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Effective Field Theory (EFT) 
and Standard Model Effective Field Theory (SMEFT)�

• EFT 
• heavy degrees of freedom decouple 
•  for large-distance phenomena  
or small momentum scale 

•  [\T interaction terms: 
 L(5) + L(6) + L(7) + L(8) + · · ·

<latexit sha1_base64="m2J283pKGoE8rog77GU7cUpNFHs="></latexit>
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�

SMEFT 
• Extending the SM by adding massive particles heavier 

than the energy scale _f scatterings 
 

• SUC(3)g ︎SUL(2)g︎UY(1) invariant  
higher-dimensional operator built by SM fields 

• Model independent way to search for new physics 

Effective Field Theory (EFT) 
and Standard Model Effective Field Theory (SMEFT)�
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• EFT is for the energy scale of  
E << Λ (typical energy scale of the UV physics) 

• Many UV models correspond with EFT 
 
•  From the general feature of UV theory, 

 
can we bound on Wilson coefficients of EFT? 

Positivity Bounds 

general feature�

restrict�

corres- 
pondence�

Next next page�
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• One of the way to do this is Positivity bounds 

• Positivity bounds: the signs of certain combinations of 
Wilson coefficients in EFT have to be positive,  
e.g. W4 operators: �

A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, R.Rattazzi, JHEP 0610, 014(2006)�

Positivity Bounds 

2FT,0 + 2FT,1 + FT,2 � 0
<latexit sha1_base64="hU6kRYtvshXBW6LVJ1eDwFv2ULc="></latexit>

One of the positivity bounds:�
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If we base on the local Quantum Field Theory(QFT) for the 
general feature of UV theory,  
 
1.  Special relativity 
2.  Conservation of probability 
3.  Causality 

Positivity Bounds 
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If we base on the local Quantum Field Theory(QFT) for the 
general feature of UV theory,  
 
1.  Special relativity          Lorentz invariance 
2.  Conservation of probability           Unitarity 
3.  Causality           Analyticity 

Positivity Bounds 
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1.  Lorentz Invariance 
 

2.  Unitarity c Optical theorem: 
                 e.g., elastic case, 

3.  Analyticity* c Froissart Bound: 
 

Froissart, Martin 1960’s �

Forward limit positivity bounds are from:�

|M(s, cos ✓ = 1)| < Const. s(ln s)2
<latexit sha1_base64="Z2aQOglPA3GkOBQZsyXrif/IMVo="></latexit>

ImM(k1, k2 ! k1, k2) = s�tot(k1, k2 ! anything)
<latexit sha1_base64="sBmNCBYTdTmaLfZjIwiLFCEVQbE="></latexit>

forward, elastic�

Positivity Bounds 

Positive�

*Analyticity of the amplitude besides poles and branch cuts on real axis�
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Positivity Bounds 

Even though the EFT as IR theory seems totally okay by 
seeing the Lagrangian and check it with  
 
ü  Lorentz invariance 
ü  Perturbative Unitarity  

(Unitary S-matrix at energies far lower than the cutoff)  
, etc., 
 
It can be excluded out when we suppose the UV completed 
theory!�
This “wrong” EFT leads to the superluminal fluctuations around 
non-trivial backgrounds, and making it impossible to define local and causal 
evolution, and implying an IR breakdown of the EFT.�

A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, R.Rattazzi, JHEP 0610, 014(2006)�
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E
<latexit sha1_base64="E3TzOztZQp9S7UkvqH5Sb+t0qtg="></latexit>M

<latexit sha1_base64="hQSCc10sN5b4XNdxDS5RhQmwIjM="></latexit>

IR� UV�
Lorentz invariance 
Unitarity 
Causality�

completion:�E behaviors�

Positivity�
C4 > 0, · · ·

<latexit sha1_base64="pfR99i5cN/NdWcCVGy+4jsLkD5o="></latexit>

C2 > 0,
<latexit sha1_base64="gmSuuOUXkxZxmxv/HKzbVqZ3Gso="></latexit>
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+ · · ·

