}. The edge modes are

* localized at Y,

« the chiral eigenstate of Yhorma =71 - 7,

+ and feel gravity throguth the spin connection on Y.

—— We confirm the above properties on a square lattice .
Y = S! or S? in this work

Cf. Continuum analysis in condensed matter physics: [Imura et al. [2012], Parente

etal. [2011]]
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Lattice Gauge theory (review)



Lattice gauge theory

Lattice approximation of QFT
1. Discretize a spacetime into a lattice

with PBC
—— Dofs become finite 7
2. Compute path integral numerically I
3. Continuum limit: ¢ — 0, L — oo
L =Na

—S[¢] _ 1 .
o=t im T fone

x€(aZ/LZ)4

We can deal a QFT NON-perturbatively. Lattice spacing a induces a
cut-off of momentum.

Note: We consider only Euclidean space. We can get a physical
result by Wick rotation.



Lattice gauge theory on a curved space

Can't put up
a square lattice
around these points

!

We can not approximate d-dim space with d-dim square lattice.
— Can’t handle gravity!



Triangular Lattice

Arbitrary space can be discretezed by a triangular lattice. Their
length and angle represent the gravity. [Regge [1961]; Ambjerm et al.
[2001]; Brower et al. [2017]]

Fig 1: Triangular lattice on 2-dim sphere[Brower et al. [2017]]

However, continuum limit is not unique and symmetry

restoration is non-trivial.
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Flat Domain-wall (review)

Domain-wall=A bounday where a sign of mass is flipped.

We put a mass term m(s) = msign(s) in )

5-dim space.
4 .
EoM : (Z v 0; + 05 + m(s))yY(z,s) =0 \
=1
Sol : ¢ (, 5) = ny (x)e ™, ¥ony = +ny O iy
— —m

A state with D, = 3>} | 7'9; = 0 and v* = +1 is localized at
s = 0!

Domain-wall

13



Curved case

Curved domain-wall case:

2m+1 o
D = 0= i
; Y g + msign(f)
2m—+1 0
= ot + F + msign(f
+7 (ea + - Zwbc a7 7

DY

In the large m limit, D — DY = DY 1(1 4+ 2™+
— A zero mode of DY only appear as the edgemode of D

14



Hermitian Dirac operator

We consider a Hermitian Dirac operator

n+1
H=7 (Z P msign(f)> — (D + msign(f))
=l

Y =-0207% Y =01®1, y=03®1
{,7(17,717} = 25a,b’ ((I,b: 17"' ,7’L)

where the smooth function f : R**! — R. The edge modes are
* localized at the domain-wall Y = {f = 0},
» the chiral eigenstate of Yhorma =1 - v,
+ and feel gravity throguth the spin connection on Y.
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Induced spin connection

We take an appropriate coordinate (y',--- ,y",t) and vielbein

(e o).

vielbein on Y

1
We put ¢ = (gU%%>4¢’, H acton ¢/ as

em uDY+§t+F>

H =
<z‘JDY -2 -F —em

DY =iy (ea > wbc,aaba6>
a=1 be

10 (10f 1Y) 1
F=1u (1°g<g 92197 ) ) ~ 2

ANNN-
mean curvature

Spin connection on Y is induced!

16



Edge mode

In the large m limit, we find an edgemode as

= <91J5?;{1$7> iefm\tl exp <_ /Ot dt’F(y,t’)> <§§z;>

10 of of 1
F=>"(log(¢"”" ==L ) ) = Ztrh
( 4at<°g<9 aﬂaﬂ)) 2 >
where y is a massless Dirac fermion:
iDY —ox =1 ¥ (ea 3 > Whea ¥ ) X = AX
a=1 be =0
v is an eigenstate: Hiy = A\ and 4" 1y = (013 @ 1)y = +¢

Spin connection on Y is induced and detected by solving the
eigenvalue problem of H!

