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1. Introduction



Background B
Lattice theory: discretization of a spacetime | ,-...—e¢ —o
expectation value = integration w.r.t. ¢ (1) I — AL —o
(0) = [ ([Tdop@)0($)exp(~S($)) ] 1 | |
approximated by the finite DOF S N N
— numerical simulation B

(scalar field)

(Non-Abelian) chiral gauge theories are not formulated on the lattice
e Standard model is a chiral gauge theory

\

T momentum

Chiral gauge theories LH
LH- and RH-fermions couple to spin
gauge field differently.
G /

RH




Grabowska-Kaplan’s formulation

Proposal to formulate chiral gauge theories on the lattice
Grabowska-Kaplan (2015)

[Domain—wall [Kaplan (1992)]] T [ Gradient flow [Luscher (2010)] ]

A fermion mass

LH / gauge field | A(x)
JLL 2L
5th dim. A (%)
RH 0 L 5{h dim.

 LH and RH are localized around defects
* gauge fields are damped along 5t dim.
— LH fermions couple to the original gauge field A, (x)




Plan of this talk

Problems of GK’s proposal
* Formulation and properties of gradient flow on the lattice ?
* Infinite gradient-flow maps gauge fields non-locally

@ U(1) gauge theory
We examined ; )
* The formulation of gradient flow which satisfies “admissibility”
 Relation of GK’s formulation and Luscher’s one
\* Locality of GK’s formulation )

Outline

1. Introduction
Luscher’s formulation
Grabowska-Kaplan’s formulation
Relation of two formulations
Summary

e W



2. Luscher’s formulation



Lattice fermions I

Fermion fields (1) are defined on the cites I B — 1 1
Gauge fields U (71, 11) are defined on the links VI ..._4 lp(n),, )\
l U, 1)
@ t L
E A~ E a :
: U :
continuum ' > lattice
covariant derivative “covariant difference”
1
(O + A )b () ULy + D)=t — =]
(o Gauge covariance N

Umn,u) - g,U(n, /,t)g;;_l_u
 Continuum limit
\_ U, u) ~ expliagA,(na + 1/2fia)] )




Lattice fermions

?
continuum l > lattice
fermion action “naive” lattice fermion action
_ 4 B _ U, Wyp(n+ ) —UT(n — pw)p(n — )
5 = [ dx* B (Do) S =aty, Y _

* But propagator
~1
Gr = (atiy,sinp,a + m)
has 16 poles
=16 particles (=doublers)

e Fermion measure is invariant under chiral transformation
=No chiral anomaly (physically necessary to explain U(1) problem)



Nielsen-Ninomiya theorem
Nielsen-Ninomiya (1981)

A lattice fermion action
T/a d4p B
Siae = | (=) Diae. ()
lat. e (ZH)M P)Diae. ()Y (p)

cannot have the operator Dy, (p) satisfying the following
conditions simultaneously:

1. Dya (p) is periodic, analytic function of p,, ( )
2. Dlat.(p) X YuPu for alpu| K1 )

3. Diar.(p) =0onlyifp, =0 )

4. ¥5Diar.(p) + Diae.(p)ys = O )



Intuitive explanation

[ continuum | [ lattice |
Gol o« p? N
S / \

\/ W U
0 p 0 2 P

boson —

a
Grloup _

0 p:> /o /2np

doubler \ _7

fermion

. . 10
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Ginsparg-Wilson relation

To avoid the doubling problem, one of the conditions
need be violated. = chiral symmetry is not exact

[Ginsparg-Wilson (1982)]
Dys +vysD = aDysD

* Exact “lattice chiral symmetry” [Luschei (19538)]
oy =ys(1 —_aD)l/J» oY = YPys
=62, ()DY(n)] =0
e Chiral anomaly [Luscher (1998)]

§| | dyp(x)dy(x) = 2Nsindex(D) | | dyp(x)dy(x)

* Overlap fermion [Neuberger (1998)] satisfies GW relation

Kyoto University 2020/2/12
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Luscher’s formulation