<latexit sha1_base64="QlHhWZkLeNMVfxH7w179ytKP6eY="></latexit>

• Effective Theory Forward Amplitude (IR): 
 

M
<latexit sha1_base64="tm7wEyV81tpuj/gQcbEvUS8vqc0="></latexit>

Positivity Bounds *Ref: Slides by Francesco Riva 
https://indico.ph.tum.de/event/
4408/contributions/3825/
attachments/3292/3974/
Berlin-2.pdf�
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�
<latexit sha1_base64="BjH2E51gHZOhLRB0m/0wzBBs34Q="></latexit>

�
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�
<latexit sha1_base64="t622VdjxjRkXAy7kaKGgKM/qGEU="></latexit>

forward: t=0�

I+II →I+II 
elastic�

massless scalar 2-2 forward elastic scattering: 
 O�

n = 2, 4, ...
<latexit sha1_base64="7wGbv7c2He3G7qK5j0S8io3poFo="></latexit>

Let us consider the amplitude (divided by sn+1) of this: 
 O� M(s, 0)

sn+1
<latexit sha1_base64="9qq7/0t/wKG1GEcLSnmIpxwyo+k="></latexit>

Positivity Bounds 
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massless scalar 2-2 forward elastic scattering amplitude: 
 O�

M
<latexit sha1_base64="hQSCc10sN5b4XNdxDS5RhQmwIjM="></latexit>

UV�IR�

Im(s)�

Re(s)�
               s=-u 
crossing sym. 
→ A(s,0)=A(-u,0)�

0�
Froissart 
Bound 

Analytical 
→0�

>0 
Unitarity 
(Optical theorem)�

n = 2, 4, ...
<latexit sha1_base64="7wGbv7c2He3G7qK5j0S8io3poFo="></latexit>

This is a circle that EFT can apply.�

M(s, 0)

sn+1
<latexit sha1_base64="9qq7/0t/wKG1GEcLSnmIpxwyo+k="></latexit>

Positivity Bounds 
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<latexit sha1_base64="HNiqJ54o5K5bKdXunD7sN26GSfM="></latexit>

Analytical� Froissart Bound 

Unitarity 
(Optical theorem)�

>0�

sIR ⌧ M2
<latexit sha1_base64="6Ql1a2/AwVTOfXwuedl1HF5D3WE="></latexit>

Positivity�

=0�

from UV general features�

M = C0 + C1
s

M2
+ C2

s2

M4
+ C3

s3

M6
+ C4

s4

M8
+ · · ·

<latexit sha1_base64="QlHhWZkLeNMVfxH7w179ytKP6eY="></latexit>

Cn > 0(n = 2, 4, · · · )
<latexit sha1_base64="m5moTWMgmx1Mm8Ecz9NHHCfjGBk="></latexit>

Res[M(s, 0)]s=0 = Cn
<latexit sha1_base64="uhx1JuHrEexpROFUE2nuoG3D2Tw="></latexit>
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Positivity Bounds 

e.g., From Dim.8 operators�
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• EFT Lagrangian →Amplitudes 
•                                              :                                 SU(2)L Higgs doublet �

<latexit sha1_base64="xkf6Oo+64r+zPfblUsb95glUIIc="></latexit>
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<latexit sha1_base64="04GLp4har258Kpjk2wED4qziGfc="></latexit>OS,0 = [(Dµ�)†D⌫�][(Dµ�)†D⌫�]
<latexit sha1_base64="nY8ITvL2ddvcsJEBt5l3cafGCaU="></latexit>

OS,1 = [(Dµ�)†Dµ�][(D⌫�)†D⌫�]
<latexit sha1_base64="vA4N4LuhXKa/9Mi46XqmJ6/0oc4="></latexit>

