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Introduction
lQuantum	gravity

• Challenging	problem	in	elementary	particle	physics

lEinstein	gravity	describes	many	phenomena	in	
long	distance	(low	energy).
lQuantization	of	gravitational	field	(metric)

• Perturbatively un-renormalizable
•Need	infinite	number	of	counter	term	and	UV	cutoff.
•Prediction	power	becomes	weak.

lString	theory?	Loop	quantum	gravity…?



Introduction
Can	we	construct	quantum	gravity	
by	quantum	field	theory?

lYes!

Asymptotic	safety
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What’s	Asymptotic	Safety?
l Suggested	by	S.	Weinberg

UV Fixed	point



Theory	space

UV	critical	surface

IR physics

If	UV fixed	point	exists, Irrelevant

relevant

relevant



Asymptotic	safety
lUVFP	must	exist.
lUV critical	surface	is	defined.

• Spanned	by	relevant couplings

lIrrelevant	flow	is	controlled	by	relevant	flow	in	IR limit	Λ → 0.
lIn	UV limit	Λ → ∞ with	fixed	IR	physics,

• RG	flow	on	the	UV	critical	surface	have	no	divergence.
• It	takes	infinite RG	transformation	steps	near	the	UVFP.		
• UV	critical	surface	is	UV	complete	theory.	

lFinite number	of	relevant	couplings	=	renormalizable
• Their	coupling	constants	are	free	parameters.

lGeneralization	of	asymptotic	free

Irrelevant

relevant



What	Weinberg	showed
l𝑑 = 2 + 𝜖 gravity	with	𝜖	expansion

• Found	a	UVFP	of	Newton	constant:

• When	𝜖 > 0, for	Λ → ∞

lHow	is	𝑑 = 4 gravity?

Asymptotic	free
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Functional	Renormalization	Group
lAlso	called	Wilsonian	RG,	Exact	RG,	Non-perturbative	RG…etc.
lIntegrating	higher	momentum	fluctuation,	the	low	energy	
effective	theory	is	defined.

lAdvantage:
• Because	of	not	asymptotic	expansion,	it	is	can	be	applied	to	strong	
dynamics and	arbitrary	dimension.

• We	can	easily	extend	a	theory	space.

lDisadvantage:
• The	cutoff	breaks	gauge	symmetry.
• Dependence	of	gauge	and	cutoff		scheme	(due	to	the	truncation).



Exact	Flow

Truncated	Flow

Wetterich equation

Projection

Theory	space

Projection Projection



Approximation
lExpand	effective	action	into	operators
•e.g.	scalar	theory:

• Including	operators,	approximation	is	improved.	

・・・



How	to	find	relevant	direction?
llinearizing	beta	function	around	𝑔∗ irrelevant

relevant

Count	number	of	positive	𝜃.
Go	away	from		𝑔∗

close	to		𝑔∗

Critical	exponent



Summary	of	this	part
lFRG	is	useful	method	to	study	asymptotic	safe	
gravity.

lCounting	positive critical	exponent,	we	can	find	
dimension	of	UV	critical	surface.
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Einstein-Hilbert	truncation
lEinstein-Hilbert	truncation	(Euclidean)

lExpand	metric	around	back-ground	field:

lTake	de-Donder gauge	𝛼=0,	𝛽=1

2	dimensional	theory	space



Einstein-Hilbert	truncation
[M. Reuter, F. Saueressig, ’02]

UVFP

UVFP:

Critical	exponents:

relevant



Higher	operators
l𝑓 𝑅 	truncation:

[A. Codello, R. Percacci, C. Rahmede, ’07]
[P. Machado, F. Saueressig, ’07]
[A. Codello, R. Percacci, C. Rahmede, ’09]
[A. Bonanno, A. Contillo, R. Percacci, ’11]
[K. Falls, D.F. Litim, K. Nikolakopoulos, C. Rahmede, ‘13]



Truncation	order [K. Falls, D.F. Litim, K. Nikolakopoulos, C. Rahmede, ‘13]

Relevant

Irrelevant



Truncation	order [K. Falls, D.F. Litim, K. Nikolakopoulos, C. Rahmede, ‘13]

Theory	space

UV critical	surface	is	spanned	by	3	operators,	
that	is,	3	dimensional	space.

