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Strong CP problem
Symmetry in the SM does not prohibit the θ term,

L� =
i�

32�2
�µ���Tr(Gµ�G��) =

i�

32�2
GG̃

Gµ� : gluon field strength

✓ Two origins :  

✓ θQCD, θYukawa : free parameter  

✓ Violate P and CP 

✓ NEDM exp:                                     ≲ 10−10 
➡ Why is θ so small?

� = �QCD + �Yukawa

� = �QCD + �Yukawa



Two possible solutions

✓Peccei-Quinn mechanism 
θ-term dynamically vanishes. 
(more explanations below)

✓mu = 0 
Chiral rotation of uL and/or uR gets rid of θ. 
θ-term ⇒ unphysical



Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C, 38, 090001 (2014) and 2015 update

Light Quarks (u, d, s)

OMITTED FROM SUMMARY TABLE

u-QUARK MASSu-QUARK MASSu-QUARK MASSu-QUARK MASS

The u-, d-, and s-quark masses are estimates of so-called “current-quark
masses,” in a mass- independent subtraction scheme such as MS. The
ratios mu/md and ms/md are extracted from pion and kaon masses
using chiral symmetry. The estimates of d and u masses are not without
controversy and remain under active investigation. Within the literature
there are even suggestions that the u quark could be essentially massless.
The s-quark mass is estimated from SU(3) splittings in hadron masses.

We have normalized the MS masses at a renormalization scale of µ = 2
GeV. Results quoted in the literature at µ = 1 GeV have been rescaled by
dividing by 1.35. The values of “Our Evaluation” were determined in part
via Figures 1 and 2.

VALUE (MeV) DOCUMENT ID TECN COMMENT

2.3 +0.7
−0.5 OUR EVALUATION2.3 +0.7
−0.5 OUR EVALUATION2.3 +0.7
−0.5 OUR EVALUATION2.3 +0.7
−0.5 OUR EVALUATION See the ideogram below.

2.36±0.24 1 CARRASCO 14 LATT MS scheme
2.15±0.03±0.10 2 DURR 11 LATT MS scheme
2.24±0.10±0.34 3 BLUM 10 LATT MS scheme
2.01±0.14 4 MCNEILE 10 LATT MS scheme
2.9 ±0.2 5 DOMINGUEZ 09 THEO MS scheme
2.7 ±0.4 6 JAMIN 06 THEO MS scheme
1.9 ±0.2 7 MASON 06 LATT MS scheme
2.8 ±0.2 8 NARISON 06 THEO MS scheme
• • • We do not use the following data for averages, fits, limits, etc. • • •

2.01±0.14 4 DAVIES 10 LATT MS scheme
2.9 ±0.8 9 DEANDREA 08 THEO MS scheme
3.02±0.33 10 BLUM 07 LATT MS scheme
1.7 ±0.3 11 AUBIN 04A LATT MS scheme

1CARRASCO 14 is a lattice QCD computation of light quark masses using 2 + 1 + 1
dynamical quarks, with mu = md ̸= ms ̸= mc . The u and d quark masses are
obtained separately by using the K meson mass splittings and lattice results for the
electromagnetic contributions.

2DURR 11 determine quark mass from a lattice computation of the meson spectrum using
Nf = 2 + 1 dynamical flavors. The lattice simulations were done at the physical quark
mass, so that extrapolation in the quark mass was not needed. The individual mu , md
values are obtained using the lattice determination of the average mass mud and of the

ratio ms/mud and the value of Q = (m2
s
− m2

ud) / (m2
d

− m2
u
) as determined from

η → 3π decays.
3BLUM 10 determines light quark masses using a QCD plus QED lattice computation of
the electromagnetic mass splittings of the low-lying hadrons. The lattice simulations use
2+1 dynamical quark flavors.

