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Path integral and Saddle points
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Relation between Pert. and Non-pert.

E 2q A
q=0 - 7
Perturbative series Non-perturbative contribution

"They are not connected ?
We just have independent contributions ?"

No, it is not correct!




Perturbation and Borel resummation

Hy + g°Hpert| V() = E(z)
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p(QZ) _ Z aqg2q Perturbative series is often

ag X q!
divergent factorially q >4

q=0

* Construct an analytic function from asymptotic series

» Borel resummation : Analytic function which has original

perturbative series as asymptotic series

Note that the analytic function is not unique for one asymptotic series.




Perturbation and Borel resummation

Hy + g°Hpert| V() = E(z)
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Perturbation and Borel resummation

Hy + g°Hpert| V() = E(z)
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p(QZ) _ Z aquq Perturbative series is often

= ag X q!
divergent factorially q >4

q=0

Borel transform can have singularities on positive real axis
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g axis leads to ambiguity




Perturbation and Borel resummation

Hy + g°Hpert| V() = E(z)
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p(QZ) _ Z aquq Perturbative series is often

!
g=0 divergent factorially Qg X -
» B(92€Z:z’€) — RG[B(92)] -+ ZIm[B(gz)]
Im[IB% (92)] ~ e QAZ This should be cancelled by that from

non-perturbative contribution!

Non-perturbative effect reappears in perturbative calculation
through imaginary ambiguity !




Comment on Borel resummation
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When we redefine t/AL — 1, .
Integration should be performed on positive real axis even for A<0,
where B(Af) has singularities on real axis.
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Comment on Borel resummation
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When we redefine /A — t,
Integration should be performed on positive real axis even for A<0,
where B(Af) has singularities on real axis.
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Resurgent structure in integral For review for physiciscs

Cherman, Dorigoni, Unsal(14)

In integral, original contour decomposes into steepest decent contours
(Lefschetz thimbles) associated with complex saddles

» Thimbles associated with distinct saddles have
nontrivial relation via Stokes phenomena

- Airy integral

iy [ von (5 +)




Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

- Airy integral

(- b (0 & 4
Ai(g™2) = /_OO d¢ exp [—z (5 + ? . +3.
i J
complex saddle points ¢ = i; ®

Steepest descent method :
original contour is decomposed into
thimbles associated with saddle points. g

C — n Steepest descent contour
Z oo = Thimble
o



Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

- Airy integral
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

. 2T
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Stokes phenomenon : at special arg[g?], | : |

thimble decomposition discretely changes | | '
2w
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)

- Airy integral
S
3

arg|g

C=J_

v

arg|g”] = %ﬂ+
C=J_+J.

Thimble decomposition is discretely
changed at Stokes line.
Airy function is continuous even at the

Stokes line.
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Resurgent structure in integral

Complex saddle contributions in thimble decomposition
(Steepest descent method)
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Thimble decomposition is discretely \/ \

changed at Stokes line. | e \
Airy function is continuous even at the \
Stokes line. |

Two thimbles have resurgent relation via| 't

ambiguity due to Stokes phenomena ! 2 0




Exam P I S i n DO u b I e-WeI I Q M gzrg]g::)\ll:;((;;)) Zinn-Justin(81)

* Perturbation in Double-well QM
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Instanton-antiinstanton configuration = Bion _ U @)

Dunne, Unsal (12)

Precisely, bions are
complex euclidean

solutions
Behtash, et.al. (15)
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Resurgent trans-series in quantum mechanics

k[t

///////‘//////f»

* All ambiguities are cancelled in trans-series of complex solutions

_ _ — Cancellation of
0 = Im (B[O,O] T B[Q»O] [ZI] + B[4,0] [IZI ] ™ ) imaginary ambiguity

Fujimori, Kamata, TM, Nitta, Sakai (16)(17)
Sueishi, Kamata, Misumi, Unsal (20)

* Exact result is given as the trans-series of saddle contributions

0 oo oo

F(g?) =Y co,ng® + 3 e "N e, 1% Exact result as

=0 — “—0 trans-series



Resurgent structure

SiDo(2) — S_Pp(2) ~ se” *SP,(2)

Perturbative imaginary Non-perturbative
ambiguity effect

Perturbative series include nonpert. information !

|. We could derive non-perturbative physics from
perturbative theory.

