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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4t /8⇡

2 (right). The grey shadings cover values of the RG scale above the
Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/

p
8⇡.
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AlternaAve	  soluAons	  to	  the	  Hierarchy	  problem	  

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (2)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、
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in the scalar potential. We furthermore assume, motivated by the 126 GeV Higgs, that the

Higgs potential is flat at the Planck scale. In section 5, we discuss the dynamics of the model

using the RGEs. We first study the radiative breaking of the B − L gauge symmetry via the

CW mechanism. Then we show that a small negative value of the mixing λmix(H†H)(Φ†Φ) is

radiatively generated by solving the RGEs. This triggers the EWSB. We then discuss the pre-

dictability of the model. We also show that the stability bound of the Higgs potential up to the

Planck scale is lowered than the SM prediction by a few GeV by the B − L gauge interaction.

Finally we conclude in section 6.

2 Bardeen’s argument on the hierarchy problem

We pay a special attention to the almost scale invariance of the SM. At the classical level, the

SM Lagrangian is conformal invariant except for the Higgs mass term. Bardeen has argued [10]

that once the classical conformal invariance and its minimal violation by quantum anomalies

are imposed on the SM, it may be free from the quadratic divergences. Bardeen’s argument

on the hierarchy problem is interpreted as follows [13]. In field theories, we have two kinds

of divergences, logarithmic and quadratic divergences. The logarithmic divergence is operative

both in the UV and the IR. In particular, it controls a running of coupling constants and is

observable. On the other hand, the quadratic divergence can be always removed by a subtrac-

tion. Once subtracted, it no longer appears in observable quantities. In this sense, it gives a

boundary condition of a quantity in the IR theory at the UV energy scale where the IR theory

is connected with a UV completion theory. Indeed, the RGE of a Higgs mass term m2 in the

SM

V (H) = −m2H†H + λH(H
†H)2 (2)

is approximately given by

dm2

dt
=

m2

16π2

(

12λH + 6Y 2

t −
9

2
g2 −

3

2
g2Y

)

. (3)

Yt is the top Yukawa coupling and g, gY are SU(2)L, U(1)Y gauge couplings. The quadratic

divergence is adjusted by a boundary condition either at the IR or UV scale. Once the initial

condition of the RGE is given at the UV scale, it is no longer operative in the IR. The RGE

shows that the mass term m2 is multiplicatively renormalized. If it is zero at a UV scale MUV ,

it continues to be zero at lower energy scales. In this sense, the quadratic divergence is not the

issue in the IR effective theory, but the issue of the UV completion theory.

2

RGE	  of	  the	  SM	  Higgs	  mass	

(125	  GeV)2	 (2×1018	  GeV)2	

Naturalness(Quadratic+divergence)�

7%

m2(µ) = m2
0 +

3⇤2

8⇡2v2
�
m2

Z + 2m2
W +m2 � 4m2

t

�
+O

✓
ln

⇤

µ

◆

(125GeV )2
�
2⇥ 1018GeV

�2

m2(⇤) = m2
0 +

3⇤2

8⇡2v2
�
m2

Z + 2m2
W +m2 � 4m2

t

�
= 0

Natural%boundary%condicon%is%no%mass%terms%at%Planck%scale�

Classically%conformal%invariance�

W.A.%Bardeen,�FERMILABOCONFO95O391OT�

Hierarchy%problem�
振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (2)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、

A =

(
Rµν Φ
Φ† WL,R

µ

)
(3)

ボソン行列表示

a =

⎛

⎜⎝
a1 0 0
0 a2 0
0 0 a3

⎞

⎟⎠ , d =

⎛

⎜⎝
d M12 M13

M21 d M23

M31 M32 d

⎞

⎟⎠ , A =
∑

i

a†da =

⎛

⎜⎝
A Σ H

Σ A H

H† H† 0

⎞

⎟⎠

(4)

⎛

⎜⎜⎝

a1 a2 a3

a†1 A Σ H

a†2 Σ A H

a†3 H† H† 0

⎞

⎟⎟⎠, (5)

F = dA + A ∧ A ≃

⎛

⎜⎝
F + (Σ2 + MΣ − 1

5Σ2
0) DµΣ [Dµ + (Σ + 3M)]H

DµΣ F + (Σ2 + MΣ − 1
5Σ2

0) [Dµ + (Σ + 3M)]H
H†[Dµ + (Σ + 3M)] H†[Dµ + (Σ + 3M)] |H|2 − µ2

⎞

⎟⎠ ,

(6)

1

Classical	  conformal	  invariance	  (CCI)	  @	  Λ, m2(Λ) = 0	

	

Bardeen	  ’95	  	  	  



Bardeen’s	  argument	  	

AlternaAve	  soluAons	  to	  the	  Hierarchy	  problem	  

in the scalar potential. We furthermore assume, motivated by the 126 GeV Higgs, that the

Higgs potential is flat at the Planck scale. In section 5, we discuss the dynamics of the model

using the RGEs. We first study the radiative breaking of the B − L gauge symmetry via the
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radiatively generated by solving the RGEs. This triggers the EWSB. We then discuss the pre-

dictability of the model. We also show that the stability bound of the Higgs potential up to the

Planck scale is lowered than the SM prediction by a few GeV by the B − L gauge interaction.

Finally we conclude in section 6.
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that once the classical conformal invariance and its minimal violation by quantum anomalies

are imposed on the SM, it may be free from the quadratic divergences. Bardeen’s argument
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Higgs potential is flat at the Planck scale. In section 5, we discuss the dynamics of the model

using the RGEs. We first study the radiative breaking of the B − L gauge symmetry via the

CW mechanism. Then we show that a small negative value of the mixing λmix(H†H)(Φ†Φ) is

radiatively generated by solving the RGEs. This triggers the EWSB. We then discuss the pre-

dictability of the model. We also show that the stability bound of the Higgs potential up to the

Planck scale is lowered than the SM prediction by a few GeV by the B − L gauge interaction.

Finally we conclude in section 6.
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We pay a special attention to the almost scale invariance of the SM. At the classical level, the

SM Lagrangian is conformal invariant except for the Higgs mass term. Bardeen has argued [10]

that once the classical conformal invariance and its minimal violation by quantum anomalies

are imposed on the SM, it may be free from the quadratic divergences. Bardeen’s argument

on the hierarchy problem is interpreted as follows [13]. In field theories, we have two kinds

of divergences, logarithmic and quadratic divergences. The logarithmic divergence is operative

both in the UV and the IR. In particular, it controls a running of coupling constants and is

observable. On the other hand, the quadratic divergence can be always removed by a subtrac-

tion. Once subtracted, it no longer appears in observable quantities. In this sense, it gives a

boundary condition of a quantity in the IR theory at the UV energy scale where the IR theory

is connected with a UV completion theory. Indeed, the RGE of a Higgs mass term m2 in the
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t −
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Yt is the top Yukawa coupling and g, gY are SU(2)L, U(1)Y gauge couplings. The quadratic

divergence is adjusted by a boundary condition either at the IR or UV scale. Once the initial

condition of the RGE is given at the UV scale, it is no longer operative in the IR. The RGE

shows that the mass term m2 is multiplicatively renormalized. If it is zero at a UV scale MUV ,

it continues to be zero at lower energy scales. In this sense, the quadratic divergence is not the

issue in the IR effective theory, but the issue of the UV completion theory.
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in the scalar potential. We furthermore assume, motivated by the 126 GeV Higgs, that the

Higgs potential is flat at the Planck scale. In section 5, we discuss the dynamics of the model

using the RGEs. We first study the radiative breaking of the B − L gauge symmetry via the

CW mechanism. Then we show that a small negative value of the mixing λmix(H†H)(Φ†Φ) is

radiatively generated by solving the RGEs. This triggers the EWSB. We then discuss the pre-

dictability of the model. We also show that the stability bound of the Higgs potential up to the

Planck scale is lowered than the SM prediction by a few GeV by the B − L gauge interaction.

Finally we conclude in section 6.
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that once the classical conformal invariance and its minimal violation by quantum anomalies

are imposed on the SM, it may be free from the quadratic divergences. Bardeen’s argument

on the hierarchy problem is interpreted as follows [13]. In field theories, we have two kinds

of divergences, logarithmic and quadratic divergences. The logarithmic divergence is operative

both in the UV and the IR. In particular, it controls a running of coupling constants and is

observable. On the other hand, the quadratic divergence can be always removed by a subtrac-

tion. Once subtracted, it no longer appears in observable quantities. In this sense, it gives a

boundary condition of a quantity in the IR theory at the UV energy scale where the IR theory

is connected with a UV completion theory. Indeed, the RGE of a Higgs mass term m2 in the
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condition of the RGE is given at the UV scale, it is no longer operative in the IR. The RGE
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•  Symmetry	  breaking	  by	  Coleman-‐Weinberg	  mechanism.	  

•  Since	  mH	  ＜	  10	  GeV	  in	  the	  SM,	  some	  extension	  is	  required.	  	  

•  CCI	  is	  broken	  by	  other	  sector	  and	  transmiQed	  to	  Higgs.	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (2)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、

A =

(
Rµν Φ
Φ† WL,R

µ

)
(3)

ボソン行列表示

a =

⎛

⎜⎝
a1 0 0
0 a2 0
0 0 a3

⎞

⎟⎠ , d =

⎛

⎜⎝
d M12 M13

M21 d M23

M31 M32 d

⎞

⎟⎠ , A =
∑

i

a†da =

⎛

⎜⎝
A Σ H

Σ A H

H† H† 0

⎞

⎟⎠

(4)

⎛

⎜⎜⎝

a1 a2 a3

a†1 A Σ H

a†2 Σ A H

a†3 H† H† 0

⎞

⎟⎟⎠, (5)

F = dA + A ∧ A ≃

⎛

⎜⎝
F + (Σ2 + MΣ − 1

5Σ2
0) DµΣ [Dµ + (Σ + 3M)]H

DµΣ F + (Σ2 + MΣ − 1
5Σ2

0) [Dµ + (Σ + 3M)]H
H†[Dµ + (Σ + 3M)] H†[Dµ + (Σ + 3M)] |H|2 − µ2

⎞

⎟⎠ ,

(6)
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Extended	  SM	  w/	  CCI	

•  There	  are	  several	  extensions	  of	  SM	  
– SM	  +	  singlet	  scalar,	  2HDM,	  LR	  model,	  etc….	  

• This	  study	  shows	  
– YMH	  model	  in	  NCG	  (NonCommutaAve	  Geometry)	  

	  	  	  	  	  ⇒	  	  	  	  SM	  w/	  CCI	  
– The	  possibility	  the	  hierarchy	  problem	  	  	  	  	  	  	  	  	  	  
is	  solved	  in	  the	  context	  of	  NCG.	  	  



2.	  Yang-‐Mills-‐Higgs	  model	  in	  	  
	  	  	  	  	  	  	  noncommutaAve	  geometry	



Yang-‐Mills-‐Higgs	  model	  in	  NCG	

The Higgs boson 

A Gauge boson 

=

between	  the	  noncommutaAve	  	  
discrete	  extra	  dimension	  	  

H(x)	

Aμ(x)	


Ex) M4×Z2 model	

Connes	  &	  LoQ,	  1990,	  250	  cited	  	  (Market	  size	  is	  so	  small	  !)	