4DAVIES 10 and MCNEILE 10 determine mc (µ)/ms (µ) = 11.85 ± 0.16 using a lattice
computation with Nf = 2 + 1 dynamical fermions of the pseudoscalar meson masses.
Mass mu is obtained from this using the value of mc from ALLISON 08 or MCNEILE 10
and the BAZAVOV 10 values for the light quark mass ratios, ms/m and mu/md .
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“mu=0” seems not to be 
completely excluded.

mu = 0?



Peccei-Quinn mechanism [Peccei and Quinn (77)]

Introduce SM singlet complex scalar φ(x)=|φ(x)|eia(x)/fa 

+ some more (model dependent)

Axion
OK, maybe mu is non zero and θ is physical.

Then, why is θ so small?

The axion provides a nice solution.

[Peccei and Quinn ’77]

(dynamically selected)

Axion
OK, maybe mu is non zero and θ is physical.

Then, why is θ so small?

The axion provides a nice solution.

[Peccei and Quinn ’77]

(dynamically selected)
periodic:V(θ+a/fa) = V(θ+a/fa+2nπ)

Axion
OK, maybe mu is non zero and θ is physical.

Then, why is θ so small?

The axion provides a nice solution.

[Peccei and Quinn ’77]

(dynamically selected)

CP conserving vacuum is realized as a potential minimum. 
⇒Strong CP problem is gone.



Axion
OK, maybe mu is non zero and θ is physical.

Then, why is θ so small?

The axion provides a nice solution.

[Peccei and Quinn ’77]

(dynamically selected)

Axion mass

ma � 6 � 10�6 eV

�
1012GeV

fa/N

�
At T=0, χt =[70(9) MeV]4 ⇒

Axion mass: ma2 = χt / 2 fa2 

χt : topological susceptibility

Is θ-term really physical?
—> Does the partition function Z depend on θ?

(CP)

(topological charge = integers!)

(topological susceptibility)

Q: topological charge 

Q = 1

32�2

�
d4xGG̃
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~ c×1 / fa

Constraint on ma - fa plane
Axion coupling to SM particles: 

                  (gluon),                    (photon) 

Search for a → γ γ 
            ⇓ 
constraint on 
 ma-1/fa plane

a(x)

fa
GG̃

a(x)

fa
FF̃

ma

Large fa 
⇒ very weak interaction 
⇒ good DM candidate



axion abundance
Evolution of coherent component: 

                                                ∝ T 4 

         ma2(T) = χt(T) / 2 fa2 
Initially, 3H(T) > ma(T) ⇒    =0 

When 3H ∼ ma (T=T*) ⇒ a starts to oscillate.  
na(T0) ≈ na(T*)(T0/T*)3 

                ~ ma(T*) fa2 θa,i2 (T0/T*)3 

  (θa,i = θ + aini / fa) 

Need to know T dependence of χt(T)

�̈ + 3H(T )�̇ + ma(T )2� = 0

3H(T )2M2
pl = �(T )

aȧä

ȧ

𝜙

V(𝜙)

T≫T* 

ma ~ 0 ≪ 3H

T=T0 

ma0 > 3H0

T≈T* 

ma* ≈ 3H

T>T* 

ma ≠0 < 3H



Current estimate of χt(T)



instanton paradigm
The standard way to calculate the temperature 

dependence of ma is based on the dilute instanton gas 
approximation.

instanton action

T
Tc

!t

[Pisarsky, Yaffe ’80]

instanton paradigm
The standard way to calculate the temperature 

dependence of ma is based on the dilute instanton gas 
approximation.

instanton action

T
Tc

!t

[Pisarsky, Yaffe ’80]

Instanton action = e8π2/g2  
b: beta function

Dilute Instanton Gas Approximation (DIGA)
[Gross, Pisarski, Yaffe (1981)] 

Assuming non-interacting isolated instantons

Seems valid (only) at very high temperature



instanton paradigm
The standard way to calculate the temperature 

dependence of ma is based on the dilute instanton gas 
approximation.

instanton action

T
Tc

!t

[Pisarsky, Yaffe ’80]
Dilute Instanton Gas Approximation (DIGA)

➡ T*~ O(1) GeV

cf. IILM (interacting instanton liquid model) predicts T－6.7. 

