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AdS5/CFT4 correspondence

N = 4 SYM in 4d ⇐⇒ Type IIB string on AdS5× S5

Goal of this talk:
Proposal for computing 3-point functions of
open strings at finite coupling in the large N limit

Strategy:
3-point functions formula for close string called
hexagon method and weak coupling integrability analysis
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1. Introduction
Integrability in N = 4 SYM
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2-point functions in N = 4 SYM

⟨Oi(x1)Oj(x2)⟩ =
δij

|x1 − x2|∆i

∆i = ∆tree
i + γi

↑
anomalous dimensions

Single trace operators:
e.g.

Oi = tr(ZY ZZY · · · )
Z = ϕ1 + iϕ2, Y = ϕ3 + iϕ4
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1-loop anomalous dimension and spin chain Hamiltonian
[’02 Minahan, Zarembo]
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• Eigenfunctions

BPS operator : tr(Z · · ·Z)←→ Vacuum : | ↑ · · · ↑⟩

tr(ZY ZZY · · · )←→ | ↑ ↓ ↑↑ ↓ · · · ⟩

• Eigenvalues

γ1−loop ←→ EXXX

1-loop anomalous dimension can be efficiently computed
using integrability.
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One can also compute the anomalous dimension
at finite coupling using integrability techniques.

[’10 Beisert et al]
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3-point functions

structure constants
↓

⟨Oi(x1)Oj(x2)Ok(x3)⟩=
Cijk

|x1−x2|
∆i+∆j−∆k |x2−x3|

∆j+∆k−∆i |x3−x1|
∆k+∆i−∆j

Tree-level : Tailoring method [’10 Escobedo-Gromov-Sever-Vieira]

All-loop : Hexagon method [’15 Basso, Komatsu, Vieira]
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C123 at tree-level

Oi : tr(ZY ZZY · · · )
map−−→ | ↑ ↓ ↑↑ ↓ · · · ⟩ cut−→

∑
ψi,ψ′

i

|ψi⟩ ⊗ |ψ′
i⟩

Z Z Z Y Z Z Y Y Z

Z Z Z Y Z
_ _ _ _ _

Z Y Z Z Z
_ _ _ _ _
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Z̃
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�31

�23

�12 =
L1 + L2 � L3

2

✂

C123 ∝
∑
ψiψ′

i

⟨ψ1|ψ′
2⟩⟨ψ2|ψ′

3⟩⟨ψ3|ψ′
1⟩
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Asymptotic C123 at all-loop

ℓij >> 1

Structure constants of operators on the Wilson loop at weak coupling 
Naoki Kiryu (University of Tokyo, Komaba)

Based on arXiv:1706.02989 with Minkyoo Kim (University of Witwatersrand)

We consider the structure constants such as the title at SU(2) sector in planar N=4 SYM theory.

Result:
C�2�

123~ �S(p2, p1)S(�p1, p2)e2ip1�13 � e2ip2�13 +S(p2, p1)S(�p1, p2)e2i(p1+p2)�13

1 Introduction
Asymptotic structure constants of single trace operators in planar N=4 
SYM theory can be written as the summation over the partitions of the 
set of the magnons after cutting the pair of pants into two hexagons.     
[’15 Basso, Komatsu, Vieira]

2 C   of operators on the Wilson loop 123

3 Coordinate Bethe ansatz of open spin chain

3.1 one-magnon

3.2 two-magnon

3.3 multi-magnon

4 Tree-level analysis for SU(2) sector
4.1  C     123

o2o

4.2  C     123
oMo

�Tr[W |x3
x1

O1(x1)W |x1
x2

O2(x2)W |x1
x2

O3(x3)]� =
C123

x�1+�2��3
12 x�2+�3��1

23 x�3+�1��2
31

×

×+eip2�

p2

+S(p2, p1)e
ip1� ×

p1

+ei(p1+p2)� ×

It is natural to consider the open string version of the hexagon method.

Three-point functions of local operators inserted into the 1/2-BPS 
Wilson loop in planar N=4 SYM theory is given by

   with

In our notation, the scalar coupled to the Wilson loop is only      .

W |xj
xi

= exp

�� xj

xi

d�(iAµẋµ + �6|ẋµ|)
�

.