The	  differenAal	  algebra	

•  Generalized	  derivaAve	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (2)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (3)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (4)

(5)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)
, (6)

d(fg) = (df)g + f(dg), チェックした、
d2 = 0 holds (under complicated algebra)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、

A =

(
Rµν Φ
Φ† WL,R

µ

)
(7)

ボソン行列表示
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Ex) M4×Z2 model (matrix	  rep)	

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

Wedge	  products	

M4	

y=+	

y=ー	

Z2
	

xμ	 (x+dx)μ	

xμ+dy	

K.	  Morita	  and	  Y.	  Okumura,	  PTP.	  91,	  975	  (1994),	  
Y.	  Okumura,	  PTP.	  96,	  1021	  (1996),	  	  

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (10)

(11)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)(
dy1 0
0 dy2

)
,

(12)

1



The	  differenAal	  algebra	

•  Generalized	  derivaAve	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (2)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (3)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (4)

(5)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)
, (6)

d(fg) = (df)g + f(dg), チェックした、
d2 = 0 holds (under complicated algebra)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、

A =

(
Rµν Φ
Φ† WL,R

µ

)
(7)
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Ex) M4×Z2 model (matrix	  rep)	

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
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非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑
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aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =

(
f+ 0
0 f−

)
, M =

(
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M † 0

)
, (10)
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“Difference”	  between	  two	  points	  	



Composite	  /	  elemental	  scheme	

•  Composite	  scheme	  (original)	  	  

•  Elemental	  scheme	

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟

⎠

, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/01/京大セミナー！
初期のノート ai分解より、最初から elementalを、dyに書き換え：

ただ、対応は付いている、Higgs potential のみにズレがある、かつ、
A ∧Aは同じなので、
違いは d5A5から来る、
• elementalのとき；

d5A5 = d5Φnmdym = [MnmΦml − ΦnlMlm]dym ∧ dyl, (2)

• compositeのとき：

d5A5 =
∑

i

d5a
i†
n d5a

i
n (3)

=
∑

i

(Mnmai†
m − ai†

n Mnm) (Mmla
i
l − ai

mMml)dym ∧ dyl

=
∑

m̸=n,l ̸=m

(MnmΦml + ΦnmMml + Xnml)dym ∧ dyl, (4)

where Xnml = MnmMml −
∑

i

a†inMnmMmlail, (5)

そう、理論の根本的な差異は、ここである；
そもそも、当初の理論は、Φの微分は反交換でプラスになるものだった、、
つまり、複合描像は、Higgs potentialの解釈のために必要なのであっ

て、ゲージ理論の構造、というと少し違う、
よって、dy2項は

dA + A ∧ A ∋ (MnmΦml − ΦnlMlm + ΦnmΦml)dym ∧ dyl (6)

= [MM − (M + Φ)(M − Φ)]dym ∧ dyl, (7)

だが、wedge積が対称なので、一部の indexだけ取り替える事は許される、
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Difference	  is	  in	  only	  d5A5∈F	  =	  dA	  +	  A∧A.	  
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The	  composite	  scheme	

•  Generalized	  derivaAve	  	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (10)

(11)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)
dy,

(12)

d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)

1
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Y.	  Okumura,	  PTP.	  96,	  1021	  (1996),	  	  

Higgs	  field	  w/	  vev	

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
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models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
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Anm(x) =
∑
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Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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∑
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∑
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aidbi, Φ(x) =
∑
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aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑
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i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)
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)
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d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (10)

(11)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)
dy,

(12)
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
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i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
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m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
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i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟

⎠

, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
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obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
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Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟

⎠

, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be
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′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
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In components,
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nµ = GnAnµG
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n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/12/KIASセミナー！

A =

⎛

⎜⎜⎜⎜⎜⎜⎝

A H 0 · · · H†

H† A H · · · 0
0 H† A · · · 0
...

...
... . . . ...

H 0 0 · · · A

⎞

⎟⎟⎟⎟⎟⎟⎠
, (2)

A = A + Φdy + ∆dz,

∋

⎛

⎜⎜⎜⎝

0 Φ 0 0
Φ† 0 0 0
0 0 0 Φ∗

0 0 ΦT 0

⎞

⎟⎟⎟⎠
dy +

⎛

⎜⎜⎜⎝

0 0 ∆L 0
0 0 0 ∆R

∆†
L 0 0 0

0 ∆†
R 0 0

⎞

⎟⎟⎟⎠
dz,

0.2 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (3)

A(x) =
∑

i

ai(x)dbi(x), (4)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (5)

1

H	


H	
H	


H	


H	


H	
 H	


If	  we	  constrain	  Higgs	  field	  only	  the	  nearest	  neighbor,	  	  
And	  N→∞,	  It	  result	  in	  a	  M4	  ×	  S1	  by	  (de) construction.	
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜
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⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...
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...

HN1dy1 HN2dy2 · · · AN
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, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (3)
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aiMbi − M, (5)

1

If	  we	  constrain	  Higgs	  field	  only	  the	  nearest	  neighbor,	  	  
And	  N→∞,	  It	  result	  in	  a	  M4	  ×	  S1	  by	  (de) construction.	  
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PLB517	  (2001)	  	



The	  elemental	  scheme	

•  Generalized	  derivaAve	  	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:
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and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.
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Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟
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, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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We impose the following Hermite condition to the connection, for the sake of the
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1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
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The	  gauge	  theory	  on	  M4×ZN	  	

•  Generalized	  derivaAve	  	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛
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⎜
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⎝
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, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.

3

K.	  Morita	  and	  Y.	  Okumura,	  PTP.	  91,	  975	  (1994),	  
Y.	  Okumura,	  PTP.	  96,	  1021	  (1996),	  	  

Only	  when	  M = 0, the	  elemental	  scheme	  goes	  well	  	
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2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

For these reasons, it seems to be more natural to regard the gauge and Higgs bosons as
elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟

⎠

, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.

3
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elemental fields, like several papers [41–44]. The elemental generalized connection A(x)
is introduced as

A(x) = AM(x)dxM = Aµ(x)dx
µ +H(x)dy = A(x) +H(x)dy. (5)

Henceforth, we often omit the argument x if there is no confusion. In the matrix forms,

A =

⎛

⎜

⎜

⎜

⎝

A1 H12dy2 · · · H1NdyN
H21dy1 A2 · · · H2NdyN

...
...

. . .
...

HN1dy1 HN2dy2 · · · AN

⎞

⎟

⎟

⎟

⎠

, (6)

or in components,

Anm(x) = Anµ(x)δnmdx
µ +Hnm(x)dym. (7)

Here, An is the kn × kn matrix-valued gauge bosons of some gauge groups G1
n × · · ·×Gr

n.
Then, the scalar filed Hnm is kn × km matrix.

The covariant exterior derivative is defined by

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (8)

and requiring D′G = GD with Gnm = Gn(x)δnm, the gauge transformation of A is found
to be

A
′ = GAG−1 − (dG)G−1 (9)

= (GAµdx
µ +GHdy − ∂µGdxµ)G−1 (10)

= A′
µdx

µ +H ′dy. (11)

In components,

A′
nµ = GnAnµG

−1
n − (∂µGn)G

−1
n , H ′

nm = GnkHklG
−1
lm . (12)

Then, Anµ(Hnm) transforms as a usual gauge (bi-fundamental scalar) field. The gauge
transformation of the fifth component becomes an incomplete form because d5 = 01. Note
that the gauge invariance does not forbid the mass term of Hnm.

We impose the following Hermite condition to the connection, for the sake of the
Hermiticity of the Lagrangian,

A
† = −A, ⇒ A†

nµ = −Anµ, H†
nm = −Hmn. (13)

1Perhaps one might suspect that the fifth gauge boson does not associate with the fifth derivative
operator. However, it might be interpreted as some kind of remnant zero mode, which usually occur in
a theory with normal extra dimension.
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Just	  bi-‐fundamental	  scalars	  !!	

K.	  Morita	  and	  Y.	  Okumura,	  PTP.	  91,	  975	  (1994),	  
Y.	  Okumura,	  PTP.	  96,	  1021	  (1996),	  	  

2 Generalized gauge theory with ordinary exterior

derivative in M 4 × ZN

Here, we define several definitions and main formalization in the generalized gauge theory
with ordinary exterior derivative. The following construction of theory is basically based
on the formalization by Morita and Okumura [34].

In the N -sheeted Minkowski space M4 ×ZN , the coordinates are denoted by (xµ, n =
1−N). In this setup, the exterior derivative is enlarged as d = d+ d5 as follows:

df ≡ df + d5f ≡ ∂µfdx
µ + [M, f ]dy, (1)

where f is an arbitrary matrices f = fnm. The differential form dy is dependent to
n: dy = Diag(dy1, dy2, · · · , dyN). Basically, “zero (one)-form” of dy is represented by
diagonal (off-diagonal) matrix f = fnδnm (f = fnm, fnn = 0). M †

nm = Mmn with Mnn = 0
is the matrix corresponds to the typical scales of the discrete spaces and determines the
pattern of the symmetry breakings. Since Mnm are arbitrary parameters, the formulation
still works when Mnm = 0. In this case, the Higgs boson has no vevs at tree level, as
shown later. From now on, M = 0 and d = d is assumed. Then the nilpotency of d is
obvious.

As the wedge products of differential dxµ and dyn [34],

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dyn = −dyn ∧ dxµ, dym ∧ dyn ̸= dyn ∧ dym ̸= 0, (2)

are assumed. This dyn does not have the noncommutative property, dynfnm = fnmdyn,
because the noncommutative differential algebra is undertaken by the matrix algebra,
such as in many papers [5, 34].

In the original paper by Connes and Lott [4], and its successors [5,6,8] treat the gauge
and Higgs bosons as some kind of composite fields. In this picture, a gauge (Higgs) field
consists of “constituent fields” ain(x), b

i
n(x):

Anm(x) =
∑

i

ain(x)dnmb
i
m(x) ≡ An(x)δnm + Φnm(x)dy, (3)

An(x) =
∑

i

ain(x)db
i
n(x), Φnm(x) =

∑

i

ain(x)Mnmb
i
m(x)−Mnm. (4)

Although this formulation is conceptually interesting, the detailed dynamics of the binding
mechanism in Eqs. (3) and (4) is not specified. Indeed, this kind of composite theory has
been explored in the induced gauge theory [35–37], preon models [38–40], composite Higgs
models [17–20], and so on. However, it is highly nontrivial whether the system of the gauge
and Higgs bosons (3) and (4) is phenomenologically viable. Additionally, as we can be
seen from Eq. (4), the scalar field Φ(x) vanishes Φ(x) → 0, in the limit of Mnm → 0.
Then, we can not write down a theory of the scalar fields without vevs in this composite
scheme.

2

Only	  when	  M = 0, the	  elemental	  scheme	  goes	  well	  	



The	  gauge	  theory	  on	  M4×ZN	  	

The	  field	  strength	

The field-strength two-form F is defined as a usual form:

F = dA+A ∧A = (dA+ dHdy) + (A+Hdy) ∧ (A+Hdy) (14)

= dA+ A ∧ A+ (∂µH + AµH −HAµ) dx
µ ∧ dy +Hdy ∧Hdy, (15)

or, in components,

Fnm = (dAn + An ∧ An)δnm + (∂µHnm + AnµHnm −HnmAmµ) dx
µ ∧ dym +HnlHlmdyl ∧ dym.

It should be emphasized that we can not interpret finite Mnm as vevs of the Higgs
scalars, in the elemental scheme with the matrix formalization. The reason is as follows.
When we calculate the extended curvature F with finite Mnm, Higgs interaction terms
proportional to dyl ∧ dym are found to be

Fnm ∋ (MnlHlm −HnlMlm +HnlHlm) dyl ∧ dym (16)

= [MnlMlm − (M +H)nl(M −H)lm] dyl ∧ dym. (17)

Since this curvature is not written in only (M +H)nm, we can not identify (M +H)nm ≡
Φnm as the Higgs fields with vevs, like in the composite scheme.

In order to build the gauge-invariant Lagrangian, the inner products of two-forms are
calculated to be2 [34]

⟨dxµ ∧ dxν , dxρ ∧ dxσ⟩ = gµρgνσ − gµσgνρ, (18)

⟨dxµ ∧ dyn, dx
ν ∧ dym⟩ = −α2δnmg

µν , (19)

⟨dyn ∧ dym, dyl ∧ dyk⟩ = α4δnlδmk, (20)

while other products between the basis two-forms to be vanish.
Summarizing these results, the bosonic Lagrangian is described as

LB = −Tr⟨F †, SF ⟩ = −
∑

n,m

⟨F †
nm, SnFnm⟩, (21)

where S = diag(g−2
1 E1, g

−2
2 E2, · · · g−2

N EN ), gn and En is the gauge coupling and the unit
matrix of the nth gauge fields An. Tr denotes the trace over both external linear space
with n,m = 1−N and internal gauge space. In components,

LB =
∑

n

1

g2n
tr

[

−
1

2
F †
nµνF

µν
n + α2

∑

m

|DµHnm|2 − α4
∑

l

|HnlHlm|2
]

, (22)

where Fnµν = (∂µAn ν − ∂νAnµ + [Anµ, An ν ]) , and tr denotes the trace over internal gauge
spaces. By rescaling the boson fields

Anµ → ignAnµ, Hnm →
gngm

α
√

g2n + g2m
iHnm (n < m), (23)

2In Eq. (20), the second δnkδml term vanishes because dyn ∧ dym ̸= dym ∧ dyn is assumed in Eq. (2).
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2In Eq. (20), the second δnkδml term vanishes because dyn ∧ dym ̸= dym ∧ dyn is assumed in Eq. (2).
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or, in components,
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It should be emphasized that we can not interpret finite Mnm as vevs of the Higgs
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where S = diag(g−2
1 E1, g

−2
2 E2, · · · g−2

N EN ), gn and En is the gauge coupling and the unit
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spaces. By rescaling the boson fields
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2In Eq. (20), the second δnkδml term vanishes because dyn ∧ dym ̸= dym ∧ dyn is assumed in Eq. (2).
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The	  gauge	  theory	  on	  M4×ZN	  	

The	  field	  strength	

I study this system, because it is elegant！ 
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The	  fermionic	  sector	  	

Constructed	  from	  the	  generalized	  covariant	  derivaAve	

we obtain the final Lagrangian with canonical kinetic terms and the following self inter-
action term:

V (H) =
∑

n,m,l

g4l (g
2
n + g2m)

(g2n + g2l )(g
2
l + g2m)

|HnlHlm|2. (24)

Then, in this scheme, the self couplings of the Higgs scalars are comparable to square of
the gauge couplings.

