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Basic 1dea

- Functional Renormalization Group

-xact RG:---

- Wilson RG, Non-perturbative RG,

- The method to evaluate the path integral

Path integral FRG equation

al’y,

Z:/ngeis Sy U ae

@2T, | k-

[g=pr =S5

Functional integral Functional differential equation



RG transformation

- Coarse-graining: Summing up quantum fluctuations
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- Rescaling

- Normalize the energy unit and the kinetic term.
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Wetterich equation 1-loop structure!
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Advantages of FRG

- The FRG is useful to evaluate the fixed point
structure and critical exponents.
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Advantages of FRG

Systematically improve the approximation

The mean-field approximation and Schwinger-Dyson equation
have difficulty to improve the approximation.

No sigh problem

Lattice Monte Carlo simulation suffers from the sign problem.



Plan

1. Four-Fermi coupling diverges.

2. Functional renormalization group with weak
solution (Weak renormalization group)

3. Chiral phase diagram



Dy SB

. Effective interaction

four-Fermi structure

S S wmp () + (FirY)

- Effective model describing the D y SB:

. Nambu-Jona-Lasinio (NJL) model
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Ly = Yidy + 5 (Y)? + (Yiy>y)?]

. |nvariant under
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NJL model In FRG

- Initial action at k=A: Simplified NJ
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- Invariant under ¢ — ~°y, P — —Py°

. Effective action (with

PA)
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Four-Fermi coupling diverges
at critical scale

- RG equation of G
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The divergence Is signal of
2nd-order phase transition.

- Path integral(partition function)
7 — €W _ /D&Dw 6—5’—|—f d? r mo?ﬁw

- Susceptibility
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phase transition

&Divergence of susceptiblility ( derivative
of W)



The divergence Is signal of
2nd-order phase transition.

- The divergence Is physical: signal of symmetry
breaking (2nd order).

- However---

- Once the RG equation diverges, we cannot follow
the RG flow after the divergence.

- The physical values, e.qg., chiral condensate,
should be evaluated at infrared scale A—0 (t—)



Legendre effective potential

- Legendre effective potential
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Summary so far

- The four-Fermi coupling constant is the
(chiral) susceptibility.

- Divergence of G & 2nd order phase transition

- It 1s difficult to go to the broken phase.



Plan

2. Functional renormalization group with weak
solution (Weak renormalisation group)

3. Chiral phase diagram



How to access to
broken phase 7

Bosonization (auxiliary field method) — ewesevost o sssoos
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Inserting the Gauss integral: 1= J\//ng e [ d'w 35 (6= Fuv)
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. Dynamlcal BOSOnlzathﬂ Phys.Rev. D94 (2016) no.3, 034016

. Scale-depend field: ¢ — ¢k

. Ex‘te rnal ﬂeld me‘thod Prog.Theor.Phys. 121 (2009) 875-884
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Weak solution method

- We Introduce neither an auxiliary field nor an
external field.

- Mathematically define the solution with
divergences!




RG equation is PDE

- RG equation as partial differential equation (PDE)
0

oV(o;t) = —F(M;t) 4 OM + 0, F(M;t) =0

3
Beta function: F(M; t) — —k—z\/kQ + M2 k= Ae™?
T

Mass function: M = 0,V

- Initial condition  V(o;t=0) = —o0



Solving RG equation

Oy M + 0, F(M;t) =0
with M(o;t =0) = Ggo

- Due to the divergence of G, the derivatives
with respect to t and o cannot be defined.



Weak solution

Introduce the test function ¢(o;t)
Smooth and satisfying ¢(+o0;t) = p(o;00) =0

> > OM  OF(M;t) L
/0 dt/_ooda[at | o }gp(a,t)—()

‘ Integration by parts
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- Weak RG equation
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Its solution is called “weak solution”.



Characteristics

- RG equation of NJL model as PD

M (o;t) + 0, F(M;t) =0

- Characteristic equation (coupled ODE)

do(s)  OF dt(s) dM(o;s)
ds  OM’ ds ds
do(t)  OF dM (o; 1)

dt ~ OM’ g Y
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How to uniquely determine the solution?

. After the critical scale, the mass function
becomes multi-valued function. M, o}

~~~~~~~~ > * | shock
To uniquely determine, oyl
. . . —> 0
Rankine-Hugoniot condition: o

do™ F(M(oi(t));t) — F(M(c*(t)) ;)
T M) - M 1))

. Geometrically equal area law

Sa(t) — Sp(t) = constant = 0
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Mass function

M(&,1)

t=0 ----- t=0.2 t=t, t=0.5
ceememe t=1 eeeeeees t=1.5 t=co




Weak solution
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Weak solution
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Evolution of RG flow

* Evolution of mass function

M M M M
A A A/ A/
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t=20 t <t t =1, t > t,

» At a scale the slope of the mass function becomes infinity.
* This corresponds to the second-order phase transition.
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In case of first-order
phase transition
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Summary so far

- The Solutions for RG equations with
singularities i1s defined as a weak solutions

- Characteristic method: PDE to coupled OD

. In 2nd-order PT, the “Shock” arises at the
origin o =0.

. In 1st-order PT, the shocks arise at o +0.
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3. Chiral phase diagram



Finite temperature and density

. Effective action

L'y = /4433‘ P —V(o;t)]

1/T
I'y, = d &z [Py — V(o:t b~V
k /O 7/ z (VP — V(ost) + ppy |
. Beta function

F'(M;t) F(M;t;T, )

- Parameters: Gy, T, u, A



Phase diagram
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Phase diagram
on T-u plane
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Schematic figure of
phase diagram

Symmetric phase (1)) = 0




Summary

- Dynamical Chiral Symmetry Breaking with
weak renormalization group

- Mathematically define the solution of RG
equation with singularity.

- Phase diagram of NJL model



Prospects

Phase diagram of QCD

supercolor conductivity(T=0)
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Improving the approximation

Relationship with dynamical bosonization?



Improvement ot
approximation:-:

- Introduce the test function ¢(o;1t)
Smooth and satisfying ¢(+o0;t) = p(o;00) =0

> > OM  OF(M;t) L
/0 dt/_ooda[at | o }gp(a,t)—()

‘ Integration by parts
[ ooz - [TanSE| + [T a|erann=,
e 0 0

- Weak RG equation

—/ do M

O
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/ dt/ da[ +FMt)gf]+/o;

do M(0;0) ¢(;0)

=0

When there is a higher derivative terms?

F(

M,0,M;t)

[0




Appendaix



Characteristics

RG equation
oM (o;t)+ 0, F(M;t) =0

O M
* ((9MF 1 O) (3tM>O O F = (00 F)(0,M)

—1

total derivative: dM = 0, Mdo + 0, M dt
0y M
(do dt dM) [ oM | =0
—1

ds: constant of proportionality

do(s) OF dt(s) |
ds  OM’ ds ds
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Quantum Chromodynamics
(QCD)

SU(3) non-Abelian gauge theory

1 a auv
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April 2012

v T decays (N3LO)

a DIS jets (NLO)

0 Heavy Quarkonia (NLO)

o e'e jets & shapes (res. NNLO)
e 7 pole fit (N3LO)

pp —> jets (NLO)
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Physics from QCD
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Dynamical Chiral Symmetry Breaking
(D x SB)

- Origin of Hadron mass

., Q

mg ~ 300 MeV mg ~ 5 MeV

. 99% of mass of matter comes from the D y SB.



Notation

. The dimensionless scale t




M(G 1)

At finite density
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