OS,2 = [(Dµ�)†D⌫�][(D⌫�)†Dµ�]
<latexit sha1_base64="ocbGbUgEO23M8NFhl3LZm64LFz4="></latexit>

forward: t=0�

I+II →I+II, elastic�
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M = (cS,0 + cS,1 + cS,2)s
2/⇤4

<latexit sha1_base64="WvcylL+WagGuP9xpyihrTlsQXVw="></latexit>

�1�1 ! �1�1
<latexit sha1_base64="bR9bUwjgLgKL+A1sZnGvxqedFoc="></latexit>

scattering�

Positivity Bounds: Example of Positivity for Dim.8 
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• EFT Lagrangian →Amplitudes 
•                                              :                                 SU(2)L Higgs doublet �
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>0�
Positivity: the signs of certain linear combinations of 
effective operators have to be positive 

Positivity Bounds: Example of Positivity for Dim.8 
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Positivity Bounds 

•  Positivity bounds can apply for dim-8 operators 
in tree-level SMEFT← Froissart Bound (bAnalyticity) 
 

•  Dim-8 operators are more suppressed by Λ than lower 
dimensional ones, however, for dim-8 aQGC operators, 
LHC experimentalists have been and currently working on 
constraining them 
 

 
 
•  In the future, more dim-8 effects may become accessible�
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(e.g. new observable proposed for DY process  
[Alioli, Boughezal, Mereghetti, Petriello, 2003.11615])�
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Positivity bounds are important as they offer complementary 
bounds to the experiments Q. Bi, C. Zhang, S.-Y. Zhou JHEP 1906 (2019) 137�

Positivity Bounds�

OS,0 = [(Dµ�)†D⌫�][(Dµ�)†D⌫�]
<latexit sha1_base64="nY8ITvL2ddvcsJEBt5l3cafGCaU="></latexit>

OS,1 = [(Dµ�)†Dµ�][(D⌫�)†D⌫�]
<latexit sha1_base64="vA4N4LuhXKa/9Mi46XqmJ6/0oc4="></latexit>
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• Positivity bounds can be obtained traditionally by considering  
eelastic forward scattering by using EFT operators 

• Recently new approach for positivity bounds is established: 
fextremal positivity bounds 
 

• Comparing f with e should be useful 
 

•  To see this, we use F4 operators (next page) as  
a concrete example 

• Deriving bounds on F4 operators itself is also useful as 
offering complementary bounds to the experiments 

Positivity Bounds�

C. Zhang, S.-Y. ]hou, arXiv: 2005.03047 [hep-ph]�
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Positivity Bounds 
• \4 operators (this work) 
•  WWWW�

•  WWBB�

•  BBBB�
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Dispersion Relation (for Positivity Bounds)�

Mijkl =
<latexit sha1_base64="6sm+f7YldGOoyA34SEnTnVQfY5Q="></latexit>

✏  1
<latexit sha1_base64="/WmeCJViMdv31Cd9AfCrjckTXpY="></latexit>

Forward scattering amp, 
at low energy (EFT)�

Amplitude of SM →X�

ΣX: BSM states, X summation& 
LIPS integration�

sau crossing�
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Dispersion Relation�
•  Useful to rewrite Dispersion Relation for Positivity Bounds�

where�

•  When i=k, j=l, RHS complete squares >=0 
 

•  More generally, 
Elastic Forward Scattering between Superposed States :�

because�M ijij � 0
<latexit sha1_base64="aDRcPGKa+hkdT+hl5+AvWMOUFK4="></latexit>

with�

(generalized) Elastic Positivity Bounds�

Mijkl =
F↵Mijkl

↵
⇤4

<latexit sha1_base64="4iGmz3SIwzhijZ2NTkBUGJsdT+E="></latexit>

(Amp by Dim.8) 
d (F/Λ4) s2�
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Elastic Positivity Bounds on F4 operators (Result)�

•  Some Quadratic and Cubic Bounds 
•  Parameter space is constrained to ~0.7% of total�

•  Linear Positivity Bounds�

•  All possible superposed states for the elastic forward 
scattering are considered:�

other superposed 
states don’t give 

new bounds�
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Extremal Positivity Bounds on F4 operators�

•  Dispersion Relation�

•  r runs  all irreps of the SO(2) rotation  
around the forward scattering axis 
and SM gauge symmetries�

Positive�

Dynamics� Symmetry�

•  M must stay inside the cone�

C. Zhang, S-Y. ]hou, arXiv: 2005.03047 [hep-ph]�

i(j|k|l): j, l indices are 
symmetrized�

A convex cone C: 
if x, y        C then αx+βy      C 
for α,β>=0�

2
<latexit sha1_base64="zxo/ZDpXw8OeiI7GZ8paEjUvjGI="></latexit>

2
<latexit sha1_base64="zxo/ZDpXw8OeiI7GZ8paEjUvjGI="></latexit>

Edges of this cone 
are extremal rays�
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Extremal Positivity Bounds on F4 operators�

•  Dispersion Relation 

•  Dynamics by the SMEFT determine: 

•  The positivity bounds are obtained by 
 

 
  �

Positive�

Dynamics� Symmetry�

C. Zhang, S-Y. ]hou, arXiv: 2005.03047 [hep-ph]�

i(j|k|l): j, l indices are 
symmetrized�

S of {Mijkl}�

   �
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Extremal Positivity Bounds on F4 operators�

   �

•  WWWW case 
Find projection operators: 

1.                                       (N=3) 
2.                   the in SO(2) rotation around the forward direction (N=2) 

 Combining both 1) and 2) projectors with  
 β, σ indices symmetrized→ 9 potential ERs 
 à 8 ERs for C  ER: cannot be a sum of two other elements in the cone 
 
Calculate the EFT amplitudesàS and find the intersections: 
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Extremal Positivity Bounds on F4 operators (Result)�

Better than Elastic Positivity Approach�

•  WWWW case�
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Extremal Positivity Bounds on F4 operators (Result)�
•  Full F4 operators�

Linear�

WWWW�

WWBB�

BBBB�
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Extremal Positivity Bounds on F4 operators (Result)�
•  Full F4 operators�

Quadratic�
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Comparison�
•  Elastic Positivity Approach 

 
•  Extremal Positivity Approach�

Allowed Parameter Space�

Differences mainly arise in W sector�

Potential Ability to Apply for More Complicated Case�

algorithmized 
we directly wrote down using 
group theory as a guideline to 
know the edge of the cone�

Not yet algorithmized 
It should become 
more complicated�

✅�

✅�

Numerical Calculation Speed�

✅� faster�
←� the error is negligible�
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Summary�
•  If the UV theory possesses Unitarity and Analyticity of  

the S-matrix 
→ the signs of certain linear combinations  
     of Wilson coefficients in EFT have to be positive 
 

•  This positivity can be applied for many kind of EFTs 
 

• Here we applied the positivity to SMEFT, especially,  
F4 operators by using elastic & new extremal positivity 
bounds 
→ bounds are very strong (99.3% excluded) and give a 
useful guide to experimental searches 

 
• Extremal positivity approach has a potential ability to apply 

for more complicated case 
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Other progresses�

(Almost) after our work, there are progresses on improving 
positivity bounds, e.g.,  
• N. Arkani-Hamed, T. C. Huang, Y.T. Huang 

The EFT-Hedron 
arXiv: 2012.15849 [hep-ph] 

• B. Bellazzini, J. Elias Miro, R. Rattazzi, M. Riembau, F. Riva 
Positive Moments for Scattering Amplitudes 
arXiv: 2011.00037 [hep-ph] 

• X. Li, C. Yang, H. Xu, C. Zhang, S. Y. Zhou 
Positivity in Multi-Field EFTs 
arXiv: 2101.01191 [hep-ph] 

Positivity is one of the active areas!�


