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1-1 3d CS matter theories: worth
to study

» In large N, they are expected to be dual to
parity Vasiliev theory in 4d AdS space

» Non-SUSY duality relationships,
AdS-CFT-CFT triality

» In SUSY case, duality between the SUSY CS
matter theories can be

—related to the 4d Seiberg duality

» Anyon, application to the quantum Hall
effect ?




Ex) Non-SUSY AdS-CFT-CFT correspondence

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions
Expected to be dual I

[CS theory coupled to }

Gravity side

critical bosons

Chern-Simons side




Here we will consider the 3d CS
theory coupled to fundamental
matters on S! x S2, by
investigating the phase structure
by calculating the free energy of
the theories




1-2-1. Summary of the result,
(Free energy of CS matter theory)

» On ST X S?2, the free energy
— described by the unitary matrix model U

U = exp ( j{ drg/q;) : Holonomy

» In large N,
Eigenvalue density p(x) of U — Free energy

» We calculate p and then see the phase
structure.




Phase structure

This is caused by upper limit of the
eigenvalue density p, this saturation is
caused by the monopole on S2

Lower gap phase

No gap phase
CS matter theory

Usual Gross-witten-Wadia CS matter theory
type phase structure -




1-2-2. Summary of the result,
(Duality)

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual ?

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

There are former works which tried to show it but
they did not succeed




1-2-2. Summary of the result,
(Duality)

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual ?

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

There are former works which tried to show it but
they did not succeed

Because they neglect the new phase caused by
the upper limit of the eigenvalue density.




1-2-2. Summary of the result,
(Duality)

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions
Gravity side \ ‘ Dual ?

CS theory coupled to
critical bosons
We have taken into account
the upper limit of the
eigenvalue, and succeeded
There are former works which tried to show it but
they did not succeed

Chern-Simons side




1-2-2. Summary of the result,
(Duality)

N=2 SUSY CS N=2 SUSY CS matter
matter theory ” theory with ‘t Hooft
with ‘t Hooft Dual coupling 1-A with
coupling A with temperature AC/(1-))
temperature C




1-2-3. Summary of the result,
(Relationship to the Seiberg Duality)

N=2 SUSY CS N=2 SUSY CS matter
matter theory ” theory with ‘t Hooft
with ‘t Hooft Dual coupling 1-A with
coupling A with temperature AC/(1-))
temperature C

!

This would be related to the
Seiberg-duality in 4d

(I have not worked this in my paper, and | will talk
if there is enough time.)




1-2-3. Summary of the result,
(Relationship to the Seiberg Duality)

N=2 SUSY CS N=2 SUSY CS matter
matter theory ” theory with ‘t Hooft
with ‘t Hooft Dual coupling 1-A with
coupling A with temperature AC/(1-))
temperature C

!

This is Giveon-Kutasov duality in the large k,
large N, with finite flavor N;




1-2-3. Summary of the result,
(Relationship to the Seiberg Duality)

This is Giveon-Kutasov duality in the large k,
large N, with finite flavor N;

!

Giveon-Kutasov duality is derived from the
Aharony duality in 3 dimensions, .

!

Aharony duality is obtained by the dimensional
reduction and the suitable modification of the
superpotential from 4d Seiberg-duality






» To see the property of the phase
structure of the CS matter theory,
it is instructive to compare with
the Gross-Witten-Wadia phase
transition in 2 dimensional YM
theory on the lattice.



Let us see by following order.

» (1) Phase structure of 2d YM on the lattice
» (2) Phase structure of CS theory




28 Lessor o)




2-1 Path integration of 2d YM
lattice at large N

Path integration (Free energy) is represented by the unitary
matrix model

L — Oy
ZyMZ/da-m (HQsm I 5 )exp(Seff({r})

I#+=m

Serp = —CNTx (U +UT), TTU:Zeiﬂ'm

1

C:ﬁ




2-1 Path integration of 2d YM
lattice at large N

Path integration (Free energy) is represented by the unitary
matrix model

Zym = /dam (H 2 sin _2&’“) exp(—Sess(a))

l#m

In large N, this is obtained by the saddle point equation.
Minimizing S
5 B g, T Qi
S —Seff ZlUD (2 S1I11 5 )
m=£l
Free energy — Configuration

Configuration — determined set of eigenvalues

— T < <ayg<...<ay<T
L ———



In the large N

\Z /dx/%”(ﬁ’da/awd

Eigenvalue density

configuration is governed by p(x)

pla)

@ @ oo e ©e® © @ ©




In the large N

Ly [ [ e [

Eigenvalue density

configuration is governed by p(x)

pla)

@ @ oo e ©e® © @ ©

@1 (){2 ............................................. aN

p(x) — Configuration —Free energy

Let us focus on p(x)



In the large N

Ly [ [ e [

Eigenvalue density

Saddle point eq. In terms of p

— 3
=—N g/dap )cos v — \QP/da/dd’p a)p(p (251na 2' )