The fermionic Lagrangian is also constructed from the generalized connection. The
Dirac operator in this space is produced by replacing the basis forms dxM in the covariant
derivative (8) to the gamma matrices ΓM :3

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (25)

D/ = DMΓM = (∂µ + Anµ)γ
µ +Hiγ5, (26)

where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector

Ψ = (ψ1,ψ2, · · · ,ψN)
T , Ψ̄ = (ψ̄1, ψ̄2, · · · , ψ̄N), (27)

and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,

A = Aµndx
µ +Hnmdy =

(

A1 H12dy2
H21dy1 A2

)

, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector

Ψ = (ψ1,ψ2, · · · ,ψN)
T , Ψ̄ = (ψ̄1, ψ̄2, · · · , ψ̄N), (27)

and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,

A = Aµndx
µ +Hnmdy =

(

A1 H12dy2
H21dy1 A2

)

, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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g4l (g
2
n + g2m)
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l + g2m)

|HnlHlm|2. (24)

Then, in this scheme, the self couplings of the Higgs scalars are comparable to square of
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D = d+A = (∂µ + Anµ)dx
µ +Hdy, (25)
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where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector
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LF = Ψ̄iD/Ψ =
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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F = dA+A ∧A =
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F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).

5

we obtain the final Lagrangian with canonical kinetic terms and the following self inter-
action term:

V (H) =
∑

n,m,l

g4l (g
2
n + g2m)

(g2n + g2l )(g
2
l + g2m)

|HnlHlm|2. (24)
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).

5

we obtain the final Lagrangian with canonical kinetic terms and the following self inter-
action term:

V (H) =
∑

n,m,l

g4l (g
2
n + g2m)

(g2n + g2l )(g
2
l + g2m)

|HnlHlm|2. (24)

Then, in this scheme, the self couplings of the Higgs scalars are comparable to square of
the gauge couplings.

The fermionic Lagrangian is also constructed from the generalized connection. The
Dirac operator in this space is produced by replacing the basis forms dxM in the covariant
derivative (8) to the gamma matrices ΓM :3

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (25)

D/ = DMΓM = (∂µ + Anµ)γ
µ +Hiγ5, (26)

where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector

Ψ = (ψ1,ψ2, · · · ,ψN)
T , Ψ̄ = (ψ̄1, ψ̄2, · · · , ψ̄N), (27)

and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,

A = Aµndx
µ +Hnmdy =

(

A1 H12dy2
H21dy1 A2

)

, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The	  fermionic	  Lagrangian	  	

In	  the	  original	  context	  by	  Connes,	  	  
Yukawa	  interacAons	  are	  introduced	  by hand 

F = dA + A ∧ A =

(
FL + HH† dyR ∧ dyL DµH dxµ ∧ dyR

DµH† dxµ ∧ dyL FR + H†H dyL ∧ dyR

)
,

(10)

⟨dy, dy⟩ = 0 (11)

ラグランジアン

LB = −tr⟨F †, SF ⟩ = − 1
4
F a

µνF
aµν − 1

4
BµνB

µν − 1
4
Gα

µνG
αµν

+ tr (DµH)†(DµH) − λ tr|H†H|2, (12)

λ ∼ g2

dy → Yu,d,edy

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (13)

(14)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)(
dy1 0
0 dy2

)
,

(15)

この dy, 一般の行列でも良くない！！！？　面
白そうじゃない？？？ flavorが、出そうじゃな
い！！？？？
多分、Dirac Lagrangianは dyに対して１次なので、上手く出来ない、

作れない、仮定＝結論みたいな話、connesのように手で入れたのと大差
ない、
２次であれば、上手くいくかも知れない、すると、やはり微分と接続を

半分に割らないといけない、
もし上手くいったら、あの論文をwithdrawするというより、あの論文

の上に載せよう、
d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)

2

 y = √λ ~ g,	  (not	  bad	  for	  3rd	  generaAons	  ?)	  	
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The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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derivative (8) to the gamma matrices ΓM :3

D = d+A = (∂µ + Anµ)dx
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D/ = DMΓM = (∂µ + Anµ)γ
µ +Hiγ5, (26)

where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector
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and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,
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µ +Hnmdy =
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H21dy1 A2
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, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as
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)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The	  fermion	  fields	

The	  fermionic	  Lagrangian	  	

In	  the	  original	  context	  by	  Connes,	  	  
Yukawa	  interacAons	  are	  introduced	  by hand 

F = dA + A ∧ A =

(
FL + HH† dyR ∧ dyL DµH dxµ ∧ dyR

DµH† dxµ ∧ dyL FR + H†H dyL ∧ dyR

)
,

(10)

⟨dy, dy⟩ = 0 (11)

ラグランジアン

LB = −tr⟨F †, SF ⟩ = − 1
4
F a

µνF
aµν − 1

4
BµνB

µν − 1
4
Gα

µνG
αµν

+ tr (DµH)†(DµH) − λ tr|H†H|2, (12)

λ ∼ g2

dy → Yu,d,edy

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (13)

(14)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)(
dy1 0
0 dy2

)
,

(15)

この dy, 一般の行列でも良くない！！！？　面
白そうじゃない？？？ flavorが、出そうじゃな
い！！？？？
多分、Dirac Lagrangianは dyに対して１次なので、上手く出来ない、

作れない、仮定＝結論みたいな話、connesのように手で入れたのと大差
ない、
２次であれば、上手くいくかも知れない、すると、やはり微分と接続を

半分に割らないといけない、
もし上手くいったら、あの論文をwithdrawするというより、あの論文

の上に載せよう、
d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)

2

 y = √λ ~ g,	  (not	  bad	  for	  3rd	  generaAons	  ?)	  	

This	  is	  the	  basic	  formalizaJon	  of	  the	  YMH	  model	  in	  NCG.	
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RenormalizaAon	  Group	  EquaAon	  analysis	
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Turn	  back	  the	  scale	

with tH = log(mH/mZ).
The top quark mass has a considerable effect on the Higgs boson mass through Eq.(3.15). The top

quark mass mtop reported in a review regarding work on the top quark [10] is given as

mtop = 175 ± 6GeV. (3.19)

We investigated the Higgs boson mass by varying the top quark mass in the range of Eq.(3.19). Table 1.
shows the physical Higgs boson mass versus the top quark mass. Compared with the one loop analysis
of the Higgs boson mass in Ref. [8], two loop effects lower the numerical values by around 6GeV because,
for example, mH = 164.01GeV for mtop = 175GeV in the one loop analysis. This difference seems crucial
since a Higgs boson with mass below 160GeV could not decay into W+W− and also experiments designed
to search for the Higgs boson depend greatly upon the present analysis. It should be noted that owing to
the unitarity requirement, mtop cannot exceed 190GeV because λ would become minus at a much higher
value of t in such a case.

It is interesting to investigate the running of the gauge and Higgs quartic coupling constants, because
these coupling constants are unified at a point t0 as shown in Eq.(3.16). FIG. 1 displays the running of
the three coupling constants.

Table 1. Higgs boson mass versus top quark mass.

top quark (GeV) Higgs boson (GeV)
169.34 150.25
170.39 151.50
171.74 153.40
172.68 154.76
173.63 156.12
174.34 157.14
175.04 158.18
176.44 160.24
177.37 161.61
178.29 163.00
179.65 165.07
180.34 166.12
181.02 167.15
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 α 2–1

 1/4α H–1

mtop=175.04GeV

t=log( µ/mZ)

Fig. 1: The running of the three coupling constants.

4 Conclusion

In this paper, we have determined the Higgs boson mass by numerically solving the renomalization group
equations with the relation between coupling constants Eq.(3.8). It is introduced in the reconstruction
of the standard model based on our new scheme of NCG [5]. We assumed that Eq.(3.8) holds at a
renormalization point t0. However, this leads to an interesting result that the weak, electromagnetic
and Higgs quartic coupling constants become equal at t0 as shown Fig.1. In the case of ttop = 175.04,
t0 = 26.635 which amounts to µ = 3.37 × 1013GeV.

We obtain 150.25 ≤ mH ≤ 167.15 in the range of top quark mass 169.34 ≤ mtop ≤ 181.02. We hope
that this result will be useful for experiments searching for the Higgs boson.

References

[1] A. Connes, p.9 in The Interface of Mathematics and Particle Physics, ed. D. G. Quillen, G. B. Segal,
and Tsou. S. T., Clarendon Press, Oxford, 1990. See also, Alain Connes and J. Lott, Nucl. Phys. B

(Proc. Suppl.) 18B, 57 (1990).

[2] References in J. Madore and J. Mourad, hep-th/9601169.

6

•  We	  can	  search	  unificaAon	  scale	  from 	  	  
observed	  parameter	  (gi, mZ,W,t)	  and	  SM	  RGEs	

RenormalizaAon	  Group	  EquaAon	  analysis	
Y.	  Okumura,	  hep-‐ph/9707350	  	  



Turn	  back	  the	  scale	

with tH = log(mH/mZ).
The top quark mass has a considerable effect on the Higgs boson mass through Eq.(3.15). The top

quark mass mtop reported in a review regarding work on the top quark [10] is given as

mtop = 175 ± 6GeV. (3.19)

We investigated the Higgs boson mass by varying the top quark mass in the range of Eq.(3.19). Table 1.
shows the physical Higgs boson mass versus the top quark mass. Compared with the one loop analysis
of the Higgs boson mass in Ref. [8], two loop effects lower the numerical values by around 6GeV because,
for example, mH = 164.01GeV for mtop = 175GeV in the one loop analysis. This difference seems crucial
since a Higgs boson with mass below 160GeV could not decay into W+W− and also experiments designed
to search for the Higgs boson depend greatly upon the present analysis. It should be noted that owing to
the unitarity requirement, mtop cannot exceed 190GeV because λ would become minus at a much higher
value of t in such a case.

It is interesting to investigate the running of the gauge and Higgs quartic coupling constants, because
these coupling constants are unified at a point t0 as shown in Eq.(3.16). FIG. 1 displays the running of
the three coupling constants.

Table 1. Higgs boson mass versus top quark mass.

top quark (GeV) Higgs boson (GeV)
169.34 150.25
170.39 151.50
171.74 153.40
172.68 154.76
173.63 156.12
174.34 157.14
175.04 158.18
176.44 160.24
177.37 161.61
178.29 163.00
179.65 165.07
180.34 166.12
181.02 167.15

0 10 20 30

20

40

60

 α 1–1

 α 2–1

 1/4α H–1

mtop=175.04GeV

t=log( µ/mZ)

Fig. 1: The running of the three coupling constants.

4 Conclusion

In this paper, we have determined the Higgs boson mass by numerically solving the renomalization group
equations with the relation between coupling constants Eq.(3.8). It is introduced in the reconstruction
of the standard model based on our new scheme of NCG [5]. We assumed that Eq.(3.8) holds at a
renormalization point t0. However, this leads to an interesting result that the weak, electromagnetic
and Higgs quartic coupling constants become equal at t0 as shown Fig.1. In the case of ttop = 175.04,
t0 = 26.635 which amounts to µ = 3.37 × 1013GeV.

We obtain 150.25 ≤ mH ≤ 167.15 in the range of top quark mass 169.34 ≤ mtop ≤ 181.02. We hope
that this result will be useful for experiments searching for the Higgs boson.