17
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S domain-wall

Domain wall:

e(r) =sign(r — ro)

-1 (r<m

+m
N

me et
(3 + 7 20) —me

R
N
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Effective Dirac operator and Edge modes

We consider a normalized edge state as

Yerge = (1) (;ff(;)) - x(6°+2m) = x(6)

00 2m
/ drorp? =1, / doxTy =1
0 0

and let 2rp% — 6(r — o) (m — oo). Then we obtain

o 1 o 1
/ dzdydsee Hibedge — / d9x7E<—z% —)x
0

Effective Dirac op 7D
The factor  means induced spin connection.

20



Spectrum of Edge modes

Effective Dirac operator:

ps L ;9,1
ZDeff—TO 289+2

-

Spin¢ connection

——The edge modes is effectively anit-periodic spinor.

(trivial element of the spin bordism group)

Eigenvalue:

E=+

— Gravity appears as the gap of the spectrum

21



Periodicity of Edge modes

S1 admits two spin structures:
— periodic spinor and anti-periodic spinor.

V(0 + 2m) gauge trsf
! —_—>
= =X'(0) exp(01020/2)

Can extend to the origin

Only anti-periodic spinors appear at the boundary.
22



Lattice domain-wall fermion

Let (Z/NZ)? be a two-dim. lattice.
The domain-wall is given by

e(z) = -1 (r <o) / N

1 (r>r) / \

0 |

and the (Wilson) Dirac op is (\ /'
H=03<_Z |:UiV,-;VI +;Viv;r]+ema), al \\_‘//

(Vit))e = ¥, — Yz, (VIP)e =2,_; — Yo v

+ PBC for all direction.
Cf. Kaplan [1992] studied a flat domain-wall in R?7+1

23



Spectrum
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Fig 2: The Dirac eigenvalue spectrum: ma = 0.7,70 = L/4, N = 20

The color = chirality: ynormal = £01 + L0
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Edge modes

6.0
@ Lattice (N=20) Bulk mode
| X Conti

Edge mode

2.0
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Bulk mode
i 4

-12 -8

6.0 T T T
0 4 8

The edge modes

« are chiral: yporma = 01 + Lo
* have a gap from zero (as a gravitational effect )

+ agree well with the conWM
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Continuum limit and Finite-volume effect

Continuum limita = 1/N — 0

0.000

Large volume limit L = Na — ~

1
® m=10/L 129 |
R . V m=14/L :
~0.050 & m=20/L 10 :
."v” - 1
~0.075 4 0.-'.— . o :
o~ LE I 4 |
S -0.100 oY v § :
= v e ~ >
Ll .15 . o 06 . ' L=4r
v
0090000000000 0000000000
~0.150 * 04 .c' T
. |
—0.175 H
02 ° !
200 4 . . . 1 . ..
01 «—Continuum limit o : Large volume limit—
0.00 0.01 0.02 0.03 0.04 0.05 20 30 40 50 60 0 80
1
a=— N = L/a
N

Fixed parameter:

L=Na,ro=Na/4,m=14/L

Agree well with
the conti. prediction!

Fixed parameter:
ro = 10a
Saturates when L > 4rg!



Recovery of Rotational symmetry in the continuum limit

*1 «Continuum limit

0005 001

a=1/N

A = (max(peak) — min(peak))/a?

The rotational symmetry
automatically recovers in the
continuum limit!
27
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S? domain-wall

Domain-wall:

e(r) =sign(r — ro)

Hermitian Dirac operator

0 me 00
H = ‘77. = . J
7(7 o —I—me) (—aﬂaj _m€>

(F=0301, ¥ =01 ® %)

acts on two-flavors of two-component spinors.
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Effective Dirac op for S* domain-wall

We consider a normalized edge state as

_ | X6:9)
¢edge —P( )<zraX(9’¢)>

oo
/ drr?2p? =1, / Yix =1,
0 52

and we assume 2r2p? — §(r — ) (m — o). Thus

[e.9]
1
/dxgwldgeHwedge = / d?"27“2p2/ XT*(O' L+ 1)y
0 S2 r

1
— X—( L+ 1)x (m— o),
52 ’VQ/\/\/\/\/\/\/V\/—
Effective Dirac op Hg- !!
where L is an orbital angular momentum.