@ :Indicate the location of the eigenvalues

@ @ e @ © @ ©

Sef f
Minimized when p(a) = d(«a) a1 =...=ay =20
Attracting Force between eigenvalues,

stronger in the bigger C

A4



@ :Indicate the location of the eigenvalues

@ @ e @ © @ ©

Vandermond determinant
1

Minimized when rl0)=5-  oami=at
Repulsive Force between eigenvalues,

stronger in the lower T

A4



Attractive Force v.s Repulsive Force




Eigenvalue density .
function p(c) w.r.t to /\
temperature / "

Start to clump




Support of p(x) in a
part of the domain,
there are zero points

Support of p(x) all over the
domain, no zero point




Support of p(x) in a
part of the domain,
there are zero points

Support of p(x) all over the
domain, no zero point




Lower gap phase

Support of p(x) in a
part of the domain,
there are zero points

No gap phase

Support of p(x) all over the
domain, no zero point




Let us consider the phase
structure of CS matter
theory




[Jain-Minwalla-Sharma-T.T-

Wadia-Yokoyama
[arXiv:1301.6169]]




In Dain—-Minwalla-Sharma-T.T-Wadia-Yokoyama [arXiv:1301.6169]]
We give a prescription to investigate

In T.T [arXiv:1304.3725]

We have investigate the phase structure of
the CS matter theory with the
prescription.




3-1. Path integration of the CS
matter theory on S' x S?

» Starting from the path integration formula,

2 Q:
ZCS — /DA E{ 6 TTrf(AdA_l_ﬁAg)_Snzatter

Performing the matter integration Dy

. 2 43 S
o = /DAe =Ty [(AdA+3A3) =[S, p;
/

Effective potential depending on gauge fields




3-1-1 Expansion of the effective action

» Form of S.¢¢
Serf = /d%: (T*0(U) + Tr (0,U + [A;, U])*...) (i =1.2)

» Effective action is composed of and the holonomy

-

\ [’ Temperature

x3 : Thermal direction,

U = exp ( f d:ggAg) : Holonomy

)3 A3 = 0, Gauge fixing

71, x5 : coordinate on S?
Ay, A, :Gauge fields along S2




3-1-1 Expansion of the effective action

» Form of S,y
Seff_/d% (T*0(U) + Tr (0,U + [A;, U])*...) (i =1.2)

Mass dimension




3-1-1 Expansion of the effective action

) Order OfT N Seff

Seff_ U) + Tr (0;,U + [A;, U]) ‘< (i=1,2)

O(T?) O(T9) O(T") (n > 0)

\

Depending only on holonomy

.




3-1-1 Expansion of the effective action

» In Large N
Seff = /d% (T*0(U) + Tr (0,U + [A;, U])*...) (i =1.2)

m=) Order (N1)

(1) No propagating degree of freedom
of gauge fields
(2) Matter is in the fundamental representation.




3-1-1 Expansion of the effective action

» In Large N
et = / P (T0U)+ Tr (U + [A4, U] ..)  (i=1,2)

m=) Order (N1)

» Vandermond determinant contributes as order (N2)

(We will see the Vandermond determinant later)

Phase transition
===) by the competition of

v.s Vandermonde
AN

Relatively very small




3-1-1 Expansion of the effective action

Serf = /d% (T*0(U) + Tr (0,U + [A;, U])*...) (i =1.2)

m=) Order (N1)

» Vandermond determinant contributes as order (N2)

(We will see the Vandermond determinant later)

Phase transition can occur only
when the temperature T is very

high T2 . N




3-1-1 Expansion of the effective action

Supp = / e ([T0(0)+1

.

T

A

T

=
i

/

Leading O(N?)!

:

)

Next Leading

(i=1,2)

Phase transition can occur only
when the temperature T is very

high T2 . N




3-1-1 Expansion of the effective action

==) [he effective action only depends
on the holonomy along the
thermal direction.




3-1-1 Expansion of the effective action

Zo = /DAez—Trf(AdA+2A3)—Seff(U)

/D~1€ = Tr [(AdA+2A3)-T2 [ d*x\/g v(U)

We can easily apply the method in Blau-Thompson
Nucl.Phys. B408 (1993) 345-390.

to calculate the partition function for every CS matter
theory uniformly.




3-1-2 Blau Thompson method

Zcs = f D AciaTr [ (AdA+2A%)=T2 [ da /5 v(U)
» Gauge fixing

1. 0345 =0,
2. Diagonalizing A;

.