References

[1] A. Connes, p.9 in The Interface of Mathematics and Particle Physics, ed. D. G. Quillen, G. B. Segal,
and Tsou. S. T., Clarendon Press, Oxford, 1990. See also, Alain Connes and J. Lott, Nucl. Phys. B

(Proc. Suppl.) 18B, 57 (1990).

[2] References in J. Madore and J. Mourad, hep-th/9601169.

6

with tH = log(mH/mZ).
The top quark mass has a considerable effect on the Higgs boson mass through Eq.(3.15). The top

quark mass mtop reported in a review regarding work on the top quark [10] is given as

mtop = 175 ± 6GeV. (3.19)

We investigated the Higgs boson mass by varying the top quark mass in the range of Eq.(3.19). Table 1.
shows the physical Higgs boson mass versus the top quark mass. Compared with the one loop analysis
of the Higgs boson mass in Ref. [8], two loop effects lower the numerical values by around 6GeV because,
for example, mH = 164.01GeV for mtop = 175GeV in the one loop analysis. This difference seems crucial
since a Higgs boson with mass below 160GeV could not decay into W+W− and also experiments designed
to search for the Higgs boson depend greatly upon the present analysis. It should be noted that owing to
the unitarity requirement, mtop cannot exceed 190GeV because λ would become minus at a much higher
value of t in such a case.

It is interesting to investigate the running of the gauge and Higgs quartic coupling constants, because
these coupling constants are unified at a point t0 as shown in Eq.(3.16). FIG. 1 displays the running of
the three coupling constants.

Table 1. Higgs boson mass versus top quark mass.

top quark (GeV) Higgs boson (GeV)
169.34 150.25
170.39 151.50
171.74 153.40
172.68 154.76
173.63 156.12
174.34 157.14
175.04 158.18
176.44 160.24
177.37 161.61
178.29 163.00
179.65 165.07
180.34 166.12
181.02 167.15

0 10 20 30

20

40

60

 α 1–1

 α 2–1

 1/4α H–1

mtop=175.04GeV

t=log( µ/mZ)

Fig. 1: The running of the three coupling constants.

4 Conclusion

In this paper, we have determined the Higgs boson mass by numerically solving the renomalization group
equations with the relation between coupling constants Eq.(3.8). It is introduced in the reconstruction
of the standard model based on our new scheme of NCG [5]. We assumed that Eq.(3.8) holds at a
renormalization point t0. However, this leads to an interesting result that the weak, electromagnetic
and Higgs quartic coupling constants become equal at t0 as shown Fig.1. In the case of ttop = 175.04,
t0 = 26.635 which amounts to µ = 3.37 × 1013GeV.

We obtain 150.25 ≤ mH ≤ 167.15 in the range of top quark mass 169.34 ≤ mtop ≤ 181.02. We hope
that this result will be useful for experiments searching for the Higgs boson.

References

[1] A. Connes, p.9 in The Interface of Mathematics and Particle Physics, ed. D. G. Quillen, G. B. Segal,
and Tsou. S. T., Clarendon Press, Oxford, 1990. See also, Alain Connes and J. Lott, Nucl. Phys. B

(Proc. Suppl.) 18B, 57 (1990).

[2] References in J. Madore and J. Mourad, hep-th/9601169.

6

ar
X

iv
:h

ep
-p

h/
97

07
35

0v
1 

 1
5 

Ju
l 1

99
7

An estimation of the Higgs boson mass in the two loop

approximation in a noncommutative differential geometry
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Abstract

In the two loop approximation, a renormalization group analysis of the Higgs boson mass is
performed based on the condition g2 = (5/3)g′2 = 4λ for SU(2)L, U(1)Y gauge and the Higgs
quartic coupling constants, respectively. This condition is introduced in the new scheme of our
noncommutative differential geometry (NCG) for the reconstruction of the standard model. However,
contrary to SU(5) GUT without supersymmetry, the grand unification of coupling constants is not
realized in this scheme. The physical mass of the Higgs boson depends strongly on the top quark
mass mtop through the Yukawa coupling of the top quark in the β functions. The two loop effect
lowers the numerical value calculated within the one loop approximation by several GeV. The Higgs
boson mass varies from 150.25GeV to 167.15GeV corresponding to 169.34GeV ≤ mtop ≤ 181.02GeV.
We find mH = 158.18GeV for mtop = 175.04GeV and mH = 166.12GeV for mtop = 180.34GeV.

1 Introduction

The Higgs mechanism is essential for any spontaneously broken gauge theory. Its presence ensures the
renormalizability of the theory and makes the theory realistic by giving masses to particles, such as gauge
and matter fields, through the vacuum expectation value of the Higgs boson field. The standard model in
particle physics also involves the Higgs mechanism and shows remarkable agreement with existing data.
After the discovery of the top quark in 1994, the only undetected particle in the standard model is the
Higgs boson. Now, studies concerning the Higgs boson search are being conducted in both theoretical
and experimental settings and it is expected that the Higgs boson will be discovered within a decade in
future experiments at Fermi-Lab and CERN.

Many models (most notably, the technicolor model, the Kaluza-Klein model and recently the approach
based on noncommutative differential geometry (NCG) on the discrete) have been constructed for the
purpose of understanding the Higgs mechanism. Among these, the NCG approach, originally proposed
by Connes [1], provides a unified picture of gauge and Higgs fields as a generalized connection on the
principal bundle with the base space M4 × Z

N
. It should be noted that the NCG approach does not

demand any physical modes other than the usual one.
Many versions of the NCG approach have appeared since Connes’s original presentation, and the

standard model has been successfully reconstructed using these approaches. The characteristic feature of
the reconstruction of the gauge theory in the NCG approach is to impose restrictions on the gauge and
the Higgs quartic coupling constants. This is because the gauge and Higgs fields are represented together
as a generalized gauge field. These restrictions yield numerical estimates of the Weinberg angle and mass
relations involving the gauge boson and other particles, such as the Higgs boson and top quark in tree
level. Several works have appeared [6, 7, 8] estimating the quantum effects of these relations by assuming
them to hold at some renormalization point.

The present author has also proposed an unique formulation based on a NCG [3, 5]. Our formulation
using a NCG employs a generalization of the usual differential geometry on an ordinary manifold to the
discrete manifold M4×Z

N
. The reconstruction of SO(10) GUT and the left-right symmetric gauge model

∗e-mail address: okum@isc.chubu.ac.jp
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However,	  5	  dimensional	  quantum	  correcJon	  is	  not	  discussed!	  
(perhaps	  they	  somewhat	  gave	  up	  the	  5	  dim.	  picture.)	
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The new field � and the Higgs mass

Spectral action requires a unique unification scale. With ⇤ = 1017GeV, the
running of the Higgs quartic selfcoupling �H under the big desert hypothesis yields

mH ' 170 GeV.

A new scalar field � - that lives at high energy and gives mass to the neutrinos -
has been introduced by phenomenologists† to solve some instability due to the
low mass of the Higgs (radiative corrections may drive �H negative and
destabilize the electroweak vacuum):

V (H, �) =
1

4
(�HH4 + ���4 + 2�H�H2�2).

As a bonus, it pulls mH back to 126 GeV.
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ReconstrucAon	  of	  SM	

CAUTION	  :	  The	  following	  construcAon	  
contains	  many	  by hand	  procedure.	  	  

	  
(However,	  there	  are	  not	  much	  difference	  from	  the	  original	  one.)	

Here,	  we	  consider	  only	  one	  generaJon	  for	  simplicity.	



ReconstrucAon	  of	  SM	
•  The	  extended	  connecAon	  on	  M4 × Z2	

Gauge	  trf.	

where	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

A′ =

(
GL 0
0 GR

)(
AL HdyR

H†dyL AR

)(
G−1

L 0
0 G−1

R

)
+

(
dGL · G−1

L 0
0 dGR · G−1

R

)

1

H	

SU(2)×U(1)B-L	 U(1)B-L+	

SU(3)	 SU(3)	

2IR
3	

qL, lL	 qR, lR	

=	

where Fn = dAn + An ∧ An and DµHnm = ∂µHnm + AnHnm − HnmAm.
With the rescaling (23), the Lagrangian with canonical kinetic terms is found to be

LB = −Tr⟨F †, SF ⟩ (32)

= −1

2
trF1µνF

µν
1 − 1

2
trF2µνF

µν
2 + tr[|DµH|2 − λ|H†H|2], (33)

where we rename H12 → H. The self coupling of the Higgs boson is λ = g2
1g

2
2/(g

2
1 + g2

2).

3 Reconstruction of the standard model without mass
scale

In this section we proceed to the reconstruction of the SM without mass scale in the non-
commutative geometry. For simplicity, we consider only one generation and omit internal
flavor space. The introduction of the Yukawa interaction is found in many literatures,
such as in Ref. [8, 22]. The internal gauge space is assumed to be eight dimension. The
identity matrix is represented

18 = 12 ⊗ 14, (34)

where 1n is the identity matrix of the n dimensional space. Each subspaces are correspond
to those of SU(2)L,R and SU(3)c × U(1)B−L respectively.

In this space, the elemental extended connection is defined in 2× 8 = 16 dimensional
space (we rename the index of the discrete space (1, 2) → (L, R)):

A(x) = Aµ(x)dxµ + A5(x)dy =

(
AL HdyR

H†dyL AR

)
. (35)

Here,

AL µ(x) = − i

2
σaAa

µ(x) ⊗ 14 −
i

2
YLBµ(x) − i

2
12 ⊗ λ′αGα

µ(x), (36)

AR µ(x) = − i

2
YRBµ(x) − i

2
12 ⊗ λ′αGα

µ(x), (37)

where σa are the Pauli matrices with a = 1 − 3 and λ′α are the generator of SU(3) with
α = 1 − 8, which is embedded in the 4 × 4 representation space as follows:

λ′α =

⎛

⎜⎜⎝

0
λα 0

0
0 0 0 0

⎞

⎟⎟⎠ . (38)
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The	  property	  of	  the	  Higgs	

•  Gauge	  trf.	  of	  Higgs	

Here, λα is the Gell-Mann matrices which satisfies tr[λαλβ] = 2δαβ. The hypercharges
YL,R are

YL = (
1

3
,
1

3
,
1

3
,−1,

1

3
,
1

3
,
1

3
,−1), (39)

YR = (
4

3
,
4

3
,
4

3
, 0,−

2

3
,−

2

3
,−

2

3
,−2). (40)

The gauge transformation matrix G = diag(GL, GR) is represented by

GL = exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα], (41)

GR = exp[iYRβ] · exp[i12 ⊗ λ′αγα], (42)

where γα,αa, β, are gauge transformation function of the SM gauge groups SU(3)c ×
SU(2)L×U(1)Y respectively. From Eqs. (41) and (42), the gauge transformation property
of H is determined

H ′ = GLHG−1
R (43)

= exp[iσaαa ⊗ 14] exp[i12 ⊗ λ′αγα] H exp[−i12 ⊗ λ′αγα] exp[−iσ3β ⊗ 14]. (44)

Then, generallyH transforms as (1+ 8, 2,±1/2) representation under the gauge groups of
the SM. This Higgs model inspired NCG (including the original composite scheme) allow
a color-octet Higgs scalar. Phenomenologically it is interesting possibility and several
author discussing on such scalar bosons [46, 47], we exclude this alternative.

Imposing the following constraint,

H = h⊗ 14, (45)

with a 2× 2 matrix h, the gauge transformation of the Higgs boson becomes

H ′ = G1HG−1
2 = exp[iσaαa ⊗ 14]H exp[−iσ3β ⊗ 14]. (46)

Then we assign

H =

(

H0
u H+

d

H−
u H0

d

)

⊗ 14 ≡ (Hu, Hd)⊗ 14. (47)

Therefore, it leads to some restricted class of the two Higgs doublet models (2HDM) [48].
If we impose an additional constraint Hu = H̃d, where H̃ = iσ2H∗, it result in the SM
which has only one Higgs doublet.

