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Figure 1. Visualization of possible solutions to the dark matter problem.
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Freezeout mechanism
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being the entropy density (h eff(T ) is the effective number of
entropy degrees of freedom at the temperature T ), so that it
is possible to get rid of the term dependent on the Hubble
expansion rate on the left-hand side of Eq. (1), giving:

dYχ

dt
= ds

dt
⟨σv⟩
3H

Y 2
χ

(

1 −
Y 2

χ ,eq

Y 2
χ

)

. (7)

To obtain the last equation we have used the entropy
conservation relation ds

dt = − 3Hs. Qualitatively, Eq. (7),
describes the following picture: If DM interactions are
enough efficient, as in the case of WIMPs, at early times
the annihilation rate Γann = ⟨σv⟩Yχ s exceeds the Hubble
expansion rate and Eq. (7) is solved for Yχ = Yχ ,eq, mean-
ing that the DM is in thermal equilibrium with the primordial
thermal bath. At later times, when the temperature eventu-
ally drops below the DM mass, the DM yield becomes Boltz-
mann suppressed, Yχ ,eq ∝ exp(− mχ/T ), so that the annihi-
lation rate falls below the Hubble expansion rate leading to
the thermal freeze-out of this “cold” relic, i.e., thereafter Yχ

is approximately constant with time.1 Equation (7) can be
solved by adopting the temperature T 2 of the thermal bath
or x = mχ/T as independent variable. A good approxi-
mate solution is represented by the following semi-analytical
expression [23]:

Y (T0) ≡ Y0 ≃
√

π

45
MPl

[∫ T f

T0

g 1/2
∗ ⟨σv⟩dT

]− 1

, (9)

where:

g 1/2
∗ = h eff

g 1/2
eff

(
1 + 1

3
T
h eff

dh eff

dT

)
, (10)

with T0 as the present time temperature while T f represents
the freeze-out temperature which can be determined by solv-
ing the equation:

√
π

45
MPl

g 1/2
∗ mχ

x2 ⟨σv⟩Yχ ,eqδ(δ + 2) = − d log Yχ ,eq

dx
, (11)

where δ = (Yχ − Yχ ,eq)/Yχ ,eq is conventionally set to 1.5
while x = mχ/T .

The DM relic abundance is usually expressed in terms of
the parameter ΩDMh 2 where h ∼ 0.7 is the value Hubble
expansion rate at present times in units of 100 (km/s)/Mpc

1 See Ref. [22] for an exception (“relentless” DM) for modified expan-
sion histories.
2 We make also use of: ds

dt =
[

3s
T

(
1 + T

3h eff

dh eff
dT

)]
dT
dt . (8)

Fig. 2 Comoving number density evolution as a function of the ratio
mχ/T in the context of the thermal freeze-out. Notice that the size
of the annihilation cross-section determines the DM abundance since
ΩDMh 2 ∝ 1/⟨σv⟩

while ΩDM represents the ratio between the DM energy den-
sity ρDM and the so called critical energy density ρcr , namely:

ΩDM = ρDM/ρcr(T0), ρDM = mχ s0Y0,

ρcr(T ) = 3H(T )2M2
PL/8π, ρcr(T0) ≃ 10− 5 GeV cm− 3,

(12)

where s0 = s(T0) is the entropy density at present times.
By combining the expressions above, the DM relic density

can be numerically estimated as:

ΩDMh 2 ≈ 8.76 × 10− 11 GeV− 2
[∫ T f

T0

g 1/2
∗ ⟨σv⟩dT

mχ

]− 1

.

(13)

The behavior of the solution of the Boltzmann equation
is illustrated in Fig. 2. As expected, the DM relic density is
basically set by the inverse value of the thermally averaged
cross-section (calculated at the freeze-out temperature), with
a logarithmic dependence on mχ . It can be straightforwardly
verified that the experimental determination of ΩDMh 2 ≈
0.12 [1] is matched by a value of the cross-section of the order
of 10− 9 GeV− 2 corresponding to ⟨σv⟩ ∼ 10− 26 cm3 s− 1.

The WIMP paradigm hence reduces, under the hypothe-
sis of standard cosmological evolution of the Universe, the
solution of the DM problem to the determination of a sin-
gle particle physics input, i.e., the thermally averaged pair
annihilation cross-section of the DM.

Its formal definition reads [23]:3

3 In scenarios where the DM is not the only new particle state, other
processes like co-annihilations, might also be relevant for the DM relic
density. A more general definition of ⟨σv⟩, including such processes,
can be found e.g., in Ref. [24].
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Table 1: The rescaling factors of Yukawa couplings under the alignment limit. The rescaling
factor of H, a,A has t� dependence, where t� = tan �.

For proton
f
p

Tu
0.0153

f
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Td
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f
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0.0447

For neutron
f
n

Tu
0.0110

f
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Td
0.0273

f
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Ts
0.0447

Table 2: Numerical values of form factors which is taken from the default volume value of
micrOMEGAs [16]. Right panel shows the value for proton, and left for neutron.

