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Introduction

Physical significance of extended objects
= Topological defects e.g. cosmic strings etc
= Braneworld universe model

= AdS/CFT correspondence

Extended objects (cosmic strings) are
described by PDE

= Nambu-Goto equation, etc.



Cohomogeneity-one (C-1) object

Almost homogeneous,
but one inhomogeneous dimension

C-1 universe
universe models with homogeneous 3-space
e.g. Friedmann universe model,
(Bianchi universe model )

Einstein equations Friedmann equation
P.D.E. = O.D.E.

ds* = —dt* + a(t)? (da* + dy* + dz*)



C-1 black hole
black holes with spherical symmetry

e.g. Schwarzschild black hole

7“2 d 2
ds® = — (1 — —g) 2+ —— + r2dQes
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Y. : r=const surface

dsy, = —agdt* + bgdes



C-1 String

2
1-parameter isometry group
of a target space acts
on the string world sheet
{
A Killing vector field is
tangent to the world sheet £

—_

Killing vector : generator of an isometry group
(infinitesimal version of isometry)



We consider cohomogeneity-one strings
Strings with Symmetry

An isometry acts on the string world sheet.



Advantage of C-1 Objects

Tractable and physically interesting

Homogeneous | Cohomogeneity-1 | No symmetry
To solve Simples_,t Simple Difficult
(algebraic) (ODE) (PDE)
Variety Poor Rich Richest
Physics Trivial Non-trivial General




Examples of C-1 strings



Example:
Stationary Rotating Strings in 4D Minkowski

Target space
ds® = guvdat dz”
= —dt® 4 dp® + p*de” + dz°

Consider a Killing vector

§ = 0 1+ 20,

Ogawa, Ishihara,Kozaki,Nakano,Saitoh, PRD78, 023525(2008)



Analytic Solutions
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Strings are Rotating




Example:
Troidal Spirals in 5D MinkowskKi
ds® = guvdxtda”

= —dt* + dp® + p°d¢® + d¢* + (Zdy”.

875, 8¢, 8¢ are commutable Killing vectors
We consider C-1 strings with

T. lgata, and H. Ishihara (2010)
T. lgata, H. Ishihara and K.Nishiwaki (2012)

12



Analytic Solutions

G
@

S

13



® Cohomogeneity-one strings

® Classification of Killing vectors
(classification of C-1 strings)

® Orbit space

® [ntegrability of equations of motion
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Cohomogeneity-one strings
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X(o,7) L
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C-1 String

1-parameter isometry group
of a target space acts
on the world sheet

{0

A Killing vector field is
tangent to the world sheet £

—_

Killing vector : generator of an isometry group
(infinitesimal version of isometry)
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Area elements

A Killing vector field is
tangent to the world sheet

C-1 string associated with f

dA = |€|dl
i = (guv — &uév/|€|?) datda
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Nambu-Goto action

S /dA:/ dl
< Z\ﬁ\ 1

— /C\/(gof)huydaz“dxy

2
h/,uy — Juv %%

We get geodesic action.



In general
Let (M, g) admits isometry group ¢» generated by a

Killing vector § . MI o)
Consider the orbit space M /¢ b2 (C)
¢ (C)

We introduce the metric
gagb ¢
hap = ‘5 ' €| (gab —
§-& .

on the orbit space A /¢ -

We solve geodesic equations in the metric.

H.Ishihara and H.Kozaki, Phys.Rev. D72 (2005) 061701.
T. Koike, H. Kozaki, and H. Ishihara, Phys.Rev. D77 (2008) 125003
H. Kozaki, T. Koike, and H. Ishihara, Class.Quant.Grav. 27 (2010) 10500
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Classification of
Killing vectors
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Equivalence of Killing vectors

Equivalence class of isometry

g, ¢ € IsomM g~ ¢
& ¢ € IsomM st. ¢ = ¢pgop~!

