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Motivation for precise determination of 𝑚𝑏 and 𝑚𝑐

• Input parameters for precision flavor physics

LHCb, Belle II                  e.g. Γ𝑏 ∝ 𝑚𝑏
5

,   𝑏, 𝑐-hadron spectroscopy

• Constraints on GUT,  BSM for flavor origins

e.g.    𝑚𝑏/𝑚𝜏 ratio  in  SU(5) GUT

My personal motivation is more basic...
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Why and How do we measure quark masses?
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A question: Quark mass increases or decreases by strong interaction?
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PDG error band

as a function of time



Pole mass 𝑚pole =  energy of a quark at rest

(= pole position of quark propagator)

1

𝑝2 −𝑚pole
2

MS mass 𝑚MS(𝑚MS) =  quark mass (a param.) 

in ℒQCD renomalized in MS scheme

(only UV div. is subtracted)

Representative quark mass definitions in perturbative QCD

~
𝑚

𝜀
+ finite

Σ𝑞(𝑚
2) ~න𝑑𝐷𝑘

𝑚

2𝑝. 𝑘 + 𝑘2
ቤ

1

𝑘2
𝑝=(𝑚,0)

Marquard, Smirnov, Smirnov, Steinhauser



Sum rules Shifman, Vainshtein, Zakharov

Moments of R-ratio
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𝑠0
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𝑑𝑠
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exp

𝑠 − 𝑅𝑏𝑘𝑔
th (𝑠)

1 ≤ 𝑛 ≤ 4 Relativistic sum rule

𝑛 ≫ 1 Non-relativistic sum rule

𝑞

𝛾 𝛾

𝑸 = 𝒃 or 𝒄

relativistic pert. quarks

non-rel. bound-state theory

Sensitive energy regions
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Dispersion integral relating Π𝑐 and 𝑅𝑐:

𝑅𝑐 𝑠 ∝ Im Π𝑐(𝑠)
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exp.          pert.

error         error

Original slide by A. Maier @Hansfest2016

※ Use of PS-mass at intermediate step

Chetyrkin, et al.

Dehnadi, et al.

Penin, Zerf

Beneke, et al.



Two theoretical foundations for computing higher-order corr. systematically

• EFT (pNRQCD, vNRQCD)
Pineda, Soto, Brambilla, Vairo

Luke, Manohar, Rothstein

Heavy quarkonium states (𝑡 ҧ𝑡, 𝑏ത𝑏, 𝑐 ҧ𝑐, 𝑏 ҧ𝑐)

Unique system: Properties of individual hadrons predictable in pert. QCD

Beneke, Smirnov• Threshold expansion



Anzai, Kiyo, YS

3-loop pert. QCD vs. lattice comp.

Computation of full spectrum up to NNNLO

ℒpNRQCD = 𝑆† 𝑖𝜕𝑡 − 𝐻𝑆 𝑆 + 𝑂𝑎† 𝑖𝐷𝑡 − 𝐻𝑂
𝑎𝑏
𝑂𝑏 + 𝑔 𝑆† Ԧ𝑟 ⋅ 𝐸𝑎𝑂𝑎 +⋯

Energy levels given by poles of the full propagator of  𝑆 in pNRQCD.

NNNLO 

same as Lamb shift

Pert. theory in Quantum Mech.

Kiyo, YS: 1408.5590

𝑆, 𝑂𝑎: color singlet and octet composite-state fields

𝑉QCD 𝑟 ∈ 𝐻𝑆

gluon

𝑟 ≈ 0.25 fm

1

𝐸 − 𝐻𝑆 + 𝑖𝜀



Scale dependence

Use MS mass ഥ𝑚𝑏 ≡ 𝑚𝑏
MS 𝑚𝑏

MS

Kiyo, Mishima, YS

𝑀Υ(1𝑆) = + +

𝑀𝑛 = 2 ഥ𝑚𝑏 (1 + 𝑐𝑛,1𝛼𝑠 + 𝑐𝑛,2𝛼𝑠
2 +⋯)



Kiyo, Mishima, YS
ഥ𝑚𝑏 , ഥ𝑚𝑐 determination



PDG 2016

Uncertainty is nearly saturated by 

renormalon ~ ΛQCD ∙ ΛQCD 𝑟1𝑆
2

PDG 2014

NNLO

NNNLO



Simultaneous determination of 𝑉𝑐𝑏 and 𝑚𝑏
MS(𝑚𝑏

MS)
from inclusive semileptonic 𝐵 decays

Alberti, et al

Observables in inclusive 𝐵 → 𝑋𝑐ℓ𝜈 decays

𝑚𝑋: invariant hadronic mass

OPE in 1/𝑚𝑏 expansion

𝐵

Observables are mostly sensitive to  ≈ 𝑚𝑏 − 0.8 𝑚𝑐

Input



Fit experimental data of the observables and determine 

𝜇𝜋
2 , 𝜌𝐷

3 , 𝜇𝐺
2 , 𝜌LS

3 , 𝑉𝑐𝑏 , ഥ𝑚𝑏.