We use the following relations to evaluate the spin-independent cross section from these
operators,[ref]

hN |mqqq |Ni = mNf
(N)

Tq
, (3.22)

�
9↵s

8⇡

⌦
N

��Ga

µ⌫
G

aµ⌫
��N

↵
= mNf

(N)

TG
, (3.23)

⌦
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��Oq
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��N
↵
=

1

mN

✓
pµp⌫ �

1

4
m

2

N
gµ⌫

◆✓
q
(N)(2) + q

(N)(2)

◆
, (3.24)

where N stands for a nucleon, and mN is the nucleon mass. The numerical values of the form
factors (f (N)

Tq
) and the second moments of the PDFs for the quark and anti-quark (q(N)(2)

and q
(N)(2)) are given in Tables 2 and 3, respectively. The gluon form factor, f (N)

TG
is given

Second moment at µ = mZ

u
p(2) 0.22 u

p(2) 0.034
d
p(2) 0.11 d

p

(2) 0.036
s
p(2) 0.026 s

p(2) 0.026
c
p(2) 0.019 c

p(2) 0.019
b
p(2) 0.012 b

p

(2) 0.012

Table 3: Numerical values of the second moments for quark distribution functions for proton.
These values are evaluated at the scale µ = mZ by using the CTEQ parton distribution
functions [17]. The values for neutron are given by exchanging up and down in the table.
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ループ計算は不完全だった
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Mass eigenstates and mixing angles are defined by
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We can express �1,2,3,4,5 and  by the mixing angles and mass eigenvalues. For s��↵ = 1 and

M = mA = mH = mH± , they are given by
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The scalar cubic couplings for s��↵ = 1 and M = mA = mH = mH± are given by [1]
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1-loop への c2 の影響
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Figure 1: We take ma =100 GeV, mA = 600 GeV, tan� = 40, and sin(��↵) = 1. The black line shows c�.

The red, blue, and green lines are the contributions from the diagrams with aah, aAh, and AAh couplings,

respectively. The contributions from the heavy CP-even scalar (H) is zero because sin(� � ↵) = 1. The

result is independent from tan� value. In the left (right) panel, c2 =0 (1).

Figure 2: We take ma =100 GeV, mA = mH = mH± = 600 GeV, tan� = 40, and sin(��↵) = 1. The red,

blue, and green solid (dashed) lines show gaah(gaaH), gaAh(gaAH), and gAAh(gAAH), respectively.
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ループ計算は不完全だった
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JCAP03(2018)042
Figure 2. SI cross section induced at one-loop as function of the DM mass m�, for g� = 0.5 and
for four assignations of (ma, ca), as reported on the plot. The blue region is currently excluded by
XENON1T. The light green (dark green) region will be probed by LZ and XENONnT (DARWIN).
The yellow region corresponds to the sensitivity to coherent scattering processes of neutrinos on
nucleons.

Two comments about the reliability of this result are in order. First, the simplified model
in which this computation has been made is not gauge invariant. Generically we expect that
an UV-completion of the simplified model will introduce new degrees of freedom to restore
gauge-invariance. These new fields could allow for additional diagrams and therefore the
amplitude considered here cannot be expected to be the full result. We will comment on
this in more detail in section 3 where we analyze a representative example of such an UV-
completion. In addition, there is a further complication which is related to the relation we
employed to replace the heavy quarks with the gluons in eq. (2.8). This procedure is justified
if the loop that generates the four-fermion interaction and the loop that relates the quarks to
the gluon-condensate factorize. While this assumption is reasonable for heavy new physics
which can be integrated out at energies above the top mass, it is not fully appropriate in the
scenario under scrutiny here since we are interested in ma < mt. In this case, the correct
top mass dependence of the e↵ective dark matter gluon interaction is only recovered by a
two-loop computation of the e↵ective dark matter gluon interaction [57] which is beyond the
scope of this work. In the following, we will rely on eq. (2.8) while keeping in mind that the
result is only approximate.

The behavior of the scattering cross section, as a function of the DM mass, for g� = 0.5
and for some di↵erent assignations of ca and ma, is reported in figure 2. The predictions
of the scattering cross sections are compared with the current exclusion limit, as set by
XENON1T [12], and the projected sensitivities of future experiments, i.e. XENONnT [42],
LZ [43] and DARWIN [44]. Since the expected sensitivity of LZ and XENONnT are quite
similar we only show one line to improve the readability. The plot also reports the so-called
“neutrino floor” [36], which corresponds to the sensitivity of direct detection experiments to
coherent scatterings of neutrinos with nuclei.
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σSI の予言に C2 が重要Figure 9: The comparison about the e↵ect of changing c2 and ma. The upper row shows the
case for |c2| = 0.5, and the lower for |c2| = 1. The left column shows the case for ma = 70
GeV, and the right for ma = 100 GeV. The other parameters are fixed mA = 600 GeV,
✓ = 0.1, t� = 10, c1 = 0 for all the figure. The region where g�  1 is the left hand side of
the dashed vertical line. The experimental bounds are the same as in Fig. 6.
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Figure 9. The SI cross section at the four benchmark points. The upper panels show the case
for |c2| = 0.5, and the lower for |c2| = 1. The left panels show the case for ma = 70GeV, and the
right for ma = 100GeV. The other parameters are mA = 600GeV, θ = 0.1, tβ = 10, c1 = 0 for all
the panels. The regions where gχ > 1 are shown as the gray region. The blue regions are excluded
by the latest result of the XENON1T experiment [3]. The purple, brown, and gray dotted lines
indicate the future sensitivities of the XENONnT [20], LZ [21], and DARWIN experiments [22],
respectively. The yellow regions are below the neutrino floor [19].

and ma = 100GeV in the right panels. The DM coupling gχ becomes larger than 1 in the

gray region. The current bound, future prospects, and background of the direct detection

experiments shown in figure 9 are the same as those shown in figure 8.