30



Effective Dirac op and Dirac op. of 5

The gauge transformation using

changes y — s~y and
Hsz —)8_1H32S

o3 2+ 1 2-1— i cosf
AN AR ST T I T

, Spin conn. of S?
To

Edge states are affected by the spin connection of the spherical
domain-wall [Takane and Imura [2013]].



Spectrum of Edgemodes

DSt — 78 0g+0 1 ng i 7Z,c0590
e 0, A B

Spin¢ connection

41 Eigenvalue:
n=2 eeeeee
2 1 n=1 eeee E — :tLH
n=0 ee 7o
w 0 I Spin conn. induces this gap. (n=0,1,--+)
ee n=0
-2 eeee n=l Degeneracy:
00000 n=22
o] 2n+2
G S ; : T
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Lattice Domain-wall Fermion

Let (Z/N7Z)? be a three-dim. lattice.
The domain-wall is given by

and the (Wilson) Dirac op is

+ ema) .

(Vz"/))z = 1/13,;_;,_% — Yo, (Vidj)z = wm—i — Y2

V-Vl o1
H=75( > {71 12 1+§viv3
i=1,2,3

+PBC for all direction

Lo
wdod
Seollovaoany

5
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Spectrum
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Fig 3: The Dirac eigenvalue spectrum: ma = 0.7,70 = L/4, N = 16

The color = chirality: ynormal = 7" + €% + 243
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Edge modes
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The edge modes
« are chiral: Ynormal = 27! + %92 + 243
* have a gap from zero (as a gravitational effect )

+ agree well with the conmlbw 35



Continuum limit and Finite volume effect

Continuum limita = 1/N — 0 Large volume limit L = Na — oo
v ® m=10/L 0ss { . o o o
V m=14/L o
o % . m=20/L i L= 4r
§ " Vv . Y . . § 070 E
i v | & :
055 E
«—Continuum limit o . E Large volume limit—
0.00 0.02 0.04 0.06 0.08 0.10 10 12 14 16 18 20 2
a=1/N N=L/a
Fixed parameter: Fixed parameter:
L= Na,ro=Na/4,m=14/L ro = 4a
Agree well with Saturates when L > 47!

the conti. prediction!



Recovery of Rotational symmetry in the continuum limit

«Continuum limit

‘‘‘‘‘
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\\\\\

(slice at z = N/2)

A = (max(peak) — min(peak))/a*

The rotational symmetry automatically

recovers in the continuum limit!
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Summary and Outlook

[Summary]

In cases S! and S2, we embodied Nash’s thm in domain-wall.

» Masless chiral edge sates appear on the domain-wall.

« Edge states feel gravity through the induced spin
connection.
* The rotational symmetry recovers in the conti limit.

[Outlook]

+ Gravitational anomaly inflow
* Index theorem with a nontrivial curvature

» Formulate real projective space

39
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General domain-wall
1
b= (9" 20 2) ' e Fhig, v IEHLT

) 9 10 of of |

! _ =~ nt+1 2 -7 1J _ - n+1

H=n <8t+48t(log<g aﬂa;ﬂ)) g rha mg)
AVAVAVA

) Figeh=

Y @ Dirac BEF iD¥
PMERT B, m — co DIBRTI v JIREEIT
of oOf _ g
— 1Y YJ mt| - / /

(0 <g 8x,axJ> e eXp< /Oth(y,t)>x(y)

, 1 10 of Of
Y. n+l., _ = - IJ

@D x =M, " x=x F=—gtrth+ 1o (log<g axl(%])))
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Edge states
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Fig 4: Edge state when
M = 5,T0 = 1



Edge states and Their spectrum
M B+HRRIFVE, Ty IREI
. M —M|r—rg| (i>
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Effective Dirac op and Dirac op. of 5
% Dirac BEFIZ

1
H52 :f(O'L—f—l)
To

e 0 =it . (0
g = (e . C.OS(2) e.g ’ Sm(;)> T gauge g3 &

s'H 5——@ o 0 1 ﬁ—ﬂaa
BTN ARG CIUINC T

=D Spin conn. of §2

Iy REEIE S? domain-wall DEHAERKL S
Cf. [Takane and Imura [2013]].