• 𝜒2/d.o.f.≈ 0.4

Results:

c.f.  Determination from exclusive 𝐵 → 𝐷∗ℓ𝜈 decays

• 

• ഥ𝑚𝑏 ≡ 𝑚𝑏
MS 𝑚𝑏

MS = 4183 ± 37 MeV



Summary

• Current theoretical analyses can extract the MS masses ഥ𝑚𝑏 and ഥ𝑚𝑐

consistently with  ~30 MeV accuracy from different observables.

• Theoretical tools:  pert. QCD, EFT, OPE, lattice QCD, …

Higher-order computations, renormalons vs. non-pert. matrix element

Relativistic/Non-relativistic sum rules, Quarkonium 1S energy levels, 

Inclusive observables in semileptonic B decays, …

Υ(1𝑆), 𝜂𝑏(1𝑆) B
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有効理論におけるOPE

ー

ー

+

+

グルーオン

1/𝑃 (≪ )グルーオンの波長

高いエネルギースケール を含む物理量 𝜇

𝐸
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−න𝑑𝐷𝑘
𝜕

𝜕𝑘𝜇
𝑘𝜇

𝑚

(𝐷 − 4) 𝑘2 −𝑚2 2
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4𝑚3

𝐷 − 4
න𝑑𝐷𝑘

1

𝑘2 −𝑚2 3
+න𝑑𝐷𝑘

𝑚

2𝑝. 𝑘 + 𝑘2
ቤ

1

𝑘2
𝑝=(𝑚,0)

−
𝑚

𝑘2 −𝑚2 2

~
𝑚

𝜀
+ finite

Only UV structure is required for subtraction 

(insensitive to IR structure).

Σ𝑞(𝑚
2) ~න𝑑𝐷𝑘

𝑚

2𝑝. 𝑘 + 𝑘2
ቤ

1
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Representative quark mass definitions in perturbative QCD

Pole mass 𝑚pole =  energy of a quark at rest

(= pole position of quark propagator)

1

𝑝2 −𝑚pole
2





Based on Kiyo, YS

(Plot made by G. Mishima)

No charm-mass eff.

Preliminary

• Bottomonium spectroscopy



Postdictions or predictions?

• Fine and hyperfine splittings of charmonium/bottomonium reproduced.

Two exceptions around 2003:                              Recksiegel, Y.S.;        Kniehl, Penin, 

charmonium hyperfine splitting                                Pineda, Smirnov, Steinhauser

bottomonium hyperfine splitting   

Both are solved in favor of pert. QCD predictions.





Regularization needed to deal with 𝛿(Ԧ𝑟) in commutation relations.



pNRQCD Lagrangian

𝑄 ത𝑄 composite fields

𝑆 𝑋, Ԧ𝑟; 𝑡
𝜎ഥ𝜎

,      𝑂𝑎 𝑋, Ԧ𝑟; 𝑡
𝜎ഥ𝜎

singlet                octet

𝑄
𝑋

Ԧ𝑟

ℒpNRQCD = 𝑆† 𝑖𝜕𝑡 − 𝐻𝑆 𝑆 + 𝑂𝑎† 𝑖𝐷𝑡 − 𝐻𝑂
𝑎𝑏
𝑂𝑏

+𝑔 𝑆† Ԧ𝑟 ⋅ 𝐸𝑎𝑂𝑎 + 𝑔 𝑂𝑎† Ԧ𝑟 ⋅ 𝐸𝑎𝑆 + ⋯ singlet      octet

US gluon

ത𝑄

Color electric field 𝐸𝑎 = −𝛻𝐴0
𝑎 − 𝜕𝑡 Ԧ𝐴

𝑎 − 𝑔𝑓𝑎𝑏𝑐𝐴0
𝑏 Ԧ𝐴𝑐 at position 𝑋, originating

from multipole exp. of 𝐴𝜇 𝑋 ± Ԧ𝑟/2 in Ԧ𝑟.