Conjugacy class

Equivalence of Killing vector

Ene @ Széé//fi
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Equivalent triangles
¢

A/
==
B

Isometry
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Isometries in x-y Plane

GGG NS T
S S N N N R
e e e o O N

3 linearly independent Klling vector fields
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Equivalence Class

YT ) N
t 444 oy >>>> P P
t4t ot aandn e

aPa:+5Py‘|‘LmyNLa:y

Equivalence classes {Pr, Ly}
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Isometry in R3

~— TN

Z P
/ o
| 4 O +

X

L gy
§ =Ly +aPb,
E! — Lmy +a'P,

—-> 25> > >
e e
i o
> 5> > >

a#tad e EFE
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Classification of Killing vectors

4-dim. Euchid

Type Canonical form
| aP,+ bL,,
I1 al,, + bL,,

27
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Classification of Killing vectors

4-dim. Euclid 4-dim. MinkowskKi
Type Canonical form  Type Canonical form
| aP, +bL,, I alP; + bL,,
I1 al ., + bL,, I1 a(P,+ P.) +bL,,
[11 aP, + bL,,
P :translation V.l + b(Ky + L)
, V aP, + bKy,
L rotation VI WP+ b(Kty N ny)
K : Lorentz boost

28

VII CLKtz —+ bLmy

Ishihara and Kozaki PRD(2005)



5-dim. AdS spacetimev

dS? = —dt* — ds® + da* + dy? + d2* + dw?

—t*— s+ttt + 2wt =1
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Killing Vector Fields in AdS»

Type Killing vector field
I Kpp + Koy + Lyy + Ly + 2(Ly. + Kp.)
il Kio+ Ly + aLy,
I11 Ky 4 Ly + al
IV Ky + Ly + aK,
\Y Kiz + Ky + Loy + Ly, + G(wa — Ly — Lzy)
VI Kiy + Koy + aLyy +b(Lg — Lyy)

o~

VII Ky + Lay + Koy + La + 0Ly + b(Lyy — L)
VIII Ky + Loy + Koy + Ly + Ly, + b(Ky, + K
IX 0Ly +bLyy +cL.y (240242 =1)
X aKy + Ky, + cL, (a®* +b*+c* =1,a # +b)

C-1 strings in AdS; are classified in 10 families.

Classification using SO(4,2) ~ SU(2,2)
T.Koike, H.Kozaki, H.Ishihara, Phys.Rev. D77 (2008) 125003



Orbit space
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Isometry group acts

"B %5 ~X% : orbit space !
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Metric on an orbit space

S

COFT=ENHETHIMIRZAES

ﬁab — (5 ' 5) (gab fafb)

Orbit space DA FRMEILE D
BUAITIKRETS.




Trivial example :4-dim. Euclid space

R4 ds* = dz* + dy* + dz* + dw?
Killing vector for reduction
= Ou {-6=1

Reduced metric

ds® =(& - €) (gm ?” 62) dxtdz”

—dz’® + dy* + dz°
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Non trivial example :4-dim. Euclid space

A
R*  ds? = ar? 4 12d6? + dr? + r2de?
Killing vector for reduction
§ = a1a¢1 + aQaﬁﬁz §-& = (11?"1 + t_’l%?’“g

Reduced metric

. AV
() (gw z g) ;"

— (0212 + a3r3)(dr? + dr3) — 1} dy?

35 35



Geodesics on an orbit space

= / \/ —hapdzodzt ,  ha = (£-€) (Qab - €a€b) 1tt

£

S — .
@ Classically equivalent %%;\

1 dx® dz®
S== [ (N""h,
2/( “dX dh )

/(pa:l? —~NH)d», H

Hamilton equations

2 (habpapb -+ 1)

3% = NiH, 2%} {==) Geodesic equations
p* = N{H,p"}
H =0
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Can we Integrate a C-1 string
In anti-de Sitter spacetime ?

\ 4

Can we Integrate geodesics
In an orbit space of a Killing vector?

