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Quick overview of this paper [t Nishioka, Y.0kuyama, 5.5, 2022)

Method of image : tool for solving differential equations

2

Conductor

In this work, we find that the image method works in defect CFT.

Our prescription provides an efficient way to calculate correlation
functions in defect CFT.
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Defect Conformal Field Theory (DCFT)

» Defect : non-local objects in QFT

» Many examples in physics

B \Wilson / ‘t Hooft loop

B mpurities, boundaries (Condensed Matter Physics)
BD brane

» Recently, defects also play important roles in defining “symmetry”.
[Gaiotto, et,al., 2014] .......



However, it is quite hard to understand QFT with defects in general.

main reason : less symmetry

Adding defect

translation tr lon

rotation W

Symmetry



To analyze QFTs with defects, some constraints on defects are necessary.

One way is to impose conformal symmetry on defects.

shape of defects : planar or spherical (conformal defect)

Conf

Rough picture of DCFT T E@Cf

C |0

Rotation

D) Let’s see planar case more in detail !



Motivation to study DCFT

» Critical phenomena (defect system)
[Ludwig, Affleck, 1991] [Affleck, 1995]

» Fixed points of defect quantum field theories
[Polchinski, Sully, 2011] [Beccaria, et.al., 2018]

» AdS / DCFT correspondence
[Karch, Randall, 2001] [DeWolfe, et.al., 2002]




What’s interesting about DCFT ?

1. Trace anomalies [Herzog, Huang, 2018] [Chalabi, et.al., 2021]

<T/ﬁb> - invariant under diffeo. & conformal dimension

extrinsic curvature on a defect can contributes

Structure of trace anomalies becomes richer.

2. defect conformal bootstrap [Billo, et.al., 2016] [Isachenkov, et.al., 2018]

N

2

and so on



In d-dimensional Euclidean CFT, the conformal group is SO(d + 1,1).

P,
conformal generators ) MW/
K,
M¢\N—> —1 0 v
L 0 D LP, - K,))
Jun = o0 -D 0 5 (P, +K,)

H \_%(Pu — Ku) _%(Pu T Ku) M, )

Jrr, Junl =y —nxmIon + eI — nonvI ku



Next, insert p-dimensional conformal defect into CFT.

P /Pz/ T__» T IR d

--------------

SO(d — p)
Residual symmetries TSO(er 1,1)
. conformal symmetry on the defect D(p)
CL p— 1 ~J p

. rotation in the transverse directions i=p+1~d



J
B m— D TP, — K;)| 3 (P—K;)
U -D 0 s(Py + Ky)| 5 (P +K))
o|[22(Pa—Ka) —5(Pa+Ka) My My
v \_l T Z) — 7 z) M M%J )

DCFT : Conformal field theory in the presence of a p-dimensional
conformal defect. The symmetries are SO(p +1,1) x SO(d — p).




Transformation law for SO(p + 1,1) x SO(d — p)

e parallel translations P, : 2% — 2% + ¢“.

o parallel rotations M, : 2% +— L% 2", % € SO(p).
N A0 14,2 .
e parallel special conformal transformations K, : 2% +— = &(l;)”” with
(z) =1 —2b- &+ b2 o s L
L7 A=)

e dilatations D : o — )\ 2".

o transverse rotations My : /| — Lij :LJL : Lij e SO(d— p).

Remark: If we set p=d, usual conformal symmetry is restored.
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Correlation functions in DCFT

Two types of operators appearing in DCFT

— Os(x) : Bulk local operator
w/ conformal dimension ¢

AN

— O;(y) : Defect local operator A
w/ conformal dimension ¢

y = (9%, v =0)



DCFT correlator [Billo, et.al., 2016]

(Os5(x1) -+~ Os(y1) - - Jocrr =

AN

(DPOs(x1) - Os(y1) - - - herr
(D®))cer

Symmetries
SO(p+1,1) x SO(d — p)

Strong constraints on DCFT correlators

Conformal Ward Identities




Warm up : CFT correlator (Oa,(z1) - - Oa, (Zn))cET
Conformal Ward Identities w.r.t SO(d +1,1)

. . . lj, L
@ translations -+ rotation : z¥ — z." = L* z¥% + a*.
(Oay(x1) - Oay, (wn))crr = (Oay (2]) - Oay, (2,))cFr -

- - . I
@ dilatations : zf, — x," = Azt

(Oay(@1) - Oa,, (Tn))crT = (H AAO‘) (Oay (x]) - Oy, (@) cFT -

B2
a:abw

. - . o I B Q
@ special conformal transformations : zf, — x," = I T

(Oaq(x1) - Oap (Tn))crT = [H ’y_Ai (:ca)] (Oay (7)) - On,, () ))cFT |

Y(xa) =1—2b 2o + beZ



» scalar 1-pt function

@ Translational and rotational invariance:

<OA (CC)>CFT — <OA (O)>CFT — const.