3-1-2 Blau Thompson method
Zes — / D AGETY [(AdA+24%)=T? [ @ /g o(U)

» Gauge fixing

1. 0345 =0,
>, Diagonalizing A, 1

» Field contents:

1. Off diagonal components of A, A,,

2. Off diagonal components of ghost pair ¢, c
A. Diagonal components of A, 4, A,y




3-1-2 Blau Thompson method

Zcs = /Dﬂeiﬁﬁf(mm%ﬂg)Tzfdzzr\/ﬁ v(U)

» Gauge fixing
1. 0345 =0,

>, Diagonalizing A, 1

» Field contents:

[1. Off diagonal components of A, A,, ]
2. Off diagonal components of ghost pair c. ¢
A Diagonal components of A4, A,q \

Integrate these first




ZGS = /drld(d(_ exp ('i /(Agangilla + CoDsco B AogOqA1g + Z(}-mme) — Seff)

» Field contents:

[1. Off diagonal components of A, A,, ]
2. Off diagonal components of ghost pair c. ¢
A Diagonal components of A4, A,q \

Integrate these first




ZC]S = /dfld(d(_ exp ('i /(flga,Dgfha + oDy + AogOqA1g + Z (1"-mF12m) — Seff)

m
1 Euler number of S2 = 2

m Q?I @ ‘
d41 2.4da H . exp(—Ag03A2q + Z S Seff)

Quantlzed momentum along thermal
circle x;

Power of the determinant

= (# of O-form(ghost)) - V2 (# of 1-form (gauge field))
= Yo( (# of 2-form) + (# of 0-form) - (# of 1-form))

= %2 (Euler number of S,)




2n8?1 i — ap) 7X82
/d412ddﬂ H H ( 3 ) exp 'i/(Am@?,AQdﬂLZGmme)—Seff

n=—oo m,l=1

. 2
Nsmxzxﬂ 1 — 55
nm

n=+=0

1

2 XS
/dAl,Q,ddOﬁ' (H 2 sin Qam) exp ('i /(4’41@34’42(3 + Z OmFliom) — Seff)

l#m




2min (o — ) 7X82 , R
dAq 9 qdo H H 3 exp [ [ (A1g0sAzq + Z O Fliom) — Sers

n=—oo m,l=1
. 2
<— SNt =2 H 1 —
n=+=0

3XS,
/ dAy 9 gda (H 2sin ! 2“"”) exp (z' / (A1a0sA2a+ Y o From) — Seff)

l#m

» Field contents:

1. Off diagonal components of A, A,,

2. Off diagonal components of ghost pair ¢, c
[~ Diagonal components of A4, Ay |




1
2min  i(am, — ag) ) 2% , ‘
/d412dda H H ( 3 l)) exp (fz /(f”lm@gﬂgd + Za‘mme) — Seff)

n=—oo m,l=1

3XS,
/ dAyzada (H 2sin ‘”2“*”) exp (z' / (FradsAad+ Y JomFrom) - eff)

l#m

» Field contents:

1. Off diagonal components of A, A,,

2. Off diagonal components of ghost pair ¢, c
[~ Diagonal components of A4, Ay |

(i). Massive KK momentum modes

(ii).Massless KK momentum modes




2n8?? i — ap) 7X82
/df—llgddﬂ H H ( 3 ) exp 7 /(441d83*’42d+za"mF12m)_Seff

n=—oo m,l=1

2
) T
<— SNt =2 (l — )
“ n2=2
n=+=0

3XS,
. — Qi . ‘
/ dAy g gda (EQQSIH I 5 ) exp ('l / (141403 Agq|+ ym: OmFliom) — Seff)

KK massive modes along thermal circle
‘ just the constant (ignored)




2n8?1 i — ap) 7X82
/d412ddﬂ H H ( 3 ) exp 'i/(Am@?,AQdﬂLZGmme)—Seff

n=—oo m,l=1

. 2
Nsmxzxﬂ 1 — 55
nm

n=+=0

1

2 XSy
/djill,g,dd&' (H 2 sin i Qam) exp (l/ Z G‘mFlgm) — Seff)

l#m




|~

2“371 (o — )\ 2752 , ‘
/d412dda H H ( 3 l)) exp (fz/(f’lm()gﬁgd + Za‘mme) — Seff)

n=—oo m,l=1

1
2 XSy
/dfh,z,dda* (1];[ 2sin a > am) exp (z/ Z (1712m) — eff)

Integration of KK massless modes along thermal circle
By fixing the residual gauge by

We can see

/ dy exp (fz' / X@{dia) = « : constant on 5% x S!




1
2min  i(am, — ag) ) 2% , ‘
/drh 9.adav H H ( 7 1)) exp (fz /(Amf)gﬁgd + Za‘mme) — Seff)

n=—oo m,l=1

1
2 X5
/dr‘h,z,dda* (1];[ 2 sin i > am) exp (z/ yﬂ: am/‘me) - Seff)

Integration of KK massless modes along thermal circle
By fixing the residual gauge by

We can see

/ dy exp (fé / );82-8“'0) = « : constant on 5% x 5!

m

m




1
2min  i(am, — ag) ) 2% , ‘
/drh 9.adav H H ( 7 1)) exp (fz /(Amf)gﬁgd + Za‘mme) — Seff)

n=—oo m,l=1

n=+=0
%XSQ
V] — Yy _ N
/ dAq g qda (!1;[ 2 sin i > ‘ ) exp ('@ / yﬂ: aw(F 12m))— Seff)

Integration of KK massless modes along thermal circle

By fixing the residual gauge by

Monopole,

@Ai =0= A, = Ez‘jajl’ (1=1.2) Integer

We can see

/ dy exp (fé / );82-8“'0) = « : constant on 5% x 5!