[Wantz, Shellard (2010)]

θini : initial value of θini = aini/fa

� �2
a,i � =

�
�2

3 SSB after Inflation
random in [ 0, � ] SSB before Inflation

 θini2 

Axion Dark Matter

axion window

good DM abundance

[PDG]
2



Axion = good candidate of DM
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axion window



Other possibility?
Low T (~ΛQCD) ⇒ no validity in instanton picture 
The following extreme behaviors are suggested or yet-allowed. 

✓ Step function like behavior [Aoki, Fukaya, Taniguchi (2012)] 
𝜒t(T) ~ 𝜒t(T=0) θ(Tc−T)   if  mu,d < mqcrit (←unknown) 

✓ A bit milder case 
𝜒t(T) ~ 𝜒t(T=0)                                      for T ≲ Tc  

              ~ 𝜒t(T=0) exp[ −2c(mq) T2/Tc2 ]   for T > Tc



In extreme cases      [Kitano, Yamada (2015)]

scale factor a/ai (or t)

𝜙

V(𝜙)

T≫T* 

ma ~ 0 ≪ 3H

𝜙

V(𝜙)

T=T0 

ma0 > 3H0

𝜙

V(𝜙)

T≈T*≈Tc≈200 MeV 

ma(T) rapidly grows

Oscillation began. 
 ρa(T*) larger than the adiabatic case is set.

ρa(T0)=ρa(T*)×(a*/a0)3

𝜙

V(𝜙)

T≈T*≈Tc 

ma0 > 3H

ρa(T*)



if !t=0 above Tc~150MeV,
the axion suddenly starts to oscillate at T=Tc

independent of ma

axion window is gone.

TTc

!t



In extreme cases      [Kitano, Yamada (2015)]a bit milder case

T
Tc

!t

enhancement due to the non-adiabatic evolution 
of the potential.



Over-closure bound sensitive to T-dependence
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Instanton: χt ~T−8               ⇒

Extreme case: χt ~ θ(Tc-T) ⇒ ini



Lattice determination of χt(T)



!t on the lattice

we just need to measure Q in each configuration.

There are two ways to measure Q.

(Bosonic definition)

(index theorem)nL−nR



Somehow,
in 2015, three independent calculations appeared.

E. Berkowiz, M. Buchoff, E. Rinaldi (LLNL)

RK and N. Yamada (KEK)

(in the SU(3) Yang-Milles theory, no quarks yet)

S. Mages et al (BMW)

Bosonic (cooling)

Fermionic  (overlap)

Bosonic (Wilson Flow)

R. Kitano and NY (KEK)      Index theorem

χt in pure Yang-Milles



lattice results

[Berkowitz et al.] [RK, Yamada]

[Mages (Lattice 2015 conf.)]
(preliminary)

J
H
E
P
1
0
(
2
0
1
5
)
1
3
6

Figure 2. Integrated autocorrelation time for Q on 163 × 4 (left) and on the other larger lattices
(right).

Figure 3. The temperature dependence of the topological susceptibility, χt in unit of T 4
c
. The

results of 163 × 4 (filled circles), 183 × 6 (filled squares) and 243 × 6 (filled triangles) lattices with
the standard HMC are shown. The dotted curve is the fit of five data points of 163 × 4 lattices
obtained in the range 1 ≤ T/Tc ≤ 2.

3.3 T dependence of χt

The figure 3 shows the T dependence of χt. It is seen that, restricting the data points

to the one in which Q shows a recognizable fluctuation, the results obtained from such

fluctuations are consistent with the existing results, for example, given in ref. [33–35]. It is

important to note that we have only observed |Q| ≤ 1 at T = 1.50Tc and 1.75Tc, but the

resulting χts nevertheless reasonably agree with the previous results. It is also found that

χt with different volumes shows consistency within two standard deviations as long as the

data showing a recognizable fluctuation of Q are concerned.