�6

W�6,AµW�6,Aµ

W�6,Aµ

O1 : ZL1

O2 : Z̄L2 O3 : Z̃L3

The open spin chain Hamiltonian for SO(6) sector is given by

H =
L�1�

k=1

(Ik,k+1 � Pk,k+1) + C1(I � Q�6
1 ) + CL(I � Q�6

L ),

Q�6
1 |�6 · · · � = 0, Q�6

1 |Z · · · � = |Z · · · �,

Q�6

L | · · · �6� = 0, Q�6

L | · · · Z� = | · · · Z�.

[’06 Drukker, Kawamoto] [’05 Okamura, Takayama, Yoshida] 

x
1/2 L + 1/2

+
x

1/2 L + 1/2

BL(p)

[’12 Drukker] [’12 Correa, Maldacena, Sever] [’15 Gromov, Levkovich-Maslyuk] 

BL(p) = 1, or CL = 0 � Neumann b.c. : SU(2) sector

BL(p) = �1, or CL = 2 � Dirichlet b.c.

�(1)(x) = A(x, p) + e2ipLBL(p)A(x, �p)

with BL(p) = � e�ip � (1 � CL)

1 � (1 � CL)e�ip
and A(x, p) � eip(x� 1

2 ).

�(2)(x1, x2) = f(x1, p1; x2, p2) + e2ip2LBL(p2)f(x1, p1; x2, �p2)

+ S(p2, p1)S(�p1, p2)e
2ip1LBL(p1)f(x1, �p1; x2, p2)

+ S(p2, p1)S(�p1, p2)e
2i(p1+p2)LBL(p1)BL(p2)f(x1, �p1; x2, �p2).

                          : summation over the permutations as follows,f(x1, p1; x2, p2)

f(x1, p1; x2, p2) � A(x1, p1)A(x2, p2) + S(p2, p1)A(x1, p2)A(x2, p1).

x1 x2
A(x1, p1)A(x2, p2) :

1/2 L + 1/2

S(p2, p1)S(�p1, p2)e
2i(p1+p2)L

� BL(p1)BL(p2)A(x1, p1)A(x2, p2)
:

x1 x21/2 L + 1/2

Z = �1 + i�2, Y = �3 + i�4

Z̃ = Z + Z̄ + Y � Ȳ

p̂i =

�
pi i � P+

�pi i � P�
.with

�(M) =
�

P+�P�={1,...,M}

�

�
�

k�P�

(e2ipkLBL(pk))
�

l<k

S(pk, pl)S(�pl, pk)

�

�

� �� �
summation over the sign flipping terms with the appropriate factors

f(p̂1, · · · , p̂M ),

f(p̂1, · · · , p̂M ) �
M�

�1 �=··· �=�M

�

j<k
�k<�j

S(p̂�j , p̂�k)

� �� �
summation over the permutations

M�

m=1

A(xm, p̂�m)

・・・

・
・
・

・・
・・
・・

Z · · · Z

Z̄
· · · Z̄

Z̄
· · · Z̄

Z̃
· ·

· Z̃

Z · · · Y · · · Y · · · Z

Z̃
· ·

· Z̃
· ·

· Z̃
· ·

· Z̃

C�2�
123~ =

�

�12+1�x1<x2�L1

�(2)(x1, x2)

= htree(u, v) � S(p2, p1)S(�p1, p2)e
2ip1�13htree(�u, v)

�e2ip2�13htree(u, �v) + S(p2, p1)S(�p1, p2)e
2i(p1+p2)�13htree(�u, �v),

where                                      is hexagon form factor at tree-level.  htree(u, v) =
u � v

i + u � v

The structure constants is given by the summation over the sign flipping 
tree-level hexagon form factor with negative sign and appropriate 
factors related dynamical process of magnons.

The complete structure constants for multi-magnon is given by
�

C�M�
123

C���
123

�2

=
(ei(p1+···+pM )�12K(M))2

det(�ui�j)
�

i<j S(pj , pi)ei(p1+···+pM )L1
,

The determinant factor is the Gaudin norm.
We would like to propose the finite coupling structure constants 

where                is the reflection amplitude at finite coupling.     