U(1) chiral lattice gauge theories with exact gauge invariance
Luscher (1999)

Starting point

§ ]

+ _ + 7
Projection operators: P, = ! 2)/5, L = ! _2)/5
LH-fermions: Y_(x) =P y_(x), yY_(x)=9y_(x)P,

= Action of LH-fermions: Sr = 2 Y_(x)DY_(x)
X
(Invariant under “lattice chiral transformation”)

Kyoto University 2020/2/12 12



Luscher’s formulation

Fermion Measure: D[y_|D[y_] = l_L dc; ﬂkdc‘k
() = z}_ v, P =) Gb)

(v;(x), Uk (x): basis vectors)

Pvi=v, ()= 0k
ﬁkp_l_ — ﬁk, (ﬁk,ﬁ]) —_ 5](]
= Effective action: [[U] = logdetM,  My; = v, Dv;

Effective action is gauge invariant ?

Kyoto University 2020/2/12 13



Luscher’s formulation

« P_depends on the gauge fields U(x, p) (basis vectors v; also do)

Variation of a link field: 6, UCx, 1) = in, (x)U(x, p)

5,T[U] = Tr P, 8,DD™" + Ej(vj, 5,7;)

= —iL, (measure term)

v(C) Y
How to fix basis vectors v;? C, v(Cy)
vj(Cy) = vi(Cl)Qi_jl
=>LT[ (Cz) — LTI (Cl) — l5n1ndetQ

U, (4

Kyoto University 2020/2/12 14



Luscher’s formulation

Suppose L, = Y., n,(x)j,(x) satisfies the following condition
Then there exist a smooth fermion measure

1. j,(x) depends smoothly on the link fields U(x, )
2. j,(x) is gauge-invariant and transforms as an axial vector

3. Integrability condition: 8, L; — 6;L,, = iTrP_[8,P_, 5;P_]

4. anomalous conservation law: d,j, (x) = tr Qys(1 — D)(x, x)

Such aju(x) can be explicitly constructed in U(1) gauge theories
if the anomaly cancellation condition is satisfied



Admissibility |
VI —&- ..P(x’ﬂ’v)
* Admissibility condition —J

F(x) = i~ tlogP(x, 1, v), - < F, <,
PO, u,v) =U(, U +u,v)Ux +v, )" Ux,v)!

Admissibility is the constraint on the gauge fields

» Overlap operator is local || D (x, y)|| < ke~ I*=Yll/p
* Topological structure )., [—trysD(x,x)] = (integer)

Kyoto University 2020/2/12 16



3. Grabowska-Kaplan’s formulation



Domain-wall fermion  «aplan (1992)

5D Dirac equation with s-dependent mass in R* x R
()/MDM + y<0, + m(s)) Y(x,s)=0
_[+A(s>0)
m(s) = {—A (s <0)
Massless solution: W(x,s) = e ASIp y(x), YuDp(x) =0
Massive solution: (mass) > O(A)

Periodic boundary condition A | fermion mass
Y(x,s +2L) = ¥Y(x,s) LH
=LH is localized around s = 0 JLL 21
RH is localized around s = L jr Sth gim.
* Heavy modes do not contribute to i _A
the effective low energy theory

Kyoto University 2020/2/12 18



CGT with DW fermions «ikukawa (2002)

Domain wall fermion + interpolation of the gauge field

Dirichlet boundary condition

C U(x)
(fixed) det(Ds,, — my) |pir depends on the
Up(x) path C (not gauge invariant)
—N 0 Sth:dim. =subtract by det(D5W — mo) |AP

Antiperiodic boundary condition

C U@ —C’

—N 0

N th'dim.
(AP) (AP )

|
|

Uo () : Uo ()
|



CGT with DW fermions «ikukawa (2002)

 Path dependence of the real part is subtracted by
det(Dsy — mg) |ap

Co C2+(_C2)
(lndet(DSW — mo) — 1/21ndet(D5W — mo) ) — (CZ N Cl)
Dir. AP
_ C2+(—C1)
= iImlndet(Ds,, — my) . (N — o)

* Suppose the lattice Chern-Simons term is expressed by
a local gauge invariant function gs,, (x, s)

C2+(_C1) C C
) *ZZQSw(xJS) = Csy — G5
S X

ImIndet(Ds,, — m,

AP

det(Dsw—-mo)I5; i€ : - i
= 9et@swmo)lpir 7 e '¢sw is path independent and gauge-invariant
C+(-0C)
|det(D5w_mO) |AP |

* gsw(x,s) can be explicitly constructed in U(1) gauge theories

Kyoto University 2020/2/12 20



Gradient flow Lischer (2010)

] 55 _ ]
0,4, (x,t) = —g? 579 = —D,E,(x,0), A, (x,0) = A4,()
U
1

[ ex: 2D U(1) gauge field } variables of path integral

A, is decomposed into gauge and physical DOF
A, = 0,0+ €,,0,A
Each DOF is evolved by the following equations:
d;w = 0 (constant)
;A =0,0,A (damping)
* Gradient flow is a gauge covariant equation
* A, (x,00) is apure gauge in the U(1) gauge theories
* In non-Abelian cases, A, (x, @) is a local minimum of the action S;

Kyoto University 2020/2/12 21



DW fermion + gradient flow
Grabowska-Kaplan (2015)

[ Domain-wall ] + [ Gradient flow ]

A fermion mass

LH / gauge field | A(x)
5t dim. A, (x)
RH 0 L 5t'h dim.
—A

 LH and RH are localized around defects
« gauge fields are damped along 5t dim.

A — oo L > o0
=only LH-fermions couple to the physical modes of 4,
(In U(1) theories, RH-fermions couple to the gauge modes of A)



3.5. Short summary



DW fermion and GW relation

Doubling problem




DW fermion and GW relation

Doubling problem

“chiral symmet%

GW relation
Ginsparg-Wilson (1982)




DW fermion and GW relation

Doubling problem

“chiral symmet%

GW relation
Ginsparg-Wilson (1982)

chiral fermion

Luscher’s formulation

Luscher (1999)



DW fermion and GW relation

Doubling problem

“chiral symmet%

GW relation
Ginsparg-Wilson (1982)

chiral fermion

Luscher’s formulation

Luscher (1999)



DW fermion and GW relation

Doubling problem

“chiral symmet% N dim

GW relation DW fermion
Ginsparg-Wilson (1982) Kaplan (1992)

chiral fermion

Luscher’s formulation

Luscher (1999)



DW fermion and GW relation

Doubling problem

“chiral symmetry “ 5t dim
_ L — o,a5 > 0

GW relation DW fermion
Ginsparg-Wilson (1982) Kikukawa- Noguch|(1999 Kaplan (1992)

chiral fermion

Luscher’s formulation

Luscher (1999)



DW fermion and GW relation

Doubling problem

“chiral symmetry “ 5t dim
_ L — o,a5 > 0

GW relation DW fermion
Ginsparg-Wilson (1982) Kikukawa- Noguch|(1999 Kaplan (1992)
chiral fermion Ay (x,s)

Luscher’s formulation | < | CGT with DW
Luscher (1999) Kikukawa (2002)




DW fermion and GW relation

Doubling problem

“chiral symmetry “ 5t dim
_ L — o,a5 > 0

GW relation DW fermion
Ginsparg-Wilson (1982) Kikukawa- Noguch|(1999 Kaplan (1992)
chiral fermion Ay (x,s)

Luscher’s formulation | < | CGT with DW
Luscher (1999) Kikukawa (2002)




DW fermion and GW relation

Doubling problem

“chiral symmetry “ 5t dim
_ L — o,a5 > 0

GW relation DW fermion
Ginsparg-Wilson (1982) Kikukawa- Noguch|(1999 Kaplan (1992)
chiral fermion Au(x, S)
L —> o,a5 > 0
Luscher’s formulation | < | CGT with DW
Luscher (1999) Kikukawa (2002)