When the connection An is a direct sum of multiple gauge bosons like (36), (37), there
are several methods to assign the different gauge couplings. Here, we assume the gauge
coupling matrix S is dependent to the internal space as follows:

S = diag(SL, SR), (48)

SL,R = 12 ⊗ (
1

3
aL,R,

1

3
aL,R,

1

3
aL,R, bL,R). (49)
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ReconstrucAon	  of	  SM	

•  The	  bosonic	  Lagrangian	  
F = dA + A ∧ A =

(
FL + HH† dyR ∧ dyL DµH dxµ ∧ dyR

DµH† dxµ ∧ dyL FR + H†H dyL ∧ dyR

)
,

(10)

⟨dy, dy⟩ = 0 (11)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (12)

(13)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)(
dy1 0
0 dy2

)
,

(14)

この dy, 一般の行列でも良くない！！！？　面
白そうじゃない？？？ flavorが、出そうじゃな
い！！？？？
多分、Dirac Lagrangianは dyに対して１次なので、上手く出来ない、

作れない、仮定＝結論みたいな話、connesのように手で入れたのと大差
ない、
２次であれば、上手くいくかも知れない、すると、やはり微分と接続を

半分に割らないといけない、
もし上手くいったら、あの論文をwithdrawするというより、あの論文

の上に載せよう、
d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

Graviweak、これ、浅すぎる、やめよう、、、

A =
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f =

(
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0 f−

)
, M =

(
0 M

M † 0
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)(
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この dy, 一般の行列でも良くない！！！？　面
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多分、Dirac Lagrangianは dyに対して１次なので、上手く出来ない、

作れない、仮定＝結論みたいな話、connesのように手で入れたのと大差
ない、
２次であれば、上手くいくかも知れない、すると、やはり微分と接続を

半分に割らないといけない、
もし上手くいったら、あの論文をwithdrawするというより、あの論文

の上に載せよう、
d(fg) = (df)g + f(dg), チェックした、
d2 = 0, holds (under complicated algebra)

0.2 15/06/阪大セミナー！
If xµxµ = 0,

2

The	  gauge	  couplings	  S	  is	  chosen	  as	  commutaAve	  to	  SU(3)×SU(2)×U(1)	

From the Lagrangian (21) with rescaling of the connections, the bosonic Lagrangian is
calculated as

LB =−
1

4
F a
µνF

aµν −
1

4
BµνB

µν −
1

4
Gα

µνG
αµν

+ tr (DµH)†(DµH)− λ tr|H†H|2, (50)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gϵabcAb

µA
c
ν , (51)

Bµν = ∂µBν − ∂νBµ, (52)

Ga
µν = ∂µG

α
ν − ∂νG

α
µ + gcf

αβγGβ
µG

γ
ν , (53)

DµH = ∂µ −
i

2
gσaAa

µH −
i

2
Hg′σ3Bµ. (54)

Here, the gauge couplings are found to be

1

g2
= aL + bL,

1

g′2
=

1

9
aL + bL +

10

9
aR + 2bR,

1

g2c
= 2(aL + aR), (55)

and the Higgs self coupling is

1

λ
= aL + bL + aR + bR. (56)

These couplings are not independent and the following formula holds,

4

9

1

g2c
+

1

g2
+

1

g′2
=

2

λ
. (57)

In principle, we can break this relation taking the gauge coupling matrix SR = (xR, yR)⊗
(1
3
aR13, bR). Indeed this is the most general form of SR which commutes with AR. In any

case, the size of the Higgs self coupling is roughly equal to square of the gauge couplings,
λ ∼ g2.

The Higgs potential is found to be

V (Hu, Hd) = λ|H†H| = λTr

(

H†
uHu H†

uHd

H†
dHu H†

dHd

)(

H†
uHu H†

uHd

H†
dHu H†

dHd

)

= λ(|H†
uHu|2 + 2|H†

uHd|2 + |H†
dHd|2). (58)

This is rather restricted form of the general potential of the 2HDM.

3.1 The fermionic sector

The construction of the Dirac Lagrangian is achieved by the discussion along Eqs. (25)-
(28). In this space, the SM fermions are assigned as

ψ(x, L) =

⎛

⎜

⎜

⎝

uL

νL
dL
eL

⎞

⎟

⎟

⎠

, ψ(x,R) =

⎛

⎜

⎜

⎝

uR

0
dR
eR

⎞

⎟

⎟

⎠

. (59)
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Here, λα is the Gell-Mann matrices which satisfies tr[λαλβ] = 2δαβ. The hypercharges
YL,R are

YL = (
1

3
,
1

3
,
1

3
,−1,

1

3
,
1

3
,
1

3
,−1), (39)

YR = (
4

3
,
4

3
,
4

3
, 0,−

2

3
,−

2

3
,−

2

3
,−2). (40)

The gauge transformation matrix G = diag(GL, GR) is represented by

GL = exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα], (41)

GR = exp[iYRβ] · exp[i12 ⊗ λ′αγα], (42)

where γα,αa, β, are gauge transformation function of the SM gauge groups SU(3)c ×
SU(2)L×U(1)Y respectively. From Eqs. (41) and (42), the gauge transformation property
of H is determined

H ′ = GLHG−1
R (43)

= exp[iσaαa ⊗ 14] exp[i12 ⊗ λ′αγα] H exp[−i12 ⊗ λ′αγα] exp[−iσ3β ⊗ 14]. (44)

Then, generallyH transforms as (1+ 8, 2,±1/2) representation under the gauge groups of
the SM. This Higgs model inspired NCG (including the original composite scheme) allow
a color-octet Higgs scalar. Phenomenologically it is interesting possibility and several
author discussing on such scalar bosons [46, 47], we exclude this alternative.

Imposing the following constraint,

H = h⊗ 14, (45)

with a 2× 2 matrix h, the gauge transformation of the Higgs boson becomes

H ′ = G1HG−1
2 = exp[iσaαa ⊗ 14]H exp[−iσ3β ⊗ 14]. (46)

Then we assign

H =

(

H0
u H+

d

H−
u H0

d

)

⊗ 14 ≡ (Hu, Hd)⊗ 14. (47)

Therefore, it leads to some restricted class of the two Higgs doublet models (2HDM) [48].
If we impose an additional constraint Hu = H̃d, where H̃ = iσ2H∗, it result in the SM
which has only one Higgs doublet.

When the connection An is a direct sum of multiple gauge bosons like (36), (37), there
are several methods to assign the different gauge couplings. Here, we assume the gauge
coupling matrix S is dependent to the internal space as follows:

S = diag(SL, SR), (48)

SL,R = 12 ⊗ (
1

3
aL,R,

1

3
aL,R,

1

3
aL,R, bL,R). (49)
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However,	  λ = 0	  if	  we	  impose	  dy∧dy = 0 (usual	  Exdim??).	  	

In	  this	  case,	  the	  relaAon	  holds	



ReconstrucAon	  of	  SM	

•  The	  fermionic	  Lagrangian	  

From the Lagrangian (21) with rescaling of the connections, the bosonic Lagrangian is
calculated as

LB =−
1

4
F a
µνF

aµν −
1

4
BµνB

µν −
1

4
Gα

µνG
αµν

+ tr (DµH)†(DµH)− λ tr|H†H|2, (50)

where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gϵabcAb

µA
c
ν , (51)

Bµν = ∂µBν − ∂νBµ, (52)

Ga
µν = ∂µG

α
ν − ∂νG

α
µ + gcf

αβγGβ
µG

γ
ν , (53)

DµH = ∂µ −
i

2
gσaAa

µH −
i

2
Hg′σ3Bµ. (54)

Here, the gauge couplings are found to be

1

g2
= aL + bL,

1

g′2
=

1

9
aL + bL +

10

9
aR + 2bR,

1

g2c
= 2(aL + aR), (55)

and the Higgs self coupling is

1

λ
= aL + bL + aR + bR. (56)

These couplings are not independent and the following formula holds,

4

9

1

g2c
+

1

g2
+

1

g′2
=

2

λ
. (57)

In principle, we can break this relation taking the gauge coupling matrix SR = (xR, yR)⊗
(1
3
aR13, bR). Indeed this is the most general form of SR which commutes with AR. In any

case, the size of the Higgs self coupling is roughly equal to square of the gauge couplings,
λ ∼ g2.

The Higgs potential is found to be

V (Hu, Hd) = λ|H†H| = λTr

(

H†
uHu H†

uHd

H†
dHu H†

dHd

)(

H†
uHu H†

uHd

H†
dHu H†

dHd

)

= λ(|H†
uHu|2 + 2|H†

uHd|2 + |H†
dHd|2). (58)

This is rather restricted form of the general potential of the 2HDM.

3.1 The fermionic sector

The construction of the Dirac Lagrangian is achieved by the discussion along Eqs. (25)-
(28). In this space, the SM fermions are assigned as

ψ(x, L) =

⎛

⎜

⎜

⎝

uL

νL
dL
eL

⎞

⎟

⎟

⎠

, ψ(x,R) =

⎛

⎜

⎜

⎝

uR

0
dR
eR

⎞

⎟

⎟

⎠

. (59)
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3.1 The fermionic sector

The construction of the Dirac Lagrangian is achieved by the discussion along Eqs. (25)-
(28). In this space, the SM fermions are assigned as

ψ(x, L) =

⎛

⎜⎜⎝

uL

νL

dL

eL

⎞

⎟⎟⎠ , ψ(x, R) =

⎛

⎜⎜⎝

uR

0
dR

eR

⎞

⎟⎟⎠ . (61)

where the color index is omitted. The covariant derivative is written as

DM = dM + AM =

((
∂µ + ALµ 0

0 ∂µ + ARµ

)
,

(
0 H

−H† 0

))
. (62)

By rescaling the connections AL,R → igAL,R, H → i
√
λH, the fermionic Lagrangian (28)

is found to be

LF = Ψ̄iΓMDMΨ =
(
ψ̄L ψ̄R

) (
iD/L

√
λH√

λH† iD/R

)(
ψL

ψR

)
, (63)

where D/L,R are the covariant derivatives

D/L = γµ∂µ ⊗ 18 −
i

2
(gσaAa

µ ⊗ 14 + g′YLBµ + gc12 ⊗ λ′αGα
µ), (64)

D/R = γµ∂µ ⊗ 18 −
i

2
(g′YRBµ + gc12 ⊗ λ′αGα

µ). (65)

Therefore, the resulting Lagrangian (50) and (63) is that of the SM with classical con-
formal invariance. In the context of NCG, the Lagrangian constructed in such a way is
regarded as a Lagrangian L = L(Λ) defined at some a cut-off scale Λ. Since the renor-
malization group equation of the Higgs mass term in the SM is proportional to the mass
itself, the mass parameter m2 is equal to zero at low energy scale if it is zero at the cut-off
scale. In this sense, there is a possibility to solve the hierarchy problem in this context of
NCG.

Recent observation shows that the self coupling of the Higgs boson is very close to the
critical value at the Planck scale, λ(MPl) ≃ 0 [45, 46]. Although the self coupling (56)
is finite in this model, the zero self coupling λ(MPl) = 0 is achieved by imposing the
condition dyn ∧ dym = 0 for some sets of n and m. It might suggest that the Higgs boson
is a remnant of some noncommutative theory at the Planck scale.

4 Conclusions

In this paper, we derived the standard model with classical conformal invariance from
the Yang–Mills–Higgs model in NCG. In the ordinary context of the NCG, the distance

9

 y = √λ ~ g,	  (not	  bad	  for	  3rd	  generaAons	  ?)	  	

we obtain the final Lagrangian with canonical kinetic terms and the following self inter-
action term:

V (H) =
∑

n,m,l

g4l (g
2
n + g2m)

(g2n + g2l )(g
2
l + g2m)

|HnlHlm|2. (24)

Then, in this scheme, the self couplings of the Higgs scalars are comparable to square of
the gauge couplings.

The fermionic Lagrangian is also constructed from the generalized connection. The
Dirac operator in this space is produced by replacing the basis forms dxM in the covariant
derivative (8) to the gamma matrices ΓM :3

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (25)

D/ = DMΓM = (∂µ + Anµ)γ
µ +Hiγ5, (26)

where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector

Ψ = (ψ1,ψ2, · · · ,ψN)
T , Ψ̄ = (ψ̄1, ψ̄2, · · · , ψ̄N), (27)

and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,

A = Aµndx
µ +Hnmdy =

(

A1 H12dy2
H21dy1 A2

)

, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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By rescaling the connections AL,R → igAL,R, H → i
√
λH, the fermionic Lagrangian (28)

is found to be

LF = Ψ̄iΓMDMΨ =
(
ψ̄L ψ̄R

) (
iD/L

√
λH√

λH† iD/R

)(
ψL

ψR

)
, (63)

where D/L,R are the covariant derivatives

D/L = γµ∂µ ⊗ 18 −
i

2
(gσaAa

µ ⊗ 14 + g′YLBµ + gc12 ⊗ λ′αGα
µ), (64)

D/R = γµ∂µ ⊗ 18 −
i

2
(g′YRBµ + gc12 ⊗ λ′αGα

µ). (65)

Therefore, the resulting Lagrangian (50) and (63) is that of the SM with classical con-
formal invariance. In the context of NCG, the Lagrangian constructed in such a way is
regarded as a Lagrangian L = L(Λ) defined at some a cut-off scale Λ. Since the renor-
malization group equation of the Higgs mass term in the SM is proportional to the mass
itself, the mass parameter m2 is equal to zero at low energy scale if it is zero at the cut-off
scale. In this sense, there is a possibility to solve the hierarchy problem in this context of
NCG.