Euler number of 5?2

2 E

cos
2sinf
H5 Levi-Civita 3t w, Riemann i R H'185N 3.

_ 0 —cosfd¢
~ \cosOdg 0

R dw+u? 0 S0 o
% - 2 - sin 6 2m
—sinf g 0

Euler class of 52
S2 @ Euler #13

1
WA = — o109 sinfdp = —52'03 cos 0do,

™

X(S2):/ S0 J0dp = 2.
o 2

T5x5N%.



Edge state
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Fig 5: The Edge mode when ma = 0.7,r79 = L/4, N = 16.




Weyl fermion

For f : R?"*!1 R, massive Dirac operator

2n+1 8
D= 0L i
> g +msian(

{,7]’71]}:25[J7 (I,J:L ’n_i_l)

is not hermitian. In the large m limit, a Weyl fermion described
by

1
Dy = DY§(1 + ’Vnormal)

is localized at Y = {f = 0}.



topological insulator & DX

Domain-wall B\ &, EEFEER/T

n+1
H(k)=% Z(yjisinkj—i—l—coskj)—kam
j=1
L%, COEBEFIITORDAEXFICET,
n+1] 0 2 3 4 5 6 7 8
Al Z 0 0 0 Z 0 Zo Zo Z
BDI | Z2 Z 0 0 0 Z 0 Za Z2
D Zo Zo 7 0 0 0 Z 0 Z
Dl 0 Zo Zp Z 0 0 0 Z 0
All Z 0 Zo Zo Z 0 0 0 Z
Cll 0 Z 0 Zo Zp Z 0 0 0
C 0 0 Z 0 Zo Zo Z 0 0
Cl 0 0 0 Z 0 Zo Zy Z 0




Chirality of Edge mode

Edge mode v is an eigenstate 4! = +1.
— 4 looks chiral for observers on R**1.

However, 1) is regarded as Dirac fermion for observers on Y .

A chiral fermion on Y ¢ R?>™*! is described by
2m—+1

(f)

B)
~ 4 <ea 72 Wbc,a’)’b'?’c> + "o+ F o msign(f)
be

DY
In the large m limit, D — DY = D" 1(1 +~*™*!) and localized
atY = {f =0}.



Gauge field on lattice

|
Ui (x |+ az) Gauge field A:
= Ttay
UJ(SC)V UQ(LE + al) Uu(xz) = Pexp </x A) ~ exp(ad,).
! 78 ¢ U:;(:t) Covariant derivative:
(V/ﬂﬂ)z - Uu('r + au>¢x+a” - "/}x
L =Na

The curvature F'is determined by

tr(UJ(x)Ug(x +a,)U, (z + al)U#(x)) ~ exp(a®F,).



St domain-wall with U(1) flux

\ When a state crosses this line,

....................

...............................

the state get —1

——Edge modes are periodic effectively.



Spectrum and zero modes

6.0
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» Two zero modes appear at the domain-wall and the flux!!
» The flux mode tunnels with an edge mode.
 The flux has chirality —1 (Edge modes has chirality +1).



Equivalence principle

Equivalence principle: A person in free fall does not feel gravity.
An action for particle bound to a sphere is
S = /dt(rg(jﬂ P2 ) A2t r§)>

—>Sefp = /dt%r%(éQ + sinQ(H)éQ).

Action on a Sphere

Particles bound to a space feel the gravity of that space.
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