@ Covariance under scale transformation:

(Oa(@))crr = A2 (Oa(AT))crr -

const. if Oa(x) is the identity operator: (A = 0)

0 otherwise

(Oa(x))crT = {




» scalar 2-pt function

@ I[ranslational and rotational invariance:

(Oa, (1)Ony (x2))crm = (Oay (1 — 22)Oay (0))crr = f(|z1 — 22]) -
@ Covariance under scale transformation:

(Oa, (21)On, (22))crT = X222 (Oa, A21)On, (A22))cFT |

1
|a;1 — x2’A1+A2 )

— (Oa, (21)Oa, (22))crr = f(|o1 — 22])

Combining with special conformal transformations,

(Oay (21)Onay (x2))cFT =




» scalar 3-pt function

@ Translation + rotation + scale transformation:

C A].)AQ,A,g

21 — 22|%22 — 23|°|23 — 21|

XX
a+b+c=A1+As+A3

@ Covariance under special conformal transformations completely fixes the
form

(Oa, (71)On, (12)Ons (13)) crr

C123
|g;1 — $2|A1+A2—A3|g;2 — qa|P2tA3—A1|p — p3|A1TAZ—A2 '




» scalar 4-pt function

11 — T2|% |3 — 24| — 71 — 24]% |22 — 23]°

- conformal invariant

1 — 232|202 — 24]2 o — 23] |2 — 242

4-pt function is not completely fixed by conformal invariance.

F(u,v
1<) 1)
OPE associativity
D(x1) D(x4)
new constrainton F'(u, v) o) o)
Conformal Bootstrap
D(x2) PD(x3)

D(x2) D(x3)



Next, we will consider DCFT correlators.

Correlator including only defect local operators <CA)31 (y1) - CA)gn (Yn))DCFT

2 CFT correlatorin R?  (O;,(y1) -+ O (yn))crr

We consider DCFT correlators in which one or
more bulk local operators are inserted.



» Bulk 1-pt function <O5(£IZ)>DC|:T

@ parallel translations and transverse rotations, ®

(05 (z))perr = (Os(2 = 0,2 ))pcrr = f(|zL])

@ scale transformation

ao
(Os(z))pcrr = ENG consistent w/ other symmetries

5A1aA2

similar to 2-pt function in CFT (O, (1)On, (22))cFT = T mPAT




> Bulk-defect 2-pt function (Os(2)O5(y))ocrr

@ parallel translations and rotations

(05(2)0;(y))pcrr = (05(2" — 3, 2°.)04(0))pcrr = f(|2 — 4, |21])

@ scale transformation

~ C(m, O
0s(D)0s(Wpcrr = Y ) o U
o= y|" x| X
m-+n=0-+9
@ parallel special conformal transformations y ® (A)(§
7 bo@
(Os(2)04(y))pcrr = — =
0 [°70 (12 = 9)* + [21[?)




~ b~
(05(2)05(y))ocpr = —————= 3
21070 (|2 — 91 + [z [?)

similar to 3-pt function in CFT

(Oa; (21)Oa, (22)Ons (23))cFr

C123

‘331 _ x2‘A1+A2—A3|x2 — I3 Ao+Ag—A1 T1 — I3 A1+Az3—Ao



(05, (21)O0s, (12))pcer  (Os5(2)O;, (31)05, (y2))pcFT

two SO(p + 1,1) x SO(d — p) invariant quantities

These are not completely fixed by SO(p+1,1) x SO(d — p) -

similar to 4-pt function in CFT

F(u,v)

(O, (#1)0n, (2) Oy (¥3) Oy () crr =

Lli<cj |x?j|5ij
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Our work

» Similarity between DCFT and CFT correlators

DCFT side CFT side

defect n-pt functions n-pt function

bulk 1-pt functions 2-pt functions

bulk-to-defect 2-pt functions 3-pt functions

bulk 2-pt functions
bulk-defect-defect 2-pt func

I

4-pt functions




» Naive question

DCFT correlator
w/ 1 bulk op.
w/ m defect op.

CFT correlator
w/ (2n+m) op.

Is there any correspondence ??



We find out such correspondence and prove

where ~ means that both sides satisfy the same differential equations
dictated by conformal symmetry.

e| T : the anti-podal point of = along the transverse direction to the
boundary /defect.

o y= (9% y, =0): the coordinate on the defect.

Method of image is valid also for defect CFT !!

(Generalization of Cardy’s method in BCFT2)
[Cardy, 1984]
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DCFT ancillary CFT



e Os,

Boundary

BCFT

¢

O, /2 0—ff——f—# O

ancillary CFT



Some working examples of our prescription

1-pt bulk DCFT correlator

(Os(x))pcrT =

21 [0

2-pt CFT correlator in the mirror symmetric configuration

1 1

(Os/2 () Osy2 (Z))crr = x — |0 ~ 20 [z |0




2-pt bulk-defect DCFT correlator
bO

I VS 5
[P0 (|2 = g7 + oL ]?)

o)

(Os(2) 63(9) )DCFT =

3-pt CFT correlator in the mirror symmetric configuration

B 1
(Os/2(x) Os/2(%) O3 (y) )crr = = — ——
x —y|°ly —z|° |z — T|
; 1
Osro O - : TP 5
y 05 / | 6/2 20=0 |z 0= (|1& — G2 + |21 |?)
063 005

match



Summary and future work

» We generalize the Cardy’s method to higher-dimensional DCFTs.

» Using method of images, we can LA
calculate kinematical parts of DCFT Bt on

correlators in terms of CFT ones. e

X

DCFT ancillary CFT



» |Is there complete dictionary including dynamical CFT data ?

2 V2 VN N N2 NV N N N NI

e.g. OPE coefficients

Oa;, Oa,

» Can our method be applied to dej“"‘Lfect OPE ehannel
defect conformal bootstrap ? X o o,
Oa;, 0Oa,

2 2 2 2
s-channel OPE t-channel OPE