Recent observation shows that the self coupling of the Higgs boson is very close to the
critical value at the Planck scale, λ(MPl) ≃ 0 [45, 46]. Although the self coupling (56)
is finite in this model, the zero self coupling λ(MPl) = 0 is achieved by imposing the
condition dyn ∧ dym = 0 for some sets of n and m. It might suggest that the Higgs boson
is a remnant of some noncommutative theory at the Planck scale.

4 Conclusions

In this paper, we derived the standard model with classical conformal invariance from
the Yang–Mills–Higgs model in NCG. In the ordinary context of the NCG, the distance
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 y = √λ ~ g,	  (not	  bad	  for	  3rd	  generaAons	  ?)	  	

we obtain the final Lagrangian with canonical kinetic terms and the following self inter-
action term:

V (H) =
∑

n,m,l

g4l (g
2
n + g2m)

(g2n + g2l )(g
2
l + g2m)

|HnlHlm|2. (24)

Then, in this scheme, the self couplings of the Higgs scalars are comparable to square of
the gauge couplings.

The fermionic Lagrangian is also constructed from the generalized connection. The
Dirac operator in this space is produced by replacing the basis forms dxM in the covariant
derivative (8) to the gamma matrices ΓM :3

D = d+A = (∂µ + Anµ)dx
µ +Hdy, (25)

D/ = DMΓM = (∂µ + Anµ)γ
µ +Hiγ5, (26)

where ΓM = (γµ, iγ5) satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN .
The fermion fields, assigned in each n = 1 − N , are represented by row and column

vector

Ψ = (ψ1,ψ2, · · · ,ψN)
T , Ψ̄ = (ψ̄1, ψ̄2, · · · , ψ̄N), (27)

and the fermionic Lagrangian is defined by a bi-linear form:

LF = Ψ̄iD/Ψ =
∑

n,m

ψ̄ni[(∂µ + Anµ)δnmγ
µ +Hnmiγ

5]ψm, (28)

which satisfies L†
F = LF with the rescaling (23).

2.1 M4 × Z2 toy model

As a typical example, we present M4 × Z2 toy model. For the following connection A,

A = Aµndx
µ +Hnmdy =

(

A1 H12dy2
H21dy1 A2

)

, (29)

the gauge transformation is defined by

A
′ =

(

G1 0
0 G2

)(

A1 H12dy2
H21dy1 A2

)(

G−1
1 0
0 G−1

2

)

+

(

dG1 ·G−1
1 0

0 dG2 ·G−1
2

)

. (30)

The field-strength is calculated as

F = dA+A ∧A =

(

F1 +H12H21 dy2 ∧ dy1 DµH12 dxµ ∧ dy2
DµH21 dxµ ∧ dy1 F2 +H21H12 dy1 ∧ dy2

)

, (31)

3The original paper by Okumura construct the Dirac operator by introducing proper inner products
like Eqs. (18-20).
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The	  SM	  (w/o	  Higgs	  vev)	  is	  reconstructed.	  	  
The	  Coleman	  –	  Weinberg	  mechanism	  does	  not	  work	  in	  the	  SM.	  
Proper extension is required for a viable model. 



Prospects	  of	  extended	  SM	

•  SU(3)c × SU(2)L × U(1)Y × U(1)B-L in	  M4 × Z2 × Z2	  model	  	

We	  impose	  some	  symmetry	  or	  ad	  hoc	  constraints…	  
Ex)	

着任後の抱負 梁　正樹

KEK理論グループ　 梁　正樹 　 e-mail : yang@post.kek.jp 2016年４月１日から着任可

非可換幾何学に基づいたヒッグス模型（以下非可換ヒッグス模型）にはまだ理論的に満足とはい
えない点がいくつか存在する。本研究では、それらの問題を持たないような、現実的で簡潔な模型
の構築を目指している。以下の２つの研究テーマは相互に関連している。

研究テーマ１　古典的共形不変性を持つ非可換ヒッグス模型の構築

研究目的　現実的な対称性の破れを持つような、古典的共形不変性を持つ非可換ヒッグス模型を構
築すること。

研究内容　調書 学術論文-8、及び研究歴 (3)では、ヒッグス粒子が現実的な真空期待値を持つこと
が出来ないため、内容をさらに推し進める。古典的共形不変性を持つ模型では、ヒッグスの真空期
待値は Coleman–Weinberg機構で実装されるが、純粋な標準模型には機能しないので、なんらか
の拡張が必要になる。
まず、模型を U(1)B−L ゲージ群を含むように拡張する。アノマリーのため右巻きニュートリノ
を入れる必要があり、またニュートリノのマヨラナ質量を記述するために、空間をM4 × Z4 に選
ぶ。このとき標準模型ヒッグス以外のスカラー場が自然に導入されるが、それらの多くは標準模型
のゲージ対称性を破ってしまうので、いくつかの拘束条件を課すことで必要なスカラー場のみを残
す。Connesらの元々の文脈においても、既に似たような拘束条件がいくつかの数学的背景の下で
課されている。これらの仮定の下で、拡張されたゲージ接続は次のように書かれる：

A = Aµ(x, y)dxµ + A5(x, y)dy =

⎛

⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
R dy2 HT dy3 A∗

R

⎞

⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究
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1

そもそも変換性が間違い、接続のゲージ変換性を fermionと逆にしない
と、LF がgauge不変にならない！ 前の論文から修正する必要！！

and ∆L,R are

∆′
L = GL∆LGT

L (55)

= exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆L (56)

exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (57)

なので、(6̄ + 3,3 + 1,−2YL,−2(B − L)), になる、例えば、∆ × 14を課すと、上手く素
通りしたりしないの？

∆′
R = GR∆RGT

R (58)

= exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆R (59)

exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (60)

こっちも、(6̄ + 3,1,−2YR,−2(B − L))

なんか、カラーセクターは全部素通りして欲しい！！！νRだけに話を限ると、YR = 0だ
から、それっぽい、
でも、これって元々の理論に発生する問題、奥村さんや connesはどうしてるの？？
∆R ∝ b = (0, 0, 0, 1)で殺した！笑笑、Hに対しても、そういう条件で統一的に課そう、
もしかすると、カイラルなゲージ群にだけ反応するように出来ているのかも、カイラル仮
説2、 いや、でも、それをやるとB − Lは０になってしまう
それをやると、

∆L : (1,3 + 1, 1, 2), ∆R : (1,1, 0, 2), H : (1,2,±1/2, 0) (61)

under the extended SM gauge groups SU(3)c × SU(2)L×U(1)Y ×U(1)B−L （懸念が２個
減った、∆Rは 1表現だけ、∆Lの３表現は最近研究された、singletが入ったまま解析し
て、）調べたら cite高いのは extra doubletだった、もっと探そう、
今回は、この可能性を排除する、
さらに、∆L = 0, ∆R ∝ 12 × (0, 0, 0, 1)とおけば、余計な tripletを全部潰せて、

∆L : (0, 0, 0, 0), ∆R : (1,1, 0, 2), (62)

Connesもそうかな？ M（の特に反対角項）に何か条件を課して消しているのかな？、
いや、real structureだと、このようなことをしないでもいいのかもしれない、
⇒ 調べたが、そのような構造は確認されていない
でも、代数との無矛盾性を課している、
2 Extended survival hypothesisは、survivalした Higgsだけが軽い質量をもつ、みたいな感じだった、

多分、論理が逆、生存仮説は、たくさんあるけどカイラルしか残らない、カイラル仮説は、カイラルだけが
発生する
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regarded as a Lagrangian L = L(Λ) defined at some a cut-off scale Λ. Since the renor-

malization group equation of the Higgs mass term in the SM is proportional to the mass

itself, the mass parameter m2 is equal to zero at low energy scale if it is zero at the cut-off

scale. In this sense, there is a possibility to solve the hierarchy problem in this context of

NCG.

Recent observation shows that the self coupling of the Higgs boson is very close to

the critical value at the Planck scale, λ(MPl) ≃ 0 [?,?]. Although the self coupling (75)

is finite in this model, the zero self coupling λ(MPl) = 0 is achieved by imposing the

condition dyn ∧ dym = 0 for some sets of n and m. It might suggest that the Higgs boson

is a remnant of some noncommutative theory at the Planck scale.

3 Realization of the (partial) flat potential

3.1 6 dimensional extended connection on M4 × Z2 × Z2

real structureについてはコメント程度かな、上手く入れたら拘束が増えて６次元方
向に何か言えるかもしれないけど、今のところあまりメリットが分からない
図で考えると、対角線上のHiggsを考えない、nearest neighborだけ考えた、に相当
する、

✍✌✎☞
✍✌✎☞

✍✌✎☞
✍✌✎☞

⑥

⑥

⑥

⑥ψL ψR

ψc
L ψc

R

AL AR

A∗
L A∗

R

H

∆R

H∗

∆L

図 1: A schematic picture of the M4 × Z4 model.

だったら、最初からZ2 × Z2として考えるべきでは？
LR modelは既に書かれている、空間の選び方は中原、形式論は奥村、それを、M4×Z4

に埋め込んだ形で論じる、と断る。

問題は、これはある種の６次元、６次元方向は荷電共役だから、６次元の majorana

fermionを考えているような状況、それは、４次元で見たときにちゃんと chiral fermion

になるのだろうか？、
６次元方向もカイラル変換でスカラーだろう、
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合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究

1

着任後の抱負 梁　正樹

KEK理論グループ　 梁　正樹 　 e-mail : yang@post.kek.jp 2016年４月１日から着任可

非可換幾何学に基づいたヒッグス模型（以下非可換ヒッグス模型）にはまだ理論的に満足とはい
えない点がいくつか存在する。本研究では、それらの問題を持たないような、現実的で簡潔な模型
の構築を目指している。以下の２つの研究テーマは相互に関連している。

研究テーマ１　古典的共形不変性を持つ非可換ヒッグス模型の構築

研究目的　現実的な対称性の破れを持つような、古典的共形不変性を持つ非可換ヒッグス模型を構
築すること。

研究内容　調書 学術論文-8、及び研究歴 (3)では、ヒッグス粒子が現実的な真空期待値を持つこと
が出来ないため、内容をさらに推し進める。古典的共形不変性を持つ模型では、ヒッグスの真空期
待値は Coleman–Weinberg機構で実装されるが、純粋な標準模型には機能しないので、なんらか
の拡張が必要になる。
まず、模型を U(1)B−L ゲージ群を含むように拡張する。アノマリーのため右巻きニュートリノ
を入れる必要があり、またニュートリノのマヨラナ質量を記述するために、空間をM4 × Z4 に選
ぶ。このとき標準模型ヒッグス以外のスカラー場が自然に導入されるが、それらの多くは標準模型
のゲージ対称性を破ってしまうので、いくつかの拘束条件を課すことで必要なスカラー場のみを残
す。Connesらの元々の文脈においても、既に似たような拘束条件がいくつかの数学的背景の下で
課されている。これらの仮定の下で、拡張されたゲージ接続は次のように書かれる：

A = Aµ(x, y)dxµ + A5(x, y)dy =

⎛

⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
R dy2 HT dy3 A∗

R

⎞

⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究

1

The	  extended	  Higgs	  potenJal	  required	  successful	  SSB	

そもそも変換性が間違い、接続のゲージ変換性を fermionと逆にしない
と、LF がgauge不変にならない！ 前の論文から修正する必要！！

and ∆L,R are

∆′
L = GL∆LGT

L (55)

= exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆L (56)

exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (57)

なので、(6̄ + 3,3 + 1,−2YL,−2(B − L)), になる、例えば、∆ × 14を課すと、上手く素
通りしたりしないの？

∆′
R = GR∆RGT

R (58)

= exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆R (59)

exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (60)

こっちも、(6̄ + 3,1,−2YR,−2(B − L))