• 3	free	parameters
• Renormalizable!

At	low	energy,	gravity	
should	be	Einstein	gravity.



Prediction	of	Higgs	mass
Before	discovery	of	Higgs



Asymptotic	safe	gravity	is	one	of	
good	candidates	of	quantum	gravity!

Summary	of	this	part
lNumerous	studies	show	that

•UVFP	exists
•UV	critical	surface	is	3	dimensional.

lSucceed	prediction	of	the	Higgs	mass.
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Higgs-Yukawa	model
lNon-minimally	coupled	to	asymptotically	safe	gravity

lPotentials

Cosmological		Const.

Planck	mass
(Newton	const.)

Non-minimal		
coupling



Why	consider	this	model?
lToy	model	of	Higgs	inflation
lHiggs	inflation

l To	realize	Higgs	inflation,	needs	large	𝜉
• At	least 𝜉~10 …	Is	it	possible?

[F. Bezrukov, M. Shaposhnikov, ’08]



Without fermion
lScalar-gravity	system

• 5	dimensional	theory	space:	 𝑀9
:, Λ;;, 𝑚:, 𝜉, 𝜆

•UVFP	exists.
• Critical	exponents:

•Non-minimal	coupling	𝜉𝜙:𝑅 found	to	be	relevant.
• 𝜉 is	a	free	parameter.
• Then,	in	principle,	𝜉 can	have	large value.

[R. Percacci, D. Perini’ 03]
[G. Narain, R. Percacci ’09]



With fermion
l6	dimensional	theory	space:	{𝑀9

:, Λ;;, 𝑚:, 𝜉, 𝜆, 𝑦}
lCritical	exponents:

lFermion	fluctuation	makes	non-minimal	coupling	
𝜉𝜙:𝑅 irrelevant.
l𝑚:, 𝜉 cannot	be	a	free	parameter!

[K-y Oda, M. Y., ’15]



Questions
lCan	the	non-minimal	coupling	become	large?

• In	the	Higgs	inflation	scenario,	the	non-minimal	
coupling	should	be	large.	

lHow	is	the	hierarchy	problem?
• At	least	we	do	not	have	to	do	fine-tuning	of	Higgs	
mass.



Can	𝜉 become	large?
l𝜉 should	be	generated	by	relevant	couplings.
lRG	equation	of	𝜉:

• Quantum	correction	is	not	large.
• 𝜉 does	not become	large at	low	energy	scale.

𝜉 is	generated	by	relevant	couplings.



How	is	Hierarchy	problem?
lScalar	mass	is	irrelevant.

•No	bare	mass	term	in	bare	theory.

lOur	result	indicates	that	the	theory	is	
asymptotically	conformal	in	matter	sector.

lIs	it	a	solution	for	the	hierarchy	problem?

lNo…



How	is	Hierarchy	problem?
lHierarchy	problem	in	FRG.

• E.g.	simplified	Yukawa	model:

Fine-tuning	between	bare	mass	and	loop	correction



How	is	Hierarchy	problem?
lRG	equation	of	mass

lCanonical	scaling	appears.
lDue	to	this	term,	scalar	mass	becomes	large.
l Fine-tuning	is	still	required.

𝑚: is	generated	by	relevant	couplings.Grow	up



Summary
lAsymptotically	safe	gravity

•One	of	candidates	of	quantum	gravity

lHiggs-Yukawa	model
• Toy	model	of	Higgs	inflation

lWe	showed	that	fermionic	fluctuation	makes	𝜉
irrelevant.
l𝜉 cannot	become	large.
lHierarchy	problem	still	remains.
lExtension	of	theory	space.

•Gauge	fields



Appendix



lExpand	fields	into	background	and	fluctuation

Details	of	calculation



FRG

Need	two	point	function	with	respect	to	fluctuations



Two	point	function





Cut	off	scheme
lExponential	cut-off

lSharp	cut-off

lOptimized	cut-off



Gauge	fixing	and	ghost	action
lGauge	fixing	action

lGhost	action	