7 Z / d*ro,, Fla, =1 Za-.m / d*xFiop =i Za-. |







)

Zcs = Z / dovy, (2 sin a1 m

Analogous

Partition function of the 2d YM on the lattice

(By Gross-Witten-Wadi

a)

Ly m = / dovm, (

H 2 sin

I#+=m

5 ) exp(—Sess(a))




ZCS 1@ dﬂ"m (2 Si1

Difference ??

(1) Additional
parameter

(CS level)

(2) Sum of the monopole

Ly m = / dovm, (

I#+=m

[T 2sin~ 2'“’“’) exp(—Sers(@))




3-1-3 Effect of the monopole

a1 — o 3XSs |
Zos @dam (2 sin — 5 m) exp(i-k Z(m-n) Serfla))

Sum of the monopole

Z ethom — Z O — 27;;71)
n mei

. Cf—m(n'-m) — ('.715) —N(¢v
H 2 sin ( 5 )) e NGl Z O(kaj —2mn)

N
j=1 m£l

.

Delta function shows up



3-1-3 Effect of the monopole

a1 — o 3XSs |
Zos @dam (2 sin — 5 m) exp(i-k Z(m-n) Serfla))

Sum of the monopole

; ethom — Z O — 27;;71)

meZ

. Cf—m(n'-m) — ('.715) —N(¢v
H 2 sin ( 5 )) e NGl Z O(kaj —2mn)

N
j=1 m#l

Delta function shows up
& is restricted to the Discretized value




With the effect of the monopole
1 H 2 sin (ﬂ-n:-,(n-m,)g_ ar(m) )) e~ NCwlU Z 0(koj — 2mn)

j=1

& is restricted to the Discretized value

L] ] N A T R




With the effect of the monopole

& is restricted to the Discretized value

(1) Each @ is skewed with comb

IIIIIII(_?III@I@@IQIIIIII,I

27

L

.




With the effect of the monopole

& is restricted to the Discretized value

(1) Each @ is skewed with comb

N I I I X

<>
27 (0,4
T

(2) Due to vandermond determinant | [ 2sin (am(nm); O‘l(m))

m=#l

m igenvalues cannot coincide



With the effect of the monopole

& is restricted to the Discretized value

(1) Each @ is skewed with comb

Each steak can skew only one ©

N I I I X

<>
27 X

—

Within distance 7 only one @




With the effect of the monopole

Eigenvalue density is saturated from above !

N I I I X

<>
27 (04
?

Within distance 7 only one @




To see the signific
Let us compare wi
without monopole




Without the effect of the monopole

@ :Indicate the location of the eigenvalues

@ @ e @ © @ ©

.

A4



Without the effect of the monopole

@ :Indicate the location of the eigenvalues




Without the effect of the monopole

@ :Indicate the location of the eigenvalues

(1) Due to vandermond determinant | [ 2sin (Qm(nm); O‘l(m))

m+#l

Eigenvalues cannot coincides

@ @ e @ © @ ©

(2) But two of @ can close to each other as much as
possible

‘ No saturation of the eigenvalue density
from above

A4



Behavior of eigen
in CS matteisas




Behavior of eigenvalue density p(x)




Behavior of eigenvalue density p(x)

S

Phase transition




Behavior of eigenvalue density p(x)

Phase transition



Behavior of eigenvalue density p(x)

Phase transition



Behavior of eigenvalue density p(x)

Phase transition



Behavior of eigenvalue density p(x)

Phase transition New phase

transition !




Behavior of eigenvalue density p(x) ]
If A is big pla) < ¢

Phase transition New phase

transition !




Behavior of eigenvalue density p(x)

If \ is big

Phase transition

New phase
transition !




Behavior of eigenvalue density p(x)

If \ is big

New phase

transition |

Phase transition




On the other hand in YM, there is no such saturation.

S

Phase transition




Phase stru




YM phase structure

T

Lower gap

0.6

0.8



CS phase structure

1
One Lower Gap
s & One Upper Gap
Lower Gap } \
— Phases

by saturation




CS phase structure

T

Interesting
phases in the
Vasiliev’s theory ?

@

[One Lower Gap ]

& One Upper Gap

P
[ 030]
015
00| ‘
s
00|
005
g =) T 5 g

Phases
by saturation

| I 1 I |
0.6 0.8



let us calculate the

the phase structure




3-2. Actual CS matter theories

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

Gravity side

CS theory coupled to
critical bosons

Chern-Simons side







3-3-1. Action of the RF theory

(5 = S+ / I "‘“D#L
Spe=— § Tr (A A dA + §A ANANA A)

Regular — There are no coupling other than gauge coupling

.