K(M)
finite =

�

P+�P�={1,...,M}

�

�
�

k�P�

(�e2ipk�13Bfinite
L (pk))

�

l<k

S(pk, pl)S(�pl, pk)

�

�
�

i<j

hY Y (p̂i, p̂j),

K(M)
tree =

�

P+�P�={1,...,M}

�

�
�

k�P�

(�e2ipk�13)
�

l<k

S(pk, pl)S(�pl, pk)

�

�
�

i<j

htree
Y Y (p̂i, p̂j),

Bfinite
L (pk)

C�2�
123 �

exactly solved using the symmetry and integrability

One can compute in principle the finite size corrections.
[’15 Basso, Komatsu, Vieira], three-loop:[’15 Eden, Sfondrini][’15 Basso, Goncalves, Komatsu,

Vieira], four-loop:[’15 Basso, Goncalves, Komatsu], multiple:[’17 Basso, Goncalves, Komatsu]
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C123 of closed strings
summation over the partitions of the magnon
on the two hexagon form factors

C123 of open strings using the hexagon method?

[’17 Kim, N.K]
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2. Set up
C123 of open strings from weak coupling analysis

11 / 25



C123 of operators on the Wilson loop

O1 : ZL1

O2 : Z̄L2 O3 : Z̃L3

W�6,Aµ W�6,Aµ

W�6,Aµ

Z = �1 + i�2

Y = �3 + i�4

Z̃ = Z + Z̄ + Y � Ȳ = 2(�1 + i�4)

⟨W [O1(x1)O2(x2)O3(x3)]⟩, W = tr

[
P exp

(∮
dτ(iAµẋ

µ + ϕ6|ẋ|)
)]
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Coordinate Bethe ansatz of open spin chain
[’05 Okamura, Takayama, Yoshida][’06 Drukker, Kawamoto]

Oi :
∑

1≤x≤Li

Z · · ·ZY
↑
x

Z · · ·Z map−−→
∑

1≤x≤Li

ψ(1)(x)| ↑ · · · ↑ ↓
↑
x

↑ · · · ↑⟩

ψ(1)(x) = eip(x−
1
2) + e2ipLBL(p)e

−ip(x− 1
2)

BL(p) = 1 : Neumann b.c. (Y-excitation)
BL(p) = −1: Dirichlet b.c.
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Coordinate Bethe Ansatz of open spin chain

x1 x21/2 L + 1/2� �� �
eip1(x1� 1

2 )+ip2(x2� 1
2 )

+ S(p2, p1)
x1 x21/2 L + 1/2� �� �

eip2(x1� 1
2 )+ip1(x2� 1

2 )

ψ(2)(x1, x2) = f(p1, p2)← closed cBA

+ e2ip2LBL(p2)f(p1,−p2)
+ S(p2, p1)S(−p1, p2)e2ip1LBL(p1)f(−p1, p2)
+ S(p2, p1)S(−p1, p2)e2i(p1+p2)LBL(p1)BL(p2)f(−p1,−p2)

e.g.

x1 x21/2 L + 1/2

:S(p2, p1)S(�p1, p2)e
2i(p1+p2)L

� BL(p1)BL(p2)e
�ip1(x1� 1

2 )�ip2(x2� 1
2 )
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Coordinate Bethe Ansatz of open spin chain

f(p1, p2) = eip1(x1− 1
2 )+ip2(x2− 1

2 ) + S(p2, p1)e
ip2(x1− 1

2 )+ip1(x2− 1
2 )

ψ(2)(x1, x2) = f(p1, p2)

+ e2ip2LBL(p2)f(p1,−p2)
+ S(p2, p1)S(−p1, p2)e2ip1LBL(p1)f(−p1, p2)
+ S(p2, p1)S(−p1, p2)e2i(p1+p2)LBL(p1)BL(p2)f(−p1,−p2)

Multi-magnon:

f(p̂1, · · · , p̂M ) ≡
M∑

σ1 ̸=···̸=σM

∏
j<k

σk<σj

S(p̂σj , p̂σk )
M∏
m=1

eip̂σm (xm− 1
2 )

ψ(M) =
∑

P+∪P−={1,...,M}

 ∏
k∈P−

(e2ipkℓ13BL(pk))
∏
l<k

S(pk, pl)S(−pk, pl)

 f(p̂1, · · · , p̂M )

with p̂i =

{
pi i ∈ P+

−pi i ∈ P−
.
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3. 3-point functions
tree-level analysis
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・・・