To see the consistency of our results with the instanton calculus, we fit the five results

in the range of 1 ≤ T/Tc ≤ 2 to the form of ∝ 1/T 7, which is suggested in the leading

order instanton calculus. The fit quality is reasonable (χ2/d.o.f.= 0.97).

From these observations, we realized that with HMC it is difficult to obtain the reliable

– 8 –

[Kitano and NY]



All look consistent

We see a clear power law even at a very low temperature.

(at least qualitatively)

[Mages (Lattice 2015 conf.)]

T−n: n= 5.64 - 7.14 ⇔ Consistent with DIGA (n=7) in pure YM!



Problems in measuring χt at high T

!t

0 1 2 3-1-2-3

!t measures how often instantons appear in the path integral. 

If !t is nonzero, θ is physical.

Besides the inclusion of dynamical quarks 

T* ~ O(10) ×Tc ⇒ need to explore higher T 

⟨Q2⟩ = χt V: Width of histogram of Q 
 At high T, χtV ↘︎ 

At some T, we can only 
accumulate Q=0 configs 
and fail to calculate ⟨Q2⟩.



Frozen Q

[R. Kitano, NY (2015)]



New Method 
Kitano, Frison, Matsufuru, Mori, NY, in progress



New Method [Kitano, Frison, Matsufuru, Mori, NY, in progress]

⇒ able to explore T dependence of χt(T) at arbitrary high temperature

Consider quenched SU(3) (pure YM)

�tV ⌧ 1 �tV ⇡ 2Z1(�)

Z0(�)
⇒At T/Tc > 1,

�tV = �Q̂2�� =
1

Z(�)

+��

Q=��
ZQ(�)�Q̂2�(Q)

�

=
1

Z(�)

+��

Q=��
ZQ(�)Q2

�tV = �Q̂2�� =
1

Z(�)

+��

Q=��
ZQ(�)�Q̂2�(Q)

�

=
1

Z(�)

+��

Q=��
ZQ(�)Q2



New Method [Kitano, Frison, Matsufuru, Mori, NY, in progress]

⇒                 (β=6/g2)

⇥�t(�ref)V4(�ref)

=

Z1(�)
Z1(�ref )

Z0(�)
Z0(�ref )

⇥ 2Z1(�ref)

Z0(�ref)

≈

QCD β function

Lattice coupling β=6/g2

Difference of the Wilson loop  between the Q=±1 and 0 sectors

(                                                  )



High T Limit (ɡ2→0 limit)

Hight  T Limit ⇒ S(Q)
g |BPST =

8�2

g2
|Q|

≈

≈  − βg /g2 (⟨Sg(1)⟩ − ⟨Sg(0)⟩) + 4

≈ −11 |Q| + 4

With |Q|=1, DIGA results χt(T) ~ T −7 is reproduced.



Preliminary Results [Kitano, Frison, Matsufuru, Mori, NY, in progress]

Test in the quenched approximation



Preliminary Results [Kitano, Frison, Matsufuru, Mori, NY, in progress]

Test in the quenched approximation

Consistent with DIGA value χt ∝ T −7 down to 2 Tc. 
Unquenched simulation is the next to do.

↓Tc ↓2Tc

8000Tc 

~2 TeV 

↓



Summary
✓ Lattice QCD can constrain axion physics through the 

determination of χt(T)! 

✓ χt(O(1) GeV) is important to axion DM, but difficulty 
arises at T > a few ×Tc since Q tends to freeze. 

✓ We proposed a method to directly calculate the T-
dependence of χt(T) at arbitrary high T, which looks 
promising. 

✓ Extension to full QCD is on going.