The system with the degree of freedom N
IS Integrable In Liouville’s sence,
If the number of constants of motion is N.

37 37



Killing vector and constant of motion

Orbit space MEHE hy HY Killing vectorn)® eI
L hab — vanb an vbna =0

N De ARSI SR> TR S 115
1
{H,np.} = {i(h“bpapb + 1), ncpc}

(haba ?7 o 8 hab c) DaDe
(V*
0

N+ V") pape
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o~

Ry D T2 733D LiemT #2742 Killing vector ZEF (X
TG DPoisSONA[ G RFENTFETD. =) B4HAIEE

SHFAED S Gap Z target space EFNIL gap 1
% {MKilling vector #&59".

;Lab = (5 ' 5) (gab — ?‘52) )
& LAt g DKilling vector (& Ay, DKilling vector 12455,

eE i ET B GabD isometry D FIMERE(X ﬁab Misometry.
ZTDRBDO ARG R R RBDRTZHRARS.
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Symmetry of orbit space

4-dim. Minkowski spacetime

Type Killing vector field # of commutable KV

I al; + 0Ly, 2
11 a(P,+ P,)+bL,, 2
[11 al, 4+ bL,, 2
IV aP,+ b(K, + Luy) 2
V alP, + 0Ky, 2
VI aP, + b(Kyy + Lyy) 2
VII aKy, + 0Ly, 1
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5-dim. Anti-de Sitter spacetime

Type Killing vector field # of commutable KV
I Kip 4 Koy + Loy 4 Ly + 2(Ly. + Kp.) 3
11 K+ Ly + aL,. 2
111 Ky + Ly + al 2
IV Ky + Ly + aK, 2
V Ky + Ky + Ly + Loy + a(Lyy — Lis — Lzy) 2
VI Kiw + Koy + 0L+ b(Lot — Lay) 2 BRI
VII Kiy+ Loy + Koy + Lt +aly, +b(Lyy — L) 2
VIIT Ky + Ly + Ky + Ly + aLy, + 0Ky + K..) 2
X aly + DLy + Ly (a®> +0° +c* =1) 2
X aKy + 0K + cLy, (a* +b*+c* =1,a # +b) 2

a = b= cin type X symmetry is enhanced == ° Fubini-Study’

Discusion using root diagram by Morisawa
41



Killing tensor and constant of motion

If the metric admits a Killing vector
LeGuw = V(ul) =0
The quantityQ = ¢#p, is conserved.
Q={Q H}
= {&"pu, H} = (V" )pup, = 0

42



Killing tensor and constant of motion

If the metric admits a Killing vector
LeGuw = V(ul) =0
The quantityQ = ¢#p, is conserved.
Q={Q H}
= {&"pu, H} = (V" )pup, = 0
If the metric admits a Killing tensor

VoK) =0
The quantity Q) = K*"p,p, 1S conserved.
Q) = {Q«), H}

43 = {K"pupy, H} = (VK" )papup, = 0,,,



77{1, Cb AKilling vector M &,

Kab — naCb (&, Killing tensor
Reducible Killing tensor

Spherically symmetric case
L., L

L? = LyyLyy+ Ly.Ly. + L., L., Reducible Killing tensor

ry s Lyz, L. Killing vectors

Kerr black hole [& irreducible Killing tensor %2
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Results

In the 5-dimensional anti-de Sitter spacetime,
All possible orbit spaces with the metric

hap = |€ - €] (ga,b — ?_52)

are geodesically integrable thanks to a Killing tensor in
addition to Killing vectors.

45
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Integrability of geodesics
on an orbit space
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Integrablility of Hamiltonian system

The Hamiltonian system with the degree of freedom N
IS Integrable in Liouville’s sence,

If the number of independent Poisson commuting invariants
(including the Hamiltonian itself) is N.