𝐻𝑆, 𝐻𝑂:Quantum mechanical Hamiltonian for singlet and octet states

𝐻𝑆 𝐿𝑂
=

Ԧ𝑝2

𝑚
− 𝐶𝐹

𝛼𝑠
𝑟
, 𝐻𝑂 𝐿𝑂

=
Ԧ𝑝2

𝑚
+

𝐶𝐴
2
− 𝐶𝐹

𝛼𝑠
𝑟

(in the c.m. frame)
𝛽~

𝑝

𝑚
~

1

𝑚𝑟
~𝛼𝑠



𝐻𝑆 𝑁𝐿𝑂
= −𝐶𝐹

𝛼𝑠
𝑟
∙
𝛼𝑠
4𝜋

∙ 𝛽0 log 𝜇′2𝑟2 + 𝑎1 ,

𝐻𝑆 𝑁𝑁𝐿𝑂
= −

Ԧ𝑝4

4𝑚3
− 𝐶𝐹

𝛼𝑠
𝑟
∙
𝛼𝑠
4𝜋

2

∙ 𝛽0
2 [log2 𝜇′2𝑟2 +

𝜋2

3
] + (𝛽1 + 2𝛽0𝑎1) log 𝜇′2𝑟2 + 𝑎2

+
𝜋𝐶𝐹𝛼𝑠
𝑚2

𝛿3 Ԧ𝑟 +
3𝐶𝐹𝛼𝑠
2𝑚2𝑟3

𝐿 ∙ Ԧ𝑆 −
𝐶𝐹𝛼𝑠
2𝑚2𝑟

Ԧ𝑝2 +
1

𝑟2
𝑟𝑖𝑟𝑗𝑝𝑗𝑝𝑖 −

𝐶𝐴𝐶𝐹𝛼𝑠
2

2𝑚𝑟2

−
𝐶𝐹𝛼𝑠
2𝑚2

Ԧ𝑆2

𝑟3
− 3

Ԧ𝑆 ∙ Ԧ𝑟
2

𝑟5
−
4𝜋

3
2 Ԧ𝑆2 − 3 𝛿3 Ԧ𝑟

𝐻𝑆 𝐿𝑂
=

Ԧ𝑝2

𝑚
−𝐶𝐹

𝛼𝑠
𝑟
,

𝐻𝑆 𝑁𝑁𝑁𝐿𝑂
= known (Wilson coeffs. include IR div.) Kniehl, Penin, Smirnov, Steinhauser

(𝑎3: Anzai, Kiyo, YS; Smirnov, Steinhauser)



Physics Predictions

• Fine and hyperfine splittings of charmonium/bottomonium reproduced.

Two exceptions in ~2003:                                   Recksiegel, Y.S.;        Kniehl, Penin, 

charmonium hyperfine splitting                                Pineda, Smirnov, Steinhauser

bottomonium hyperfine splitting   

Solved in favor of pert. QCD predictions.

• Global level structure of bottomonium is reproduced.             Brambilla, Y.S., Vairo

At NNLO (~2000)

At NNNLO

𝜇 [GeV]

𝑀
𝑡𝑡
(1
𝑆
)

[G
e
V

]

LO

NLO

NNLO NNNLO



PDG error band

Brambilla,YS,Vairo

Kiyo,Mishima,YS



Summary

• Current theoretical analyses can extract the MS masses ഥ𝑚𝑏 and ഥ𝑚𝑐

consistently at ~30 MeV accuracy from different observables.

• Theoretical tools:  pert. QCD, EFT, OPE, lattice QCD, …

Higher-order computations, renormalons vs. non-pert. matrix element

Relativistic/Non-rel. sum rules, Quarkonium 1S energy levels, 

Inclusive observables in semileptonic B decays, …

Υ(1𝑆), 𝜂𝑏(1𝑆) B



Predictable observables in pert. QCD

𝑅 𝐸 ≡
𝜎 𝑒+𝑒− → ℎ𝑎𝑑𝑟𝑜𝑛𝑠; 𝐸

𝜎 𝑒+𝑒− → 𝜇+𝜇−; 𝐸

(b) Observables of heavy quarkonium states (only individual hadronic states)

(a) Inclusive observables (hadronic inclusive)  ⋯ insensitive to hadronization

• Inclusive cross sections/decay widths

• Distributions of non-colored particles,  ℓ, 𝛾,𝑊,𝐻,⋯

• spectrum, leptonic decay width, transition rates

testable hypothesis


𝑞,𝑔

ۧ|𝑞, 𝑔 ,𝑞ۦ 𝑔| = 

ℎ𝑎𝑑𝑟.

ۧ|ℎ𝑎𝑑𝑟. .ℎ𝑎𝑑𝑟ۦ | = 1

e.g.



What’s quark mass?


