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Einstein Double Field Equations [1]
Core idea: string theory predicts its own gravity rather than GR
In General Relativity the metric gµν is the only geometric and gravitational field, whereas in string
theory the closed-string massless sector comprises a two-form potential Bµν and the string dilaton φ in
addition to the metric gµν. Furthermore, these three fields transform into each other under T-duality.
This hints at a natural augmentation of GR: upon treating the whole closed string massless sector as
stringy graviton fields, Double Field Theory [3, 4] may evolve into ‘Stringy Gravity’. Equipped with an
O(D,D) covariant differential geometry beyond Riemann [5], we spell out the definitions of the stringy
Einstein curvature tensor and the stringy Energy-Momentum tensor. Equating them, all the equations
of motion of the closed string massless sector are unified into a single expression [1],

GAB =
8πG

c4
TAB

which we dub the Einstein Double Field Equations.

• Built-in symmetries & Notation:
– O(D,D) T-duality
– DFT diffeomorphisms (ordinary diffeomorphisms plus B-field gauge symmetry)
– Twofold local Lorentz symmetries, Spin(1, D−1)× Spin(D−1, 1)

⇒ Two locally inertial frames exist separately for the left and the right modes.

Index Representation Metric (raising/lowering indices)

A,B, · · · ,M,N, · · · O(D,D) vector JAB =


0 1

1 0


p, q, · · · Spin(1, D−1) vector ηpq = diag(− + + · · ·+)

α, β, · · · Spin(1, D−1) spinor Cαβ, (γp)T = CγpC−1

p̄, q̄, · · · Spin(D−1, 1) vector η̄p̄q̄ = diag(+−− · · ·−)

ᾱ, β̄, · · · Spin(D−1, 1) spinor C̄ᾱβ̄, (γ̄p̄)T = C̄γ̄p̄C̄−1

The O(D,D) metric JAB divides doubled coordinates into two: xA = (x̃µ, x
ν), ∂A = (∂̃µ, ∂ν).

• Doubled-yet-gauged spacetime:
The doubled coordinates are ‘gauged’ through a certain equivalence relation, xA ∼ xA + ∆A, such that each
equivalence class, or gauge orbit in RD+D, corresponds to a single physical point in RD [6]. This implies a
section condition, ∂A∂A = 0, which can be conveniently solved by setting ∂̃µ ≡ 0.

• Geometric notation for DFT or Stringy gravity

Integral measure e−2d (weight one scalar density)

Generalized metric
HMN = HNM , HKLHMNJLN = JKM ,

Projectors PAB = PBA = 1
2(JAB +HAB) , P̄AB = P̄BA = 1

2(JAB −HAB)

PA
BPB

C = PA
C , P̄A

BP̄B
C = P̄A

C , PA
BP̄B

C = 0

Christoffel symbols ΓCAB = 2
(
P∂CPP̄

)
[AB] + 2

(
P̄[A

DP̄B]
E − P[A

DPB]
E
)
∂DPEC

−4
(

1
PMM−1

PC[APB]
D + 1

P̄MM−1
P̄C[AP̄B]

D
)(
∂Dd + (P∂EPP̄ )[ED]

)
Covariant derivatives PA

CP̄B
D∇CVD, P̄A

CPB
D∇CVD, PAB∇AVB, P̄AB∇AVB

Semi-covariant derivative ∇CVD = ∂CVD − ωVΓEECVD + ΓCD
EVE

Compatibility ∇CPAB = ∇CP̄AB = ∇CJAB = 0, ∇Cd = −1
2e

2d∇C
(
e−2d

)
= 0

Scalar curvature S(0) = HABSAB
Ricci curvature (PSP̄ )AB = PA

CP̄B
DSCD

Einstein curvature GAB = 4P[A
CP̄B]

DSCD − 1
2JABS(0)

Semi-covariant curvature SAB = 2∂A∂Bd− e2d ∂C

(
e−2dΓ(AB)

C
)

+ 1
2ΓACDΓB

CD − 1
2ΓCDAΓCDB

Variational property δSAB = ∇[AδΓC]B
C +∇[BδΓC]A

C

Energy-Momentum tensor TAB = e2d
(

8P̄ [A
CP

B]
D
δLmatter
δHCD

− 1
2J

AB δLmatter
δd

)
Conservation ∇AGAB = 0 (off-shell) , ∇ATAB = 0 (on-shell)

• The most general form of the DFT-metric is classified by two non-negative integers (n, n̄) [7]

HMN =

 Hµν −HµσBσλ + Y
µ
i X

i
λ − Ȳ

µ
ı̄ X̄

ı̄
λ

BκρH
ρν + Xi

κY
ν
i − X̄

ı̄
κȲ

ν
ı̄ Kκλ −BκρHρσBσλ + 2Xi

(κ
Bλ)ρY

ρ
i − 2X̄ ı̄

(κ
Bλ)ρȲ

ρ
ı̄

 ,

where 1 ≤ i ≤ n, 1 ≤ ı̄, i ≤ n̄ and

HµνXi
ν = 0 , HµνX̄ ı̄

ν = 0 , KµνY
ν
i = 0 , KµνȲ

ν
ı̄ = 0 , HµρKρν + Y

µ
i X

i
ν + Ȳ

µ
ı̄ X̄

ı̄
ν = δ

µ
ν .

Strings become chiral and anti-chiral over n and n̄ directions: Xi
µ∂+x

µ = 0, X̄ ı̄
µ∂−x

µ = 0.