・
・
・

・・
・・
・・

Z · · · Z

Z̄
· · · Z̄

Z̄
· · · Z̄

Z̃
· ·

· Z̃
Z̃

· ·
· Z̃

· ·
· Z̃

Z · · · Y · · · Z

Z̃ = Z + Z̄ + Y − Ȳ

C1◦◦
123 ∝

L1∑
x=ℓ12+1

ψ(1)(x) =

L1∑
x=ℓ12+1

(eip(x−
1
2 ) + e2ipL1e−ip(x−

1
2 ))

x -= ( )
� �� �

eipL1

M(p)

eip(x� 1
2 )

� �� �� �� �
1

e� i
2 p � e

i
2 p

L1�

x=�12+1

�12 �12 �12

eip�12

C1◦◦
123 ∝ M(p)(eipℓ12 − eipL1 ) +M(−p)e2ipL1 (e−ipℓ12 − e−ipL1 )

= M(p)(eipℓ12 − e2ipL1e−ipℓ12 )
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C1◦◦
123 ∝ Mℓ12 (p)(1− e2ipℓ13 ), Mℓ12 (p) ≡ M(p)eipℓ12

= Mℓ12 (p)(h
tree(p)− e2ipℓ13htree(−p))

htree(p) = 1 : 1-magnon tree-level hexagon form factor

inspired by hexagon method, as if

�e2ip�13

|B�

|B�

|B
�

p - p

|B�

|B�

|B
�
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・・・

・
・
・

Z · · · Z

Z̄
· · · Z̄

Z̄
· · · Z̄

Z̃
· ·

· Z̃

Z · · · Y · · · Y · · · Z

Z̃
· ·

· Z̃
· ·

· Z̃
· ·

· Z̃

C
2◦◦
123 ∝

∑
ℓ12+1≤x1<x2≤L1

ψ
(2)

(x1, x2)

= -

i + 2v

2(u + v)

( )

-( )

� �� �

= { � �� � � �� �
ei(p1+p2)L1

� �� � � �� �

p1 p2

M(p2)

M(p2)M(p1) - -( ) }� �� � � �� �

ei(p1+p2)L1

Weight factor
eip1(x1� 1

2 )eip2(x2� 1
2 ) eip1(x1� 1

2 )eip2L1eip1(x1� 1
2 )eip2x1

�

�12+1�x1<x2�L1

L1�

x1=�12+1

ei(p1+p2)�12
eip1�12eip2L1

C2◦◦
123 ∝ Mℓ12 (p1)Mℓ12 (p2)

[ u− v

1 + u− v
− S(p2, p1)S(−p2, p1)e2ip1ℓ13

−u− v

1− u− v

− e2ip2ℓ13
u+ v

1 + u+ v
+ S(p2, p1)S(−p2, p1)e2i(p1+p2)ℓ13

−u+ v

1− u+ v

]
cf i+2v

2(u+v)
+ S(p2, p1)

i+2u
2(v+u)

= u−v
1+u−v ≡ htree(u, v)
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Result

By mathematical induction, we proved

(
CM◦◦

123

C◦◦◦
123

)2

=
(ei(p1+···+pM )ℓ12K(M))2

det(∂uiϕj)
∏
i<j S(pj , pi)e

i(p1+···+pM )L1

↑

Gaudin norm: eiϕj ≡ eipjL1
∏
k ̸=j

S(pk, pj)S(−pk, pj)

K(M)
tree =

∑
P+∪P−={1,...,M}

 ∏
k∈P−

(−e2ipkℓ13 )
∏
l<k

S(pk, pl)S(−pk, pl)

∏
i<j

htreeY Y (p̂i, p̂j)

with

p̂i =

{
pi i ∈ P+

−pi i ∈ P−
.
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Proposal

Recall the 2-magnon case:

C2◦◦
123 ∝ htree(u, v)− S(p2, p1)S(−p2, p1)e2ip1ℓ13htree(−u, v)

− e2ip2ℓ13htree(u,−v) + S(p2, p1)S(−p2, p1)e2i(p1+p2)ℓ13htree(−u,−v)