2. We could define QFT through perturbative series
and semiclassical (trans-series) expansion.

=



Applications
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Cherman, Dorigoni, Sulejmanpasic, Tanizaki. ..
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SUSY and Str|ng theOI"IeS Marino(08~), Schiappa, Aniceto, Honda,...

Integrable models & High-T. superconductor Marino,reis(19-).....
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Quantization conditions via exact-VWWKB, TBA equations

Phase transition
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Yoda, Honda, Fujimori, TM, Sakai (21)...
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Infrared renormalon in QCD . ..co9)

In asymptotically free QFT, another source of Im ambiguity exists.

& Adler function and renormalon , , dII(Q?)
D(Q7) =4
N o F(K?) k°Q)
D(Q >_nE:0aS/O dk 72 Bocs log 12 ]

2
SHP Z (— %260) n! + UV contr.

n

~ as(w)Bot\" o) : L
P e = e (-52) = s

n

-------------------

-------------------

2 : . : 11N, — 2N,
Singularity on real axis ( fo=———5- )

( 4 ) :
B(a,) = ReB + _Weafgo - Agep QCD scale & low en.erg.y physics
Q — Renormalon (survive in large N)

- Bo

How is the renormalon ambiguity cancelled?




How is IR-renormalon ambiguity cancelled ?

There have been intensive studies on this subject.

Dunne, Unsal (12) TM, Nitta, Sakai (14) Anber, Sulejmanpasic(14) Fujimori, Kamata, TM, Nitta, Sakai (18)
Ishikawa, Morikawa, Nakayama, Shibata, Suzuki, Takaura (19) Yamazaki,Yonekura(18)(19)
Morikawa, Takaura (20) Fujimori, TM, Nishimura, Nitta, Sakai, (21)

There is big difference of renormalon properties between
uncompactified and Zy-twisted compactified theories.

Ashie, Morikawa, Suzuki, Takaura (20) Morikawa, Takaura (20)

Renormalon imaginary ambiguities are cancelled by combined
imaginary ambiguities from different semiclassical orders.
Fujimori, TM, Nishimura, Nitta, Sakai, (21)

We will see the cancellation mechanism.




Large-N sigma model

Fujimori, TM, Nishimura, Nitta, Sakai, (21)



Large-N O(N) model

* Action of O(N) model

1

S = —
2g°

P2 [ 0,67+ D{(6") —1}]

- Effective potential in large N

>

>

| Eretr -2

UV subtraction and renormalizing coupling

't Hooft coupling : A = ¢°N

N D 2T
Veg(D) = ——D | log — — 1 ' A = _ 27
(D) . <og A2 ) Dynamical scale : A = pexp < A)
(D) = A? it works as a dynamical mass of ¢



Large-N O(N) model

0D (x)
VN

* Fluctuation of D D(z) = A* +

* 2-point function of Fluctuation of D

2 , x 0 2
ED@D0) = [ HherAr) > (0D,= [ A

(2m)?
UV cutoft a

&7 2+ 4A2) /
A( = \/p p 410g< m+ + 4/\2)
p

* ExaCt rESUIt Of the Condensate Novikov, Shifman,Vainshtein, Zakharov (84)

*a coshs—1 ,
<5D2>& — 2A4/ ds — 2A° Chin(sz) Chin(sz) = Chi(s;) — log(sz) — V&

0 S

No ambiguous and IR convergent



How to derive trans-series

We have two ways to study resurgent structure:

(1) Expand A(p) w.r.t. (A/p)? for |p|> A, leading to trans-series,
and analytically continue to |p|<A with IR cutoff a

Nonperturbative exponential : A?/p? = exp(—47/)\,)

_8my/p? (p? + 4A2) 41 Py | P
- Sp o8 4/\2+ i 4A2

I:J‘> we can imitate semiclassical expansion

(2) Extract trans-series expression from exact result

coshs — 1

(6D*). = A'F (s5) = 2\ /O ds

S

(0D%), = A{F (s3) — F (s4)}



How to derive trans-series

(1) Expand A(p) w.r.t. (A/p)? for |p|>A

- Expansion w.r.t. (A/p)? and A,

ST
=41 214y —_—
Og( 4/\2+ " 4A2> N,

A?/p* = exp(—47/\))

Ap

log (p/A)

IN2 6AY
0L owd)
P

2 4

p

I:{> Trans-series (semiclassical) expansion of A(p)

pQZio; (%) ) fi(Ap) fi(Ap)

Pz(t)z(_l)l {(t+z+1)<l>—41(t+1)<l—1>} with (a)® =

[!