なんか、カラーセクターは全部素通りして欲しい！！！νRだけに話を限ると、YR = 0だ
から、それっぽい、
でも、これって元々の理論に発生する問題、奥村さんや connesはどうしてるの？？
∆R ∝ b = (0, 0, 0, 1)で殺した！笑笑、Hに対しても、そういう条件で統一的に課そう、
もしかすると、カイラルなゲージ群にだけ反応するように出来ているのかも、カイラル仮
説2、 いや、でも、それをやるとB − Lは０になってしまう
それをやると、

∆L : (1,3 + 1, 1, 2), ∆R : (1,1, 0, 2), H : (1,2,±1/2, 0) (61)

under the extended SM gauge groups SU(3)c × SU(2)L×U(1)Y ×U(1)B−L （懸念が２個
減った、∆Rは 1表現だけ、∆Lの３表現は最近研究された、singletが入ったまま解析し
て、）調べたら cite高いのは extra doubletだった、もっと探そう、
今回は、この可能性を排除する、
さらに、∆L = 0, ∆R ∝ 12 × (0, 0, 0, 1)とおけば、余計な tripletを全部潰せて、

∆L : (0, 0, 0, 0), ∆R : (1,1, 0, 2), (62)

Connesもそうかな？ M（の特に反対角項）に何か条件を課して消しているのかな？、
いや、real structureだと、このようなことをしないでもいいのかもしれない、
⇒ 調べたが、そのような構造は確認されていない
でも、代数との無矛盾性を課している、
2 Extended survival hypothesisは、survivalした Higgsだけが軽い質量をもつ、みたいな感じだった、

多分、論理が逆、生存仮説は、たくさんあるけどカイラルしか残らない、カイラル仮説は、カイラルだけが
発生する

9

regarded as a Lagrangian L = L(Λ) defined at some a cut-off scale Λ. Since the renor-

malization group equation of the Higgs mass term in the SM is proportional to the mass

itself, the mass parameter m2 is equal to zero at low energy scale if it is zero at the cut-off

scale. In this sense, there is a possibility to solve the hierarchy problem in this context of

NCG.

Recent observation shows that the self coupling of the Higgs boson is very close to

the critical value at the Planck scale, λ(MPl) ≃ 0 [?,?]. Although the self coupling (75)

is finite in this model, the zero self coupling λ(MPl) = 0 is achieved by imposing the

condition dyn ∧ dym = 0 for some sets of n and m. It might suggest that the Higgs boson

is a remnant of some noncommutative theory at the Planck scale.

3 Realization of the (partial) flat potential

3.1 6 dimensional extended connection on M4 × Z2 × Z2

real structureについてはコメント程度かな、上手く入れたら拘束が増えて６次元方
向に何か言えるかもしれないけど、今のところあまりメリットが分からない
図で考えると、対角線上のHiggsを考えない、nearest neighborだけ考えた、に相当
する、

✍✌✎☞
✍✌✎☞

✍✌✎☞
✍✌✎☞
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図 1: A schematic picture of the M4 × Z4 model.

だったら、最初からZ2 × Z2として考えるべきでは？
LR modelは既に書かれている、空間の選び方は中原、形式論は奥村、それを、M4×Z4

に埋め込んだ形で論じる、と断る。

問題は、これはある種の６次元、６次元方向は荷電共役だから、６次元の majorana

fermionを考えているような状況、それは、４次元で見たときにちゃんと chiral fermion

になるのだろうか？、
６次元方向もカイラル変換でスカラーだろう、

13
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•  SU(3)c × SU(2)L × U(1)Y × U(1)B-L in	  M4 × Z2 × Z2	  model	  	

着任後の抱負 梁　正樹

KEK理論グループ　 梁　正樹 　 e-mail : yang@post.kek.jp 2016年４月１日から着任可

非可換幾何学に基づいたヒッグス模型（以下非可換ヒッグス模型）にはまだ理論的に満足とはい
えない点がいくつか存在する。本研究では、それらの問題を持たないような、現実的で簡潔な模型
の構築を目指している。以下の２つの研究テーマは相互に関連している。

研究テーマ１　古典的共形不変性を持つ非可換ヒッグス模型の構築

研究目的　現実的な対称性の破れを持つような、古典的共形不変性を持つ非可換ヒッグス模型を構
築すること。

研究内容　調書 学術論文-8、及び研究歴 (3)では、ヒッグス粒子が現実的な真空期待値を持つこと
が出来ないため、内容をさらに推し進める。古典的共形不変性を持つ模型では、ヒッグスの真空期
待値は Coleman–Weinberg機構で実装されるが、純粋な標準模型には機能しないので、なんらか
の拡張が必要になる。
まず、模型を U(1)B−L ゲージ群を含むように拡張する。アノマリーのため右巻きニュートリノ
を入れる必要があり、またニュートリノのマヨラナ質量を記述するために、空間をM4 × Z4 に選
ぶ。このとき標準模型ヒッグス以外のスカラー場が自然に導入されるが、それらの多くは標準模型
のゲージ対称性を破ってしまうので、いくつかの拘束条件を課すことで必要なスカラー場のみを残
す。Connesらの元々の文脈においても、既に似たような拘束条件がいくつかの数学的背景の下で
課されている。これらの仮定の下で、拡張されたゲージ接続は次のように書かれる：

A = Aµ(x, y)dxµ + A5(x, y)dy =

⎛

⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
R dy2 HT dy3 A∗

R

⎞

⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究

1

We	  impose	  some	  symmetry	  or	  ad	  hoc	  constraints…	  

Higgs	  Triplet	  Model	  with	  CCI,	  Okada,	  Orikasa,	  Yagyu,	  1510.00799	  

そもそも変換性が間違い、接続のゲージ変換性を fermionと逆にしない
と、LF がgauge不変にならない！ 前の論文から修正する必要！！

and ∆L,R are

∆′
L = GL∆LGT

L (55)

= exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆L (56)

exp[iσaαa ⊗ 14] · exp[iYLβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (57)

なので、(6̄ + 3,3 + 1,−2YL,−2(B − L)), になる、例えば、∆ × 14を課すと、上手く素
通りしたりしないの？

∆′
R = GR∆RGT

R (58)

= exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] · ∆R (59)

exp[iYRβ] · exp[i12 ⊗ λ′αγα] · exp[i12 ⊗ cδ] (60)

こっちも、(6̄ + 3,1,−2YR,−2(B − L))

なんか、カラーセクターは全部素通りして欲しい！！！νRだけに話を限ると、YR = 0だ
から、それっぽい、
でも、これって元々の理論に発生する問題、奥村さんや connesはどうしてるの？？
∆R ∝ b = (0, 0, 0, 1)で殺した！笑笑、Hに対しても、そういう条件で統一的に課そう、
もしかすると、カイラルなゲージ群にだけ反応するように出来ているのかも、カイラル仮
説2、 いや、でも、それをやるとB − Lは０になってしまう
それをやると、

∆L : (1,3 + 1, 1, 2), ∆R : (1,1, 0, 2), H : (1,2,±1/2, 0) (61)

under the extended SM gauge groups SU(3)c × SU(2)L×U(1)Y ×U(1)B−L （懸念が２個
減った、∆Rは 1表現だけ、∆Lの３表現は最近研究された、singletが入ったまま解析し
て、）調べたら cite高いのは extra doubletだった、もっと探そう、
今回は、この可能性を排除する、
さらに、∆L = 0, ∆R ∝ 12 × (0, 0, 0, 1)とおけば、余計な tripletを全部潰せて、

∆L : (0, 0, 0, 0), ∆R : (1,1, 0, 2), (62)

Connesもそうかな？ M（の特に反対角項）に何か条件を課して消しているのかな？、
いや、real structureだと、このようなことをしないでもいいのかもしれない、
⇒ 調べたが、そのような構造は確認されていない
でも、代数との無矛盾性を課している、
2 Extended survival hypothesisは、survivalした Higgsだけが軽い質量をもつ、みたいな感じだった、

多分、論理が逆、生存仮説は、たくさんあるけどカイラルしか残らない、カイラル仮説は、カイラルだけが
発生する

9

regarded as a Lagrangian L = L(Λ) defined at some a cut-off scale Λ. Since the renor-

malization group equation of the Higgs mass term in the SM is proportional to the mass

itself, the mass parameter m2 is equal to zero at low energy scale if it is zero at the cut-off

scale. In this sense, there is a possibility to solve the hierarchy problem in this context of

NCG.

Recent observation shows that the self coupling of the Higgs boson is very close to

the critical value at the Planck scale, λ(MPl) ≃ 0 [?,?]. Although the self coupling (75)

is finite in this model, the zero self coupling λ(MPl) = 0 is achieved by imposing the

condition dyn ∧ dym = 0 for some sets of n and m. It might suggest that the Higgs boson

is a remnant of some noncommutative theory at the Planck scale.

3 Realization of the (partial) flat potential

3.1 6 dimensional extended connection on M4 × Z2 × Z2

real structureについてはコメント程度かな、上手く入れたら拘束が増えて６次元方
向に何か言えるかもしれないけど、今のところあまりメリットが分からない
図で考えると、対角線上のHiggsを考えない、nearest neighborだけ考えた、に相当
する、
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図 1: A schematic picture of the M4 × Z4 model.

だったら、最初からZ2 × Z2として考えるべきでは？
LR modelは既に書かれている、空間の選び方は中原、形式論は奥村、それを、M4×Z4

に埋め込んだ形で論じる、と断る。

問題は、これはある種の６次元、６次元方向は荷電共役だから、６次元の majorana

fermionを考えているような状況、それは、４次元で見たときにちゃんと chiral fermion

になるのだろうか？、
６次元方向もカイラル変換でスカラーだろう、
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	  (recently	  ΔL	  model	  with	  CCI	  is	  constructed)	



Prospects	  of	  extended	  SM	

•  SU(3)c × SU(2)L × U(1)Y × U(1)B-L in	  M4 × Z2 × Z2	  model	  	

•  Ex)	  The	  (parJal)	  flat	  potenJal	  	  λH = λmix = 0	 Iso,	  Orikasa,	  ’13,	  

着任後の抱負 梁　正樹

KEK理論グループ　 梁　正樹 　 e-mail : yang@post.kek.jp 2016年４月１日から着任可

非可換幾何学に基づいたヒッグス模型（以下非可換ヒッグス模型）にはまだ理論的に満足とはい
えない点がいくつか存在する。本研究では、それらの問題を持たないような、現実的で簡潔な模型
の構築を目指している。以下の２つの研究テーマは相互に関連している。

研究テーマ１　古典的共形不変性を持つ非可換ヒッグス模型の構築

研究目的　現実的な対称性の破れを持つような、古典的共形不変性を持つ非可換ヒッグス模型を構
築すること。

研究内容　調書 学術論文-8、及び研究歴 (3)では、ヒッグス粒子が現実的な真空期待値を持つこと
が出来ないため、内容をさらに推し進める。古典的共形不変性を持つ模型では、ヒッグスの真空期
待値は Coleman–Weinberg機構で実装されるが、純粋な標準模型には機能しないので、なんらか
の拡張が必要になる。
まず、模型を U(1)B−L ゲージ群を含むように拡張する。アノマリーのため右巻きニュートリノ
を入れる必要があり、またニュートリノのマヨラナ質量を記述するために、空間をM4 × Z4 に選
ぶ。このとき標準模型ヒッグス以外のスカラー場が自然に導入されるが、それらの多くは標準模型
のゲージ対称性を破ってしまうので、いくつかの拘束条件を課すことで必要なスカラー場のみを残
す。Connesらの元々の文脈においても、既に似たような拘束条件がいくつかの数学的背景の下で
課されている。これらの仮定の下で、拡張されたゲージ接続は次のように書かれる：

A = Aµ(x, y)dxµ + A5(x, y)dy =

⎛

⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
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⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究
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の拡張が必要になる。
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この操作は、非斉次変換を斉次変換にしている、フレーバーに使える？？
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LB = −tr⟨F †, SF ⟩ = − 1
4
F a

µνF
aµν − 1

4
BµνB

µν − 1
4
Gα
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+ tr (DµH)†(DµH) − λ tr|H†H|2, (13)

λ ∼ g2

dy → Yu,d,edy

0.1.1 gauge結合行列の計算
論文は、論理を逆にした方がいい、
まぁ、それくらいの計算はやってしまおう、、、
σaが引っかかるから、SLは 12
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xR = yR = 1で論文の計算に帰着、
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c

=
2
3
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and the Higgs self coupling is

1
λ

= (aL + bL + aR + bR). (18)
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/12/KIASセミナー！
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0.2 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)
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⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
R dy2 HT dy3 A∗

R

⎞

⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究

1

(???)	