3-3-1. Action of the RF theory

[ = By —{—/(1 4 - I—"’UDHL
S = | T (A NdA+ZANAN A)

Integrate the matter fields,
Summing over the diagram including fermion,

SE=RISH-
S0 B8

[Giombi, Minwalla, Prakash, Trivedi, Wadia, Yin, 2011]

b=



3-3-1. Action of the RF theory

Action - i 9
Scg = — [ Tr (A ANdA + §A A AN A)

a7

Integrate the matter fields,
Summing over the diagram including fermion,

N?g
6

() [OO dy y(In(1 4+ e Y7") +In(1 + e_y+m)))

=yrf lp, N; ¢, (], Effective potential




3-3-1. Action of the RF theory

(5 = S+ / Az Uy F il -
Action - i 9
Scg =— | It (4 AN dA + 344 ANAN fl)

.

[Therma/ mass Y, — E’;QTQ]

B VQC( €D+ s / dap(a / dy y(111(1+e_y_m)+1“(1+e_ym)))

=V"I[p.N;é. (.
N k




3-3-1. Action of the RF theory

~

Equation determining the

¢ = )\/ do p(av) (lﬂ?@c::rsh{{j —I_;&) + IHQCDSh(C _;a )) :

Gap equation \

Derived by extremizing V(U) w.r.t. ¢

Derived also from 1P




3-3-2. Calculation of Free energy

Ff\’f —V"Ip, N| — NQ’P/ do;/ dp pla)p()log |2sin

vyt p, N| + F>|p, NJ. Free energy density

(Y — ..*'8 '

.



3-3-2. Calculation of Free energy

Ff\’f —V"Ip, N| — NQ’P/ do;/ dp pla)p()log |2sin

vyt p, N| + F>|p, NJ. Free energy density

(Y — ..*'8 '

.



3-3-2. Calculation of Free energy

(Y — ﬁ

Ff\’f —V"I[p, N] — N*P da / dp pla)p()log |2sin

vyt (p. N| + Fy[p, N]. Free enerqy density

$

In large N, the free energy is obtained by the extremizing
the above ( the saddle point equation.)

Vf(ff-;-n,) — Z cot Ofm,g_ il .
m=l

“ V() = N’P/d@ cot @02— Qp(@)




3-3-2. Calculation of Free energy

(Yg) — ¥

V() = N’P/dfl’ cot pla)

¢ = )\/ da p(cv) (ln?cesh(c —;m) + 1112{:Dsh(c _;ﬂ )) :

—T

N2 3 ™ 00 . N
V(U) = _6—?:: (% _ &34 Sf d&p{&)[ dy y(In(1 + e ¥7") +In(1 + E—y+m}})

By solving these equations we obtain the
Eigenvalue density and we can see the phase structure.




3-3-3 Eigenvalue densities

oo

» In No gap phase
IL4+mce¢ _ -

1 WWIT? . o
%_QWQNZ(_l) COS QY — e :

m=1

pla) =

» In lower gap phase

E
5 b o (¥ y cos 5 cosh

¢ \/ / -
e sin“ — — sin“ — -‘-“3
plar) = NG 2 /- (coshy + cos a)y/ (-80511 y + cosb)
:pfgf(q,_ Asé, by a).




3-3-3 Eigenvalue densities
» Upper gap phase

N C \/ ?E QE/C’G | y|sin 5| sinh £
pla) = sin sin dy
2T\ V272 2 J; vcosh y + cos a(cos v + cosh y)

_pﬂf(q A c,a; ).

» Two gap phase

pla) :p;‘f({:t) = ;J;']{Q(C. a,b, ;o) + patg(A a, by ), where

00 A -
1 tg((; a,b,c;a) = f'(a,b; c:};)f dy ye ( | sin | )

vy f(a,byy) \ cosa + coshy

Fla.b;e) I1(a, b, o),

Isinoal

P2,tq(A, a, by ) Em

[
Fla, b, o) \/(51112 ; sin? ;)(91112 ; sin? %)

vy f(a,b;y) E\/(l +2e Ycosa+ e 2Y)(1 +2e Ycosh+ e %),
! 10
Ii(a.b; a) Ef ¢

—a (cost — cos c:};).\/[sin2 g — sin? g) (sin2 % sin? g)

.




3-3-4. Phase structure of RF theory

Two gap

(A, C.) = (0.596967, 2.86454)







3-4-1. Action of the CB theory

S = Scs + /(]31' (D/I.QED“ @ +O(E¢)

Sos = & [y (A AdA + %A AA N A)

AT

Action -

.



3-4-1. Action of the CB theory

S = Scs + \/(/3‘1' (D/,QBD/'Q nggb)
Action - i >
By = T Al 4 SANANA
A :

CS gauged version of the U(N) Wilson Fisher theory.

~C” is a field dynamical field variable.
(Source field with respect to bilinear ©¢ )

(Here after obtaining the free energy in terms of “C”, and we will
Integrate the C at last and we obtain the form of the free energy.