Inspired by the closed case: replacing by finite coupling
factors

▶ hexagon form factor

▶ S-matrix factor

C2◦◦
123 ∝ h(u, v)− Sfinite(p2, p1)S

finite(−p2, p1)e2ip1ℓ13BL(p1)h(−u, v)

− e2ip2ℓ13BL(p2)h(u,−v) + Sfinite(p2, p1)S
finite(−p2, p1)e2i(p1+p2)ℓ13BL(p1)BL(p2)h(−u,−v)
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Proposal

C2◦◦
123 ∝ h(u, v)− Sfinite(p2, p1)S

finite(−p2, p1)e2ip1ℓ13BL(p1)h(−u, v)

− e2ip2ℓ13BL(p2)h(u,−v) + Sfinite(p2, p1)S
finite(−p2, p1)e2i(p1+p2)ℓ13BL(p1)BL(p2)h(−u,−v)

�S(p2, p1)S(�p1, p2)e
2ip1�13BL(p1)

�e2ip2�13BL(p2)

|B�

|B�

|B
�

p1 p2

|B�

|B�
p2

|B
�

|B�

|B�
p1

|B
�

|B�

|B�

|B
�

+S(p2, p1)S(�p1, p2)e2i(p1+p2)�13BL(p1)BL(p2)

�p1

�p2 �p1�p2
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Proposal
Asymptotic 3-point functions of the open strings:(
CM◦◦

123

C◦◦◦
123

)2

=
(ei(p1+···+pM )ℓ12K(M))2

det(∂uiϕj)
∏
i<j S(pj , pi)e

i(p1+···+pM )L1

↑

Gaudin norm: eiϕj ≡ eipjL1
∏
k ̸=j

S(pk, pj)S(−pk, pj)

K(M)
finite =

∑
P+∪P−={1,...,M}

 ∏
k∈P−

(−e2ipkℓ13BL(pk))
∏
l<k

S(pk, pl)S(−pk, pl)

∏
i<j

hfiniteY Y (p̂i, p̂j)

Summation over all possible ways of changing the signs of magnon

momenta in the hexagon form factors with appropriate factors

c.f.

C2◦◦
123 ∝ h(u, v)− Sfinite(p2, p1)S

finite(−p2, p1)e2ip1ℓ13BL(p1)h(−u, v)

− e2ip2ℓ13BL(p2)h(u,−v) + Sfinite(p2, p1)S
finite(−p2, p1)e2i(p1+p2)ℓ13BL(p1)BL(p2)h(−u,−v)
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Proposal
Asymptotic 3-point functions of the open strings:(
CM◦◦

123

C◦◦◦
123

)2

=
(ei(p1+···+pM )ℓ12K(M))2

det(∂uiϕj)
∏
i<j S(pj , pi)e

i(p1+···+pM )L1

↑

Gaudin norm: eiϕj ≡ eipjL1
∏
k ̸=j

S(pk, pj)S(−pk, pj)

K(M)
finite =

∑
P+∪P−={1,...,M}

 ∏
k∈P−

(−e2ipkℓ13BL(pk))
∏
l<k

S(pk, pl)S(−pk, pl)

∏
i<j

hfiniteY Y (p̂i, p̂j)

Summation over all possible ways of changing the signs of magnon

momenta in the hexagon form factors with appropriate factors

c.f.

C2◦◦
123 ∝ h(u, v)− Sfinite(p2, p1)S

finite(−p2, p1)e2ip1ℓ13BL(p1)h(−u, v)

− e2ip2ℓ13BL(p2)h(u,−v) + Sfinite(p2, p1)S
finite(−p2, p1)e2i(p1+p2)ℓ13BL(p1)BL(p2)h(−u,−v)
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Summary

open strings:

closed strings:

�|B�
3

2

3�pt 4�pt

4

in progress

[’15 Basso, Komatsu, Vieira] [’15 Basso, Coronado, Komatsu, Lam, Vieira, Zhong]

[’17 Kim, N.K]
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Outlook

1. Higher rank sectors or higher loop: BL(p) ̸= 1?

2. Other integrable “strings”?

3. Spin chain length 0 limit?[to appear Kim, N.K, Komatsu and Nishimura]

4. Higher point functions?[work in rogress N.K, Komatsu]

fin.
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