Restricting to the (0, 0) Riemannian background, the Einstein Double Field Equations reduce to

Rµν + 25µ(∂νφ)− 1
4HµρσHν

ρσ =
8πG

c4
K(µν) ,

5ρ
(
e−2φHρµν

)
=

16πG

c4
e−2φK[µν] ,

R + 4�φ− 4∂µφ∂
µφ− 1

12HλµνH
λµν =

8πG

c4
T(0) ,

which imply the conservation law,∇ATAB = 0, given explicitly by

∇µK(µν) − 2∂µφK(µν) + 1
2Hν

λµK[λµ] − 1
2∂νT(0) = 0 , ∇µ

(
e−2φK[µν]

)
= 0 .

The Einstein Double Field Equations also govern the dynamics of other non-Riemannian cases, (n, n̄) 6= (0, 0),
where the Riemannian metric, gµν, cannot be defined [8]. Restricted to the D = 4 (0, 0) Riemannian case, one
may analyze the most general spherical regular solution [1] and their cosmological applications [9].

Stringy Newton Graivty with H−flux [2]
Weak field approximation of EDFEs
Linearizing the metric gµν = ηµν+hµν, around a flat Minkowskian background with trivialH-flux and dilaton
φ using the gauge ∂ρhρµ − 1

2∂µh
ρ
ρ + 2∂µφ = 0 and as well as the scale assumption

hµν ∼ K(µν) ∼ φ ∼ T(0) ∼
(
Hλµν

)2 ∼
(
K[µν]

)2
,

we obtain the following linearized EDFEs

∂ρHρµν = ∂ρ∂
ρBµν = 16πG

c4
K[µν] ,

∂ρ∂
ρhµν + 1

2HµρσHν
ρσ = −16πG

c4
K(µν) ,

∂ρ∂σh
ρσ + 1

12HρστH
ρστ = −8πG

c4
T(0) .

These imply the following linearized conservation equations,

∂ρK[ρµ] = 0 , ∂ρK(ρµ) + 1
2Hµ

ρσK[ρσ] − 1
2∂µT(0) = 0 ,

and the linearized geodesic equation has the form,

ẍλ + 1
2

(
∂µh

λ
ν + ∂νh

λ
µ − ∂λhµν

)
ẋµẋν = 0 .

Non-relativistic limit: String theory augmentation of Newton Gravity
In taking the non-relativistic limit, we focus on the Newton potential which is the only quantity directly rele-
vant to the particle dynamics,

Φ := −1
2c

2h00 , ẍ = −∇Φ .

We then identify all the quantities which can affect the Newton potential: the mass density ρ, the stringy
current density K, and B-field/H-flux vectors B,H, as follows

ρ := 2c2K00 , K := 2
√

2c3
(
K[01], K[02], K[03]

)
,

B := 1√
2c

(B10, B20, B30) , H := ∇×B = 1√
2c

(H023, H031, H012) .

Crucially, {ρ,K,Φ,H} forms an ‘autonomy’ of closed relations, i.e. Stringy Newton Gravity:

∇2Φ = 4πGρ + H ·H , ∇×H = 4πGK , ∇·K = 0 , ∇·H = 0 .

The Newton potential is fully determined by both the mass density and the stringy current density,

Φ = −G
∫

d3x′
ρeff (t,x′)

|x− x′|
, ρeff := ρ + 1

4πGH·H ,

H = G

∫
d3x′ K(t,x′)×(x− x′)

|x− x′|3
=∇×B ,

B = G

∫
d3x′

K(t,x′)
|x− x′|

, ∇·B = 0 .

In analogy to the magnetization in electrodynamics, we introduce the notion of stringization for the stringy
current density K which is divergence free, K(t,x) =∇×s(t,x). The corresponding B, H are,

B = G

∫
d3x′

s(t,x′)×(x− x′)

|x− x′|3
+ G

∮
dA× s(t,x′)

|x− x′|
,

H = 4πGs(t,x) + G

∫
d3x′

3n̂′
(
n̂′· s(t,x′)

)
− s(t,x′)

|x− x′|3
= 4πGs(t,x)−G∇Φs(t,x) ,

in which n̂′ = x−x′
|x−x′| and Φs is a stringy scalar potential,

Φs(t,x) =

∫
d3x′

s(t,x′)·(x− x′)

|x− x′|3
= −∇·

∫
d3x′

s(t,x′)
|x− x′|

.

Clearly,∇×H = 4πG∇×s. Far away from a localized source, |x|>>
∣∣x′∣∣, we observe a stringy dipole,

H ' G
3x̂ (x̂·S(t))− S(t)

|x|3
, S(t) =

∫
d3x s(t,x) .

Examples of Stringy Newton gravity with H-flux
• Uniformly ‘stringized’ sphere of radius a, with constant ρ and s

Φs = 4π
3 s·x , H = 8πG

3 s

Φs = 4πa3

3
s·x
|x|3

, H = 4πGa3

3

(
3x̂(x̂·s)−s
|x|3

) ⇒ ρeff (t,x) =


ρ + 16πG

9 |s|2 for |x| ≤ a

4πG
9 |s|

2 a6

(
1+3 cos2θ
|x|6

)
for |x| > a .

• Dirac monopole type

B = Gq

∫ ∞
x′=0

dx′× (x− x′)

|x− x′|3
, H = Gq

x

|x|3
, ⇒ ρeff =

Gq2

4π |x|4

where the path should not cross the point of x. It resembles dark matter halos.
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