@ Gradient flow

| GK’s formulation |
Grabowska-Kaplan (2015)




DW fermion and GW relation

Doubling problem

“chiral symmetry “ 5t dim
_ L — o,a5 > 0

GW relation DW fermion
Ginsparg-Wilson (1982) Kikukawa- Noguch|(1999 Kaplan (1992)
chiral fermion Au(x, S)
L —> o,a5 > 0
Luscher’s formulation | < | CGT with DW
Luscher (1999) Kikukawa (2002)

@ Gradient flow

| GK’s formulation |
Grabowska-Kaplan (2015)




4. Relation of two formulations



Gradient flow

i 5S )
0.4, (x, t) = —g? = Ag = —D,F (%, 1)
U

EUt(x» 1 = —gs [ax,MS(Ut)]Ut(x, )

Choice of S(U):  S(U) = 1/(4g(2,)z F, (x)?

Assume admissibility
= Bianchi identity: €,,,,50, F,s = 0

lattice

[ “diffusion eq.”: % w (X, ) = 050, F (%, 1) ]

0, () = fx+ ) = f()
0. () = f0O) — f(x = )

Kyoto University 2020/2/12 35



Gradient flow

diffusion equation

Maximum principle
/Sappose f(x,t) is periodic w.r.t. x, and satisfies N

d
—fC6D) = 9, (x,0

Then f(x,t) hasa maximumatt = 0,

_ Elgrgén%Tf(x t)—maxf(x 0) y

if £, (x,0) satisfies , F (x, t) respects this condition

Kyoto University 2020/2/12 36



Relation of the two formulations

det(DSw o mO) | gir

exp(Igk) = cf. Kikukawa (2002)

|det(Ds,, — mo)l;

- : N nterterm
Domain wall fermion ( O counterte )

C U(x)

LH + RH + massive modes
U, (x)

~N 0| 5t dim.

Pauli-Villars fermion

C U(x) —C

U, (x) U.(x) massive modes

N| sthdim.
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Relation of the two formulations

det(DSw o mO) | [C)ir.

exp(I'gk) = 77z cf. Kikukawa (2002)
|det(Dsyy —mo) 57|

(No counterterm)
(L = o,as = 0)
0. Tok[U] = Tr PLOsDD ™Y —g + (Tr PLOsDD 1) *| oo + f_”oo dt TrP_[0.P_, 05 P_]

LH RH Bulk

Luscher’s formulation: 0.} [U] = TrP,6,DD~* —iL,

Kyoto University 2020/2/12 38



Locality

Ly =), (aRu®) ju )

Ju(x): gauge-invariant local field

U:Ut

* Perturbative analysis in the infinite volume Iimit

4

. dp
Ju(@) = Z f Vu(ul)w ukvk(P P1s - s Pk— 1)(2”)45(4)(2191) 1_[ ePi tFulvl (pi) (an)4

k=4

k : .
Vu(ul)vl vy (03 D1 - ,pk 1)°analyt|c function

0 V( : (plr vy P — 1) dp4
= j dtL, = Z [ (Zn)‘*&(‘”(Zpl)nAm(pl :
o i=

£ 7 (2m)*
k
d
— ZfFlfl) uk(pl" y P — 1)(27'[)45(4)(2291 1—[ pl (Zpl)4

p2 = H[ZSln(pM /2)]
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Locality

. FLEI;) . (D1, ) Pr—1) are not analytic function

* For every positive integer N, there exist n > N and
X1, ,Xr—1 such that

)

C
we Gt X, O >~z n= llly o+ el

 There may be some effect on the critical behavior and
the continuum limit of the lattice model

* (Numerical) approach to the dynamics is necessary to
solve this question

Kyoto University 2020/2/12
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5. Summary



Summary

 We considered U(1) chiral gauge theories

* the gradient flow is formulated for the admissible U(1) link fields

e GK'’s effective action is the sum of Luscher’s effective actions and
the measure term

 The measure term is non-local (not suppressed exponentially)

* There may be some effect on the critical behavior and the
continuum limit of the lattice model