{H,Q;} ={Q;,Q;} =0,t=1,2,---N —1)



Restriction of Hamiltonian

MV _ v gﬂé‘y | f*uf”
g PuPv =\ Y PuPv

§- € § - €
— h“yp;_;,pp | (6 pﬁg)(g pv)
1
Hh — 5}1#“})”})”
1

%

— 27 Puvlep=0 = Hglep=0

48

PuPv



If
1

Hy = 59" Pupyv
= IS Integrable
§'pp =10
then \1
Hj, = §h#yp,u,pu
IS Integrable
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1

% 3 1 — %
Hy = 59& Pupy === H, = 5(5 X9 i PuPv

‘gﬂp,u =0 ‘gﬁpu =0
AV AV

1
92

- 1 — LV
Hy, " p,p, === H) = 5(5 &) PuPv
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1

H, =~
72
‘gplp,uzo
A4

1

Hh:§

o1

If

N4

IS Integrable

1 - 1 — 7,
gM PuPv e Hg — 5(5 | E) 1.9# PuPv
é-,up“ =0
then

S DN
B pupy e Hy = (& - €) "R ppy,

IS Integrable



Our aim

We show the system with the Hamiltonian
1
HQ‘ — 5(6 ' 5)_1gﬁyppzpu
IS Integrable, In the case of the metric 9. 1s AdSs
and ¢ Is any Killing vector on AdSs .

If it IS true, the system with the Hamiltonian
]‘ — LV
Hy = 5(5 )T R pupy

IS Integrable.
52



53

The Hamiltonian system
. 1 o
Hy = 5(5 &) 9" pupy = E

IS equivalent to the system

1

Hy = 9" pupy — B(§-€) ~ 0

We find constants of motion of the systemH, .

“Jaccobi’s Hamiltonian”



We assume the constant of motion in the form
Q = K’Wp,up.u + EK )

!/ V 1 1
= VK[ papupy + E (K (20§ &) — OuK (0)9""”) Py
We have V! KW 0

0" K o) — K(0u(€-§) =0

54 T.lgata, T.Koike, H.Ishihara,Phys.Rev. D83 (2011) 065027



25

(A i) _ Killing tensor egs. for AdSs
Vi) =0 &= requcible Killing tensor

0" K (o) — K(0(€-§) =0

!

MK o) = K[ 0,(6-€) =0

Integrability condition for K
commutability
{&p,nip} = {np,mip} =0
{&p, Koypp} = {n;p, Koypp} =0
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Integrate

0" K o) — K(50,(€-§) = 0
We have |

Q — § (KE;; + K(U)g’uy) PuPv

for all Killing vectors ¢



List of Killing tensors

II: &=L, — Ly —alL,.
Ky = (Lgy+Lys)*> 4 (Ly.+ L.o)* Ky = —a*(x — s)*
+ az(ngw o L@Zr‘s o L@Zr‘t o L’l21)8 o qut + Lgt)

V 6 = Ly + Lys - Lyz F Ly + a(ny + Lo F sz)
KQ — (Lmz _LmSiLyw _Lyt)2+ (j:me _Lmt _Lyz+Lys)2
+4a[(Lmz _ L;L‘S + Lyw o Lyt)(Lzs + L'wt) + (:I:LCE’UJ _ L:Et _ Lyz + Lys)(th =+ st)]

Ko = 4a*[(z — 8)* + (w F )]

X 6 = aL:r:t + bLyS + CLz’w
1
KV = 0+ (L2, — L2, — L2, +L%) KV = (0% = ) (12 + ) (32 — $2)
2 2 2 2 2 2
+((l —b ) (_Lyz _ Lyw + LZS + L’LUS)

S/



Results

We consider the 5-dimensional AdS, for example.
We show all possible orbit spaces with the metric

B = (€ - €) (q - ?ﬁi’ )

are geodesically integrable.

Cohomogeneity-one strings in AdS; are integrable.
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Future works

Arbitrary dimensions
AdS x M

Extream black holes
Black holes in AdS
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