3-4-1. Action of the CB theory

Action -

i S — SC‘S - /(]3‘1. (D/lg_)D/l() +Oé¢)
ik

Gy = | Tk (A AdA + éA AA N A)

AT

Integrate the matter fields,
Summing over the diagram including scalar boson

"z"m\l ) T ;,- | .ff : 1 fd—%
l\_‘_ "1 —|_ "\ ’,f —|_2 . !_r —|_2 '-\ !f —|_§ rb-f)'f
Dain, Trivedi, Wadia, Yokoyama, 2012]

[Aharony, Giombi, Gur-Ari, Maldacena, Yacoby, 2012]




3-4-1. Action of the CB theory

| 8 = Seg + / d*z (D, oD" ¢ +Coo)

Sos = & [y (A AdA + %A AA N A)

17T

Action -

o0

d.-yf do yp(e) (In(1 — e7¥7) +1In(1 — e7¥7'))

—Tm
Effective potential

o




3-4-1. Action of the CB theory

i S — SC‘S — /([3‘1' (DIIQ_)D/‘() +Oé¢)
Action -

Scs = ; j i (A NdA + %A ANAN A)

e ! 1 r‘wr\"l AV I'/L.I.
iy [ 4 NG o

N NV SV “/2) s oV IV

' 5 Z S : < 7
A - e ‘ee - ee  ee-
N s <

[
N

[ thermal mass as 0272 ]

6 f d-yf dov yp(a) (In(1 — e L n(1 — {?_y_m))



3-4-1. Action of the CB theory

Equation determining the T

/ pa) (IHQSiHh(J — m:) + IHQSiHh(J —; m)) = 0.

2

Gap equation

Derived by extremizing V(U) w.r.t.

SV AR
] . W S, L-;é S .\s\‘“":‘i?, N
Obtainedalsoby (- - @ - ‘@@ @@ @ @-
i 5




3-4-2. Calculation of Free energy

2s1n

FN =VeP[p N = N?P [ da / dB p(a)p(5) log

v — ,3‘

_1eb 0, N+ Ey[p, N]. Free energy density

In large N, the free energy is obtained by the extremizing
the above ( the saddle point equation.)

Vf(ff-m,) — Z cot Ofm,g_ il .
m=l

“ V() = N’P/d@ cot @02— Qp(@)




3-4-2. Calculation of Free energy

(Yg) — ¥

2

/ pla) (II]LQ'Eunh(Gr — m) + IHQSiHh(U —; i&')) = 0.

V() = N’P/dfl’ cot pla)

2
V(U) = :}TC 3 f dyf da yp(a) (In(1 — ™) +In(1 — e7¥7"))
0< p(a) < L
27A

By solving these equations we obtain the
Eigenvalue density and we can discuss the phase transition.



3-4-3 Eigenvalue densities

» In No gap phase

o0

1 T2V 1
pla) = oy + 25\7?; Z — cos(na)e” "7 (1 + no).

n=1

» In Lower gap phase

¢ \/ b 2&-/'1’ ysinh & cos §
1) =— 22l [ 4
ple) V272 i - J v/cosh iy — cos b(cosh y — cos a)

=pi2(¢, Ao b; ).




3-4-3 Eigenvalue densities
» Upper gap phase

(@) 1 ¢ \/ 5, Q{L/DDE y| sin §| cosh £
) = — sin® — — sin® — i
P 2N /22 2 2/, Y veoshy — cos a(cosh y — cos «)

Epi‘é_’(@', Ao, a;a).

» Two gap phase

pla) :p%b(&) = P?,Eg(g*- a.b,c;a) 4+ paig(A. a, b; o). where
i > ye Y sin
Piig(g" a,b, ;o) =— %}'(a, b; {1-)._/ d,yy Yy ( | | )
c c.

™ p(a,b;y) \ coshy — cosa




3-4-4 Phase structure of CB theory

Twogap _

(Ae. () = (0.403033, 4.24292)




4 .AdS-
the Level




4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

Gravity side

CS theory coupled to
critical bosons

Chern-Simons side




4-1 AdS-CFT-CFT triality
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Gravity side \

CS theory coupled to
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‘ Dual ?

[CS theory coupled to }

critical bosons

Chern-Simons side




4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual ?

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

We need to establish this duality.




4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual ?

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

There are former works which tried to show it but
they did not succeed




4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

|

Gravity side

‘ Dual ?

[cﬁﬂcalbosons

Chern-Simons side

There are former works which tried to show it but
they did not succeed

Because they neglect the new phase caused by
the holonomy and the linear coupling to magnetic

CS theory coupled to }



4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual ?

CS theory coupled to
critical bosons

Gravity side

We have taken into
account it, and succeeded
_/
There are former works which tried to show it but
they did not succeed

Chern-Simons side

Because they neglect the contribution of new
phases caused by the holonomy and the linear
coupling to magnetic fields in S2

e -




4-1 AdS-CFT-CFT triality

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

Level-rank duality in the pure CS theory




4-2 Free energy of CS matter theory
in terms of pure CS theory.

4cs = /DAeiﬁTrf(AdAJr%Ag)—Seff(U)

:[<e—T2 [ dx/g v(tf(wnmk]

Expectation value in the pure U(N) level k
Chern-Simons theory.