F = dA + A ∧ A =

(
FL + HH† dyR ∧ dyL DµH dxµ ∧ dyR

DµH† dxµ ∧ dyL FR + H†H dyL ∧ dyR

)
,

(10)

この操作は、非斉次変換を斉次変換にしている、フレーバーに使える？？

F ′ = GFG−1, (11)

dy ∧ dy = dy ∧ dz = 0, ?? (12)

ラグランジアン

LB = −tr⟨F †, SF ⟩ = − 1
4
F a

µνF
aµν − 1

4
BµνB

µν − 1
4
Gα

µνG
αµν

+ tr (DµH)†(DµH) − λ tr|H†H|2, (13)

λ ∼ g2

dy → Yu,d,edy

0.1.1 gauge結合行列の計算
論文は、論理を逆にした方がいい、
まぁ、それくらいの計算はやってしまおう、、、
σaが引っかかるから、SLは 12

S = diag(SL, SR), (14)

SL = 12 ⊗ (
1
3
aL,

1
3
aL,

1
3
aL, bL) (15)

SR = (xR, yR) ⊗ (
1
3
aR,

1
3
aR,

1
3
aR, bR), (16)

xR = yR = 1で論文の計算に帰着、

1
g2

= aL + bL,
1

g′2
=

1
9
aL + bL +

10
9

aR + 2bR,
1
g2
c

=
2
3
(aL + aR),

(17)

and the Higgs self coupling is

1
λ

= (aL + bL + aR + bR). (18)

2

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/12/KIASセミナー！

A = A + Φdy + ∆dz,

∋

⎛

⎜⎜⎜⎝

0 Φ 0 0
Φ† 0 0 0
0 0 0 Φ∗

0 0 ΦT 0

⎞

⎟⎟⎟⎠
dy +

⎛

⎜⎜⎜⎝

0 0 ∆L 0
0 0 0 ∆R

∆†
L 0 0 0

0 ∆†
R 0 0

⎞

⎟⎟⎟⎠
dz,

0.2 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)
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Prospects	  of	  extended	  SM	

•  SU(3)c × SU(2)L × U(1)Y × U(1)B-L in	  M4 × Z2 × Z2	  model	  	

•  Ex)	  The	  (parJal)	  flat	  potenJal	  	  λH = λmix = 0	 Iso,	  Orikasa,	  ’13,	  

λH = 0	
λmix = 0	

着任後の抱負 梁　正樹

KEK理論グループ　 梁　正樹 　 e-mail : yang@post.kek.jp 2016年４月１日から着任可

非可換幾何学に基づいたヒッグス模型（以下非可換ヒッグス模型）にはまだ理論的に満足とはい
えない点がいくつか存在する。本研究では、それらの問題を持たないような、現実的で簡潔な模型
の構築を目指している。以下の２つの研究テーマは相互に関連している。

研究テーマ１　古典的共形不変性を持つ非可換ヒッグス模型の構築

研究目的　現実的な対称性の破れを持つような、古典的共形不変性を持つ非可換ヒッグス模型を構
築すること。

研究内容　調書 学術論文-8、及び研究歴 (3)では、ヒッグス粒子が現実的な真空期待値を持つこと
が出来ないため、内容をさらに推し進める。古典的共形不変性を持つ模型では、ヒッグスの真空期
待値は Coleman–Weinberg機構で実装されるが、純粋な標準模型には機能しないので、なんらか
の拡張が必要になる。
まず、模型を U(1)B−L ゲージ群を含むように拡張する。アノマリーのため右巻きニュートリノ
を入れる必要があり、またニュートリノのマヨラナ質量を記述するために、空間をM4 × Z4 に選
ぶ。このとき標準模型ヒッグス以外のスカラー場が自然に導入されるが、それらの多くは標準模型
のゲージ対称性を破ってしまうので、いくつかの拘束条件を課すことで必要なスカラー場のみを残
す。Connesらの元々の文脈においても、既に似たような拘束条件がいくつかの数学的背景の下で
課されている。これらの仮定の下で、拡張されたゲージ接続は次のように書かれる：

A = Aµ(x, y)dxµ + A5(x, y)dy =

⎛

⎜⎜⎝

AL H dy2 ∆L dy3 0
H† dy1 AR 0 ∆R dy4

∆†
L dy1 0 A∗

L H∗ dy4

0 ∆†
R dy2 HT dy3 A∗

R

⎞

⎟⎟⎠ . (1)

ここで、AL(AR)は SU(3)c×SU(2)L×U(1)Y L×U(1)B−L(SU(3)c×U(1)Y R×U(1)B−L)のゲー
ジ場であり、スカラー場∆L,R, Hはこれらのゲージ群の下で (1,3 + 1, 1, 2), (1,1, 0, 2), (1,2,±1/2, 0)
と変換する。ボソンセクターのラグランジアンを構成するとき、例えば ∆L = 0とおけば

F = dA + A ∧ A, L ∼ TrF ∗F ∋ V = λH |H|4 + λ∆R |∆R|4 + λmix|H|2|∆R|2, (2)

となり、ヒッグスに真空期待値を持たせるのに必要な、拡張されたポテンシャルを導出することが
出来るだろう。このとき、これらの４点結合定数はゲージ結合と同程度になる。
この文脈では、プランクスケールにおけるヒッグスポテンシャルに対して、λH , λ∆R , λmix のう
ち一部もしくは全部を０に取る “flatland potential”という特徴的な形が考案されている。非可換
ヒッグス模型においては、これはいくつかの dyn に対して dyn ∧ dym = 0という条件を課すこと
で実現出来る。どのような微分代数で実現され、それがどのような幾何学的意味を持つのかを考察
して行く。∆L を含むような模型構成も最近提案されたので（arXiv:1510.00799）、そのような場
合についても同様に検討する。
また、標準模型のくりこみ群方程式を用いた場合、観測的には λ(MPl) ≃ 0だけでなく４点結合

λ の β 関数 βλ(MPl) ≃ 0 であることも分かっている。βλ はゲージ結合定数と湯川結合定数で決
まっているが、非可換ヒッグス模型では素朴には y ∼ g を予言するため、状況によっては βλ ≃ 0
を実現出来る可能性はあり得る。世代を考慮するとフレーバー構造も関与するため、以下の研究

1

F = dA + A ∧ A =

(
FL + HH† dyR ∧ dyL DµH dxµ ∧ dyR

DµH† dxµ ∧ dyL FR + H†H dyL ∧ dyR

)
,

(10)

この操作は、非斉次変換を斉次変換にしている、フレーバーに使える？？

F ′ = GFG−1, (11)

dy ∧ dy = dy ∧ dz = 0, ?? (12)

ラグランジアン

LB = −tr⟨F †, SF ⟩ = − 1
4
F a

µνF
aµν − 1

4
BµνB

µν − 1
4
Gα

µνG
αµν

+ tr (DµH)†(DµH) − λ tr|H†H|2, (13)

λ ∼ g2

dy → Yu,d,edy

0.1.1 gauge結合行列の計算
論文は、論理を逆にした方がいい、
まぁ、それくらいの計算はやってしまおう、、、
σaが引っかかるから、SLは 12

S = diag(SL, SR), (14)

SL = 12 ⊗ (
1
3
aL,

1
3
aL,

1
3
aL, bL) (15)

SR = (xR, yR) ⊗ (
1
3
aR,

1
3
aR,

1
3
aR, bR), (16)

xR = yR = 1で論文の計算に帰着、

1
g2

= aL + bL,
1

g′2
=

1
9
aL + bL +

10
9

aR + 2bR,
1
g2
c

=
2
3
(aL + aR),

(17)

and the Higgs self coupling is

1
λ

= (aL + bL + aR + bR). (18)
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/12/KIASセミナー！

A = A + Φdy + ∆dz,

∋

⎛

⎜⎜⎜⎝

0 Φ 0 0
Φ† 0 0 0
0 0 0 Φ∗

0 0 ΦT 0

⎞

⎟⎟⎟⎠
dy +

⎛

⎜⎜⎜⎝

0 0 ∆L 0
0 0 0 ∆R

∆†
L 0 0 0

0 ∆†
R 0 0

⎞

⎟⎟⎟⎠
dz,

0.2 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)
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Conclusion	

•  The	  paper	  today	  introduced	  shows	  

	  
– Yang-‐Mills-‐Higgs	  model	  in	  NCG	  ⇒	  SM	  w/	  CCI	  
– The	  possibility	  the	  hierarchy	  problem	  is	  solved	  in	  
the	  context	  of	  NCG.	  	  

	  

The Higgs boson 

A Gauge boson 
=
along	  the	  NCG	  discrete	  extra	  dimension	  	  

H(x)	

Aμ(x)	




That’s	  all.	  Thank	  you!	





Back	  up	



DifferenAal	  algebra	

NoncommutaJve	
•  y2 = 1,	

•  y dy = ー dy y,	

•  dy∧dy = dy∧dy,	

•  f(y) dy = dy f(-y),	

•  Sym.	  wedge	  product	  	  	  	  	

CommutaJve	  	
•  xμ y = y xμ,	

•  dxμ y = y dxμ, dy xμ = xμ dy, 	

•  dxμ∧dy = ー dy∧dxμ,	

	  
•  AnA-‐sym.	  wedge	  product	

Leibniz	  rule	



“Geometry”?	  (they	  are	  just	  matrices?)	

•  Gelfand	  –	  Naimark	  theorem	  (1943)	  	  

Set	  of	  C	  funcAons	  
on	  Haussdorff	  space	

1	  to	  1	

Infinite	  dimension	  	  
commutaAve	  algebra	

on	

orthonormal	  set	  	  
of	  funcAons	  on	  	

commutaAve	  	  
C*	  algebra	

NCG	  review,	  F.	  Lizzi,	  0811.0268	
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c.f.,	  algebra	  of	  funcAons	  
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
行列だって、

Hnm(x) = Φnm(x) + Mnm (2)

A(x) =
∑

i

ai(x)dbi(x), (3)

A(x) =
∑

i

aidbi, Φ(x) =
∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑

i a
i(x)dbi(x), d = d + d5 (7)

The hierarchy problem

m2(µ) = m2
0 + c Λ2 + c′ log(µ/Λ) (8)

df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =

(
f+ 0
0 f−

)
, M =

(
0 M

M † 0

)
, (10)

(11)

df =

(
∂µf+ 0

0 ∂µf−

)
dxµ +

(
0 Mf− − f+M

M †f+ − f−M † 0

)(
dy1 0
0 dy2

)
,

(12)

1
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df ≡ df + d5f ≡ ∂µfdxµ + [M, f ]dy, (9)

f =
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f+ 0
0 f−

)
, M =
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0 M

M † 0
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“Geometry”?	  (they	  are	  just	  matrices?)	

•  Gelfand	  –	  Naimark	  theorem	  (1943)	  	  

Set	  of	  C	  funcAons	  
on	  Haussdorff	  space	

non	  1	  to	  1	

Infinite	  dimension	  	  
noncommutaAve	  algebra	

on	

orthonormal	  set	  	  
of	  funcAons	  on	  	

noncommutaAve	  	  
C*	  algebra	

NCG	  review,	  F.	  Lizzi,	  0811.0268	

SomeJmes,	  the	  underlying	  manifold	  does	  not	  exist.	  	  
c.f.	  The	  algebra	  of	  posiAon	  and	  momentum	  of	  ordinary	  QM	  

c.f.,	  algebra	  of	  funcAons	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  on	  	

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 15/11/KEKセミナー！
非可換幾何学、M(n, R) というより、GL(n, C)
って、どういう行列の集合を想定しているんだっけ？？M3(C)で 3× 3
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∑

i

aiMbi − M, (4)

H = Φ (5)

AMdxM = Aµdxµ + Hdy (6)

A(x) =
∑
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離散空間上のゲージ理論	
曲率	

質量関係式	  (@	  tree	  level)	  !	

破れたゲージボソン	  

ヒッグス質量	  

余剰次元としてはZμはAμの	  
1st	  KK	  励起と解釈できる	



離散空間上のゲージ理論	
曲率	

質量関係式	  (@	  tree	  level)	  !	

破れたゲージボソン	  

ヒッグス質量	  

余剰次元としてはZμはAμの	  
1st	  KK	  励起と解釈できる	

The	  mass	  relaJon	  !	The	  mass	  relaJon	  !	

Ex)	  連成振動系 	

0	  mode	

1	  mode	

SSBの物理的起源 