['(a+1)

['(a)

= Pi(Adp) \,.: polynomial of A,




How to derive trans-series

E> Trans-series (semiclassical) expansion of <oD?>

we here introduce|lR cutoff a[to regulate IR divergence

©.@,

d2
(6D%). = N A'Cy, Cy = / P22 f00),
S a<|p|<a (2m)?

Coupling expansion of each trans-series coefficient

0. @)

n Ap 4 2\ 17! =/ \; n+l 2\ 7"
CQZ — Z )\d—l_lC(Ql,n) E — [)\—Z + log (%)] — Z (E) [— 10g ({9—)]

n=0 n=0

Borel-resummation-like expression ¢ = log(a?/p?)

1 log(a®/a®) N 21 A7
(o = — dt (&2e_t> _
2l 47’(’ 0 fl 477'/)\& —1

we need to complexify the coupling as )\; — \; £ ic




How to derive trans-series

Result of imaginary ambiguities A?/p? = exp(—4r/\,)

47 47

2 —2
i (6D, = | (a7 ¥) a0 -2t (@) 0 oa - ) =0



How to derive trans-series

Result of imaginary ambiguities A?/p? = exp(—4r/\,)
_ 4w\ 2 4w\ —2
Im (§D?) = +x [(zﬂe W) TAY - 20t 4 (afe e ) A8] O(A — a) = 0.
A4

Known IR renormalon !



How to derive trans-series

Result of imaginary ambiguities A?/p? = exp(—4r/\,)
_ 4w\ 2 4w\ —2
Im (§D?) = +x [(zﬂe W) AT -2t (%) A8] O(A — a) = 0.
A4 A-4

(1) Renormalon ambiguity on the trivial vacuum (order A0) is cancelled
not only by order A4, but by combination of order A4 and A8 !

(2) The ambiguities emerge only for a<A'!




How to derive trans-series

Result of imaginary ambiguities A?/p? = exp(—4r/\,)
_ 4w\ 2 4w\ —2
Im (§D?) = +x [(zﬂe W) AT -2t (%) A8] O(A — a) = 0.
A4 A-4

(1) Renormalon ambiguity on the trivial vacuum (order A0) is cancelled
not only by order A4, but by combination of order A4 and A8 !

(2) The ambiguities emerge only for a<A'!

How does the term at order A8 cancel the renormalon ambiguity?



Cancellation mechanism

* separate UV and IR contributions

d ; -
Co —/ - 3 . fi(A Czl(p)\azczz(a) — Cy(a),

ex.) [=0 (order AY)

= e\ a2
) F<n+1,210g?>

‘::> Co(p) = @4”2_:0 (87

Let us look into how the ambiguity emerges in each order.



Cancellation mechanism
Order A

0@

\- n+1 &2
Co(p) :&42 (8—;> I (n+1,210g—2>

n=0 p

> —t 8 8
= —p" / i - St p4€_8ﬁ/ Ay vE Hlog - Fin d
ot ), B

l:’\> ImCy = ImCy(a) —ImCy(a) = £{m —m0(a — A)}A* = £7A*H(A — a)

The ambiguities emerge only for a <A'! Known IR
Aa <0 renormalon !
Order A4
A A2 — 21\
=|-21 S P
Ca(p) 0g (Ap> -

> Im Cy = Im Cy(@) — Im Cy(a) = T270(A — a).