Any expectation value (¥)N.x in the pure U(N)
level k Chern-Simons theory

$

written by polynomial of tr(U) (trace in fundamental rep.)
through the character expansion

Wne = Y eyxy(U)

v

with Schur polynomial

e = w0 = ¥ i (IED)

m=1




4-3. Level-rank duality in CS

Level k U(N) pure
CS theory

N

Level k U(k-N) pure
CS theory




4-3. Level-rank duality in CS

Level k U(N) pure ” Level k U(k-N) pure
CS theory : CS theory

<Z Cy Xy (U))Lj\ ﬁ <Z CYX}?’(UDI:,&—N

}/’

v

N

Yﬁ }7 l Column
Row I

In young table, row Eand column is flipped




4-3. Level-rank duality in CS

Level k U(N) pure i Level k U(k-N) pure
CS theory ” CS theory
<Z Cy Xy (U)>I.:',j\-" ” <Z CY Xy (U)>ﬁ:,k—i\r

Y Y

Yﬁ }7 l Column
Row I

N

In young table, row Eand column is flipped

1 T | ° E ) n q
w(l) =252 (o) (H <TTU”‘J“1)@ GO =3 o) (H <<1JT?‘+1Trc*m>Am) .
' m=1 | " o€ES, m=1

oES,

Schur poliynomial

TrU" ((=1)" T U™
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4-3. Level-rank duality in CS

Level k U(N) pure | Level k U(k-N) pure
CS theory ” CS theory

In Current CSimatter theory,

Z.. incritical boson  Z in regular fermion

WFT duavility in CM

Realized by th:e interpolation

U™ é[(—l )™




Level k U(N) pure
CS theory

” Level k U(k-N) pure
| CS theory

(_ 1)?1—#1 Trl "

TrU™




Level k U(N) pure ” Level k U(k-N) pure
CS theory : CS theory

U s ((—=1)" I Teu™.

[Tl' vanU'= N / dap(a)e™ = an,] = |(—1)"Tr "= (k = N)(=1)" / dop(a)e™
| = (—1)"(k = N)j-s




Level k U(N) pure ” Level k U(k-N) pure
CS theory CS theory

TrU") < |(=1)" T U™

[Tl‘ U(N)Un: f\v/'dap(&)ema = f\TPn] = E—l)nTl‘ U(;;__N)Un: ([f. — i‘r\r)(—l)n /daﬁ(&)ﬁ’mj

— (_l)n(k o iNr)ﬁ—-rz

~ hﬂ meo 1 A .
o) = 3 5™ = oy T To e+ ™)

2

Duality relationship in terms of
eigenvalue density







4-4-1 duality relationship

Level k U(k—N) ” Level k U(N)
RF theory CB theory

Relationship between eigenvalue density

A 1
rfo) c.b o cby T
=100, (zm\m o (“‘))‘

Nep N k— N
gt_’.‘.b? }
1 — )\c.b




4-4-1 duality relationship

Let us confirm

, \ 1
r.f _ c.b ~cb T
g (ff) L —Ac (QWAC.Z) ! (Of N i)) |

Equivalent to

1

Ar g Prf () + Acppes(T + ) = Gy




4-4-1 duality relationship

Let us confirm

1

Ar g Prf () + Acppes(T + ) = Gy

’O’-'"-f(a) pc.b(a)




4-4-1 duality relationship

Let us confirm

1

Ar g Prf () + Acppes(T + ) = Gy

/\ pc'b(a)

prd (o)
1
o
o+

| m 3




4-4-1 duality relationship

Let us confirm

1

Ar g Prf () + Acppes(T + ) = Gy

/\ pc'b(a)

prd (o)
1
o
o+

| —Tr m 3




4-4-1 duality relationship

Let us confirm

1

Ar g Prf () + Acppes(T + ) = Gy

PC'b(f}i)

pr'f(a) /\
1
ot
' Presence of the upper limit plays crucial role for 3
the duality !!
N




4-4-1 duality relationship

We have confirmed this phase by phase

A 1
r.f _ c.b . cb T
() = 12— (G~ e )

.



4-2 Relationships between phases

RF CB
R
v Two gap
! Low
e -
i 4 ~ Upper ga
: No gap pper gap ;L




4-2 Relationships between phases

RF CB

Two gap

Upper gap
A




4-2 Relationships between phases
CB

Two gap

__FFIJJpper ga? ’) 2




4-2 Relationships between phases

RF CB
¢ ]{ Two gap
BINE)
@) | “”6
gap i 1 No o4 pper ga 2
(1) L) =P ()




4-4-2 Relationships between phases

RF CB

¢ N
Two gap
(4)

gap
er _______/
IgJaPpP ( 3 ) E ‘ No gap Upper ga[z 5 2
1) RN




In this slides, | omitted the
calculation, but if you want to
see it,

| can show you another file.

p—



Level k U(N) CB
theory

=)

\

Level k U(k-N) RF
theory

We have confirmed the duality !







5-1. N=2 SUSY CS matter theory

» This theory has the same number of
supercharge as the N=1 4d SUSY theory.

» Hence checking the Seiberg-like duality is
interesting.




5-1 N=2 SUSY CS matter theory

» The action is
i 9 -
S — / 23 {@gw—Tl-(AﬁapAp _ E?A”A,,Ap ) + DDV s + Py Dy

m
+ A(U0)(90) + Xy(Vo) (00) + AT (1) (L) + (dv) (1)) + /\6(@@)3] -

! "
1 1 6 .
4 AN = . k

4K’ (25})2 R = H.

M=t N =

K 2k’

"o
N =

Ty =1 = 1




5-1 N=2 SUSY CS matter theory

» The eigenvalue density has the form of the
summation of the ones of RF and CB

(No gap, lower gap, upper gap, two gap phase
eigenvalues are described by the sum)

pa) = p"I (¢, N6 a;0) + p©P(C, N €, a5 a)

» Same kind of phase transition with upper
limit of the eigenvalue density.




14+
12+

10

5-1-2 Phase diagram

| C Reflect the self duality
\ A, C) = (0.5) 1.62509)
\ Two gap
Lower gap io/ = (A &)

— pper P )

0.6 'EI.S



5-2 Self-duality under the level-
rank duality (Seiberg-like)

N=2 SUSY ‘t Hooft
coupling A with
temperature C

=)

\

N=2 SUSY ‘t Hooft
coupling 1-A with
temperature AC/(1-A)

We have confirmed the duality

(Because we have confirmed the
duality between RF and CB)




5-2-1 Duality between phases

14:_ C Reflect the self duality

t /

'a.\ O A, C) = (0.9) 1.62500)




5-2-2 Giveon-Kutasov duality

N=2 SUSY Level k ” N=2 SUSY Level -k
U(N,) N; fundamental U(k+N;-N,)

flavor \ N. fundamental flavor with

N¢ x N¢ meson operator M',

dual




5-2-2 Giveon-Kutasov duality

N=2 SUSY Level k ” N=2 SUSY Level -k
U(N,) N; fundamental U( N.)
flavor N fundamental flavor with
N¢/* N; meson operator M,
dual

If we reinterpret the
N’c=k+Ns, it resemble
to Seiberg-duality




5-2-2 Giveon-Kutasov duality

N=2 SUSY Level k N=2 SUSY Level -k
U(N) N; fundamental U(k+N;-N_,)
flavor N fundamental flavor with

N¢ x N¢ meson operator M',

In our analysis, k >> N¢ N. >> N
and based on A= N_ /k, adding N¢ is
negligible in our analysis.




5-2-2 Giveon-Kutasov duality

N=2 SUSY Level k
U(N,) N; fundamental
flavor

Would be II

N=2 SUSY ‘t Hooft
coupling A with
temperature C

)

=)

N=2 SUSY Level -k
U(k+N¢-N,)

N; fundamental flavor with
N¢ x N¢ meson operator M',

N=2 SUSY ‘t Hooft
coupling 1-A\ with
temperature AC/(1-A)




5-3 Giveon-Kutasov and Seiberg-
duality
» Aharony duality.

N=2 SUSY U(N,) N; ” N=2 SUSY U(N;-N,) gauge
fundamental flavor theory with N
gauge theory without fundamental flavor with

CS termmatter N X N meson operator Mij :

With additional singlet with
V, _in supepotential

W=V,v_+V_v.+qgdM.

V., v_ are the monopole operators




5-3 Giveon-Kutasov and Seiberg-
duality

» Giveon Kutasov can be derived from Aharony
duality.

» We can understand the Aharony duality by the
brane configuation composed by NS5, NS5,
Nc D3-brane and Nf D5-brane. From the
context of Aharony duality, if we replace the k
D5-brane by (1,k) 5-brane which is the
bound state with the NS5-brane, it becomes
the context of Giveon-Kutasov duality. (k+N;

is preserved under this treatment.)

\\
AN W\
ANSS
W\ N\ N\
A AN




5-3 Giveon-Kutasov and Seiberg-
duality

» Aharony duality can be derived from the 4d
Seiberg-duality as shown by

» (1) dimensional reduction

» (2) With suitable modification of the
superpotential by monopole operators.

» Relates to the 4d Seiberg-duality.







6-2 Summary(New salient phase)

» CS matter theory on S' x S2

1

(1) Holonomy along the S! Linearly couple to
the Magnetic flux on S?

(2) Non-Propagating D.O.F of gauge fields

» Phases caused by upper limit of the
eigenvalue density show up

— phase structure in the Vasiliev theory

.



6-3. Summary (Triality)

» We confirmed the CFT-CFT duality.

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

vel-rank duality in the pure CS theory




6-3. Summary (Triality)

» We confirmed the CFT-CFT duality.

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

Upper limit of the eigenvalue density
pIyas ucial role

i —_



6-3. Summary (Triality)

» We confirmed the CFT-CFT duality.

Parity Vasiliev’s CS theory coupled to
gravity theory _ regular fermions

‘ Dual

CS theory coupled to
critical bosons

Gravity side

Chern-Simons side

Anyon ?7? (Connecting the fermion and boson)




6-4 SUSY self-duality

» This would be 3d version of the Seiberg-
duality

Non -SUSY extension ?? (Private communication
to Adi Armoni, thanks)