The ambiguities emerge only for a <A'!
Ao <0



Cancellation mechanism

Order A8
1 o0 )\a n+1 &2 1 o0 6—t
Cg(p)D g§<_87> F<n+1,—210g1§>——]¥/0 dtt+§—7;
1 , ST ST
() fo )
70
‘:’\> Im Cg — ::9(/\ — CL)F
4 N
a> A
_.877 "0 >0 — > No ambiguity
L A

* The ambiguity emerge only for a <A

* It is accompanied by exp(+8n/A;) « 1/A%



Cancellation mechanism

Order A8
1 o0 )\a n+1 &2 1 o0 6—t
Cg(p)D g§<_g> F(n+1,—210g1§>——]¥/0 dtt+§—7;
1 , T 8T
)
T
‘:’\> Im Cg — ::9(/\ — CL)F
4 N )
a <A & 1
gﬂ' T A <0 ‘:’\> e <+)\_a> XN
S Aa y,

* The ambiguity emerge only for a <A

* It is accompanied by exp(+8n/A;) « 1/A%



Cancellation mechanism

* Resurgent structure in trans-series

(@)

(60),, = SN[ {Ca(@)} — {Cula)}

[=0

= A’ |a*<e 8W/A“E1<§f)}—a { 8W/A“E1<iw)}:|:i7rA49(A—a)‘
et A

A2 |g2d el 2] e

NI R

o[ Aa A 4t A A2 47t
Atla’ = —a’{ = — =% —2log | — 2mif (A —
" _a <\ 4w 8r? (%)} ! {4% 82 o8 A }:F mib 2
+A° _i<( ﬁ+ A + L —ﬁ+ A + N,
a’ | 2472 2473 a? T 24m? 2473

B Sr\ 11\ 132 A3 )
A8 - 87r/)\aE a a a a
" <\ "N TR T T 16 G

L[ s 8m 11, 13X X A
B -0 /DR o) P Na _ _Na _9 A —
{ 1( )\a> "8 T oo 16w Gamt | T AT

Three ambiguities are cancelled !




Comparison to exact result

(2) Extract trans-series expression from exact result

coshs — 1

(0D?)_ = A*F (s5) = 2A* /O " ds

S

87'('_'_ A1 1+\/1+A2
a = N Qs a — 210& | 5 ST =y
” Aa a0 5\ 2 4 a?

Introduce IR cutoff a to compare with the trans-series result

(6D?). = A" {F (sa) = F(s4)}

a,

Sl at [ e’ i A* [ et
Fl—)=— dt 21 Za) 9 S dt
<)\a> A, t—i—TiiO+[ Og(gw) VE]F“T] &4/0 [+

a

Let us look into why the ambiguities emerge for a <A



Comparison to exact result

Ambiguous

50 —1
4 ) — AO~4 B dt € A2~2
A F(s;z) a { /0 tiTiz’Ol}+ a

N— e/
Vo

Ambiguous F

A? Aa_)\%+21 ﬁ — 2 LT +A— —)\&—I- \s +)\§L
H 47 8m? °5 8T Te ¥ a? 7 2472 2473
AS oo ] a1 a8 M (A
L /0 t+ 5T 8r  96m2 16w  64n? as )
unambiguous
Ambiguous a>AN N, >0
o0 —t )\
A*F(s,) :A0a4{ / dt—— +A2a2{2—a}
0 " e ") Ambiguous T
VDY Y AS (A, A2 A3
A a o a a - . . L a a a
+A {47 2 2 log <—87T ) 27Ei27r} -+ " { - + A2 + Y
A8 Oodt +11>\a+13)\§ Y o A
T . 8t 96w  16m3 647 ab )

unambiguous

':'\> No ambiguity at each A order in (D), = A"{F (sa) — F (s.)}



Comparison to exact result

Ambiguous
A F(sz) = A" —/OO dt - +A2&2{ﬁw>
o t— 3£l 27 | .
a Ambiguous F
D A A PR AT B Al A A A + a;
H Ar 82 o8 8T Te T a? T 24n? 2473
AS /Oodt ] 1 1R N M| (A
T, YirET Se T 96m2 1600 Gdnd @ )
unambiguous
unambiguous a< AN N <O
o0 —t )\
A*F(s,) :A0a4{/ dt—— +A2a2{2—a}
0 T N ") Ambiguous +
i A2 EATY +A6 Ao A2 A,
B DT Rl TR 2 U T 24n2 T 24
A8 /Oodt A P I N .S
T . 8t 96w  16m3 647 ab )

Ambiguous

— > Ambiguous at each A%48 order in (0D%), = A {F (sa) = F (s4)}



VWWhat we found

* Renormalon ambiguity on the trivial vacuum (order A0)
is cancelled not only by order A4, but by combination of

order A4 and A8 .
* Ambiguities emerge only for a<A region (a:IR cutoff).

* Borel resummation produces imaginary ambiguity with
A4 factor at A8 order, leading to complete cancellation

of the ambiguities.



Large-N CPN-I sigma model

1 N
L= {Z D2 + D (|¢°]? — 1)} Dig® = (0 + iA;)¢"
a=1

<F2 >~ = —L i/\% /OO dt A\ [&%z(t) _ a2m(t)} Pl(t) condensate of
N [=0 0 m(t) field strength

* on R2

i (), = |

_2r\4 _2m\ 2 2w\ —2 _orx\ 4
(&e Aa) —4(ae Aa) A2+6A4—4(&e Aa) A6+(&e Aa) A8] O(A —a) =

on RI xSl ILA<1 NLA>1

x S1 + _ 27\ 3 _ 2 _2n\ 1 _2x\ —3
tm (F2,), " :N—Z [2 (ae Aa) —6(&6 Aa)A2+6(&e Aa) A4—2(&e Aa) AG] O(A —a) =0

In both cases there are resurgent structures similar to O(N).
However, compactification changes the structure.



Large-N CPN-I sigma model

During decompactification, the resurgent structure changes
or Stokes phenomena occur every time one of Kaluza Klein
masses 7n/R becomes smaller than the scale A !

_A3—2l e—i%x n2 ]
m (0D (@)0D(0))a], = +7 > A*P(AD) |~ — 6 (A2 - ﬁ)
nez i \/1 o # .

Infinitely many Stokes phenomena during decompactification
change ambiguity of perturbative part from O(A3/R) to O(A%).

N /R for R < A™!

Im <5D(I)5D(O)>a‘z:o =x {A4 4 for R
.. or — OO



Summary

. Renormalon ambiguity in large-N O(N) model is
cancelled by combination of order A4 and AS.

. Ambiguities emerge only for a<A region (a:IR cutoff).

. Borel resummation produces imaginary ambiguity with
A4 factor at A8 order, leading to complete cancellation
of the ambiguities.

. The similar resurgent structure exists in CPN-I model

. During compactification, the resurgent structure and
renormalon property changes due to infinite Stokes
phenomena.




Discussion

. Are there semiclassical configurations (solutions)
corresponding to exp(-4m/Ahy) « A??

2. Bion configuration is such a candidate!?

. Yang-Mills theory and QCD have the same resurgent
structure!

. Trans-series expansion can define QFT?

. IfYM and QCD have the same resurgent structure and
trans-series structure, does it mean that we can obtain
nonperturbative physics from perturbation?




Backup slides




Series expansion for Large-N O(N)

Im (3D (z)5D(0)), = £aA* > Y A, (Af ) = > 0

[=0 n=0

A, = (—1) (nll)2 Kznl+ 4) _4 <2ln+12)]

Nl 0O 1 2 3 4 5 6 71
0|l-1 0 2 0 -1 0 0 0
1] 1 -2 -1 4 -1 -2 1 0

Im (6D (2)6D(0)), = £7 Y  A* P(Ad) [A‘l—?lJO(Aa;)} —=> 0

[=0

B@)Z(_DT@+J+1W%_MQ+¢W1W




Series expansion for Large-N O(N)

2p3tn
con(®) = | Wy

&4
= ['(n+1,2t,)

(87)"
Ap? (17 — et
C(2.n = [ d £ E
an0) = [t
24n
_ 2p7t,
(47)"
2 (=2t — nt? ' + 2 (n), t27?)
Cim — |4 p p 27
o) = [ do e
2t tn — 2nt) !

+

(4" (n+1) (470)"
o (D) = /dp4 (6t 4 5nt2 ! — 3 (n)y th 2 =2 (n) t2?)
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Beta function

B(Ma) = Bo+ Bir, + B2 +

)\ log + . with M\ =
50 P Bo log p/ A

In large-N, this difference is subleading effect.