From the figure, we find that σSI strongly depends on c2. In particular, σSI becomes

large for mχ ! 400GeV if c2 is nonzero. This is because ghaa becomes large by the effect

of c2 as we mentioned above. We also find that σSI for ma = 70GeV is larger than that

for ma = 100GeV as is expected. At these benchmark points, we find the large region

where σSI is above the neutrino floor while keeping gχ ≤ 1. For c2 = 1, ma = 70GeV, and

600GeV ≤ mχ ≤ 690GeV, σSI is above the future prospect lines of the XENONnT [20]

and LZ experiments [21] with gχ ≤ 1.

We also have checked the cross section of the different types of the THDM and found

that σSI in the large mχ region is type independent.

5 Conclusions

In this paper, we have discussed the physics of the DM direct detection in the pseudoscalar

mediator DM model. The tree-level amplitude of the DM-nucleon elastic scattering in
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large c2 とスカラーポテンシャル
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top quark was overestimated in [11]. In the end, we clarify that the contribution from the

box diagrams is subdominant and the triangle diagrams dominate the scattering process.

The structure of this paper is as follows: in section 2, we introduce the gauge invariant

renormalizable model which contains the pseudoscalar mediators [6]. In section 3, we derive

the effective operators which induce the DM-nucleon SI scattering. In section 4, we show

our numerical results. We compare our result with the previous one in [11], and then search

the parameter space where σSI becomes large enough to reach the prospects of the direct

detection experiments. Our conclusions are in section 5. In appendix A, we show explicit

formulas for scalar trilinear couplings which are defined in section 2. In appendix B, we

write the details of the derivation of the effective operators for SI scattering between DM

and quarks/gluon. In appendix C, we define the loop functions used in section 3.

2 Model

In this section, we briefly review the pseudoscalar mediator DM model [6]. The model

contains a gauge singlet Majorana fermion χ as a DM candidate and a gauge singlet

pseudoscalar boson a0 as a mediator field. The DM can be expressed using Weyl spinor ψ

as follows:

χ =

(
ψ

ψ†

)
. (2.1)

The Higgs sector is also extended into a THDM, which contains two SU(2)L doublet scalar

fields Hj (j = 1, 2) with a hypercharge Y = 1/2.

We assume a Z2 symmetry to stabilize the DM candidate. Under this Z2 symmetry, χ

is odd, and all the other fields are even. The interaction terms of the DM and scalar fields

are given by

L ⊃+ i
gχ
2
a0χ̄γ

5χ− (VTHDM + Va0 + Vport) , (2.2)

where

VTHDM = m2
1H

†
1H1 +m2

2H
†
2H2 −m2

3

(
H†

1H2 + h.c.
)

+
λ1
2
(H†

1H1)
2 +

λ2
2
(H†

2H2)
2 + λ3(H

†
1H1)(H

†
2H2) + λ4(H

†
1H2)(H

†
2H1)

+
λ5
2

[
(H†

1H2)
2 + h.c.

]
, (2.3)

Va0 =
1

2
m2

a0a
2
0 +

λa0
4

a40, (2.4)

Vport = κ(ia0H
†
1H2 + h.c.) + c1a

2
0H

†
1H1 + c2a

2
0H

†
2H2. (2.5)

Here we assume CP invariance in eq. (2.2), and therefore all the parameters in eq. (2.2) are

real. We also assume a softly broken Z4 symmetry to avoid flavor changing Higgs couplings

at the tree-level. This symmetry is an extension of the softly broken Z2 symmetry often
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ポテンシャルが下から抑えられる条件
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where �1 is positive and ⇡
+
2 is a real number. In this case, the analysis is complicated, so we rely

on numerical analysis.

3.2 Conditions for the potential to be bounded below

The potential should be bounded below, namely the potential should be positive for the region

where the field values are extreamly large. We find the following conditions for the bounded below.

�1 > 0, (3.13)

�2 > 0, (3.14)

�a > 0, (3.15)
p
�1�2 + �3 +min (0,�4 � |�5|) > 0, (3.16)

r
�1�a

2
+ c1 > 0, (3.17)

r
�2�a

2
+ c2 > 0, (3.18)

8
>>>>><

>>>>>:

p
�1c2 +

p
�2c1 � 0,

or

p
�1c2 +

p
�2c1 < 0 and �a�̃3

2 � c1c2 +

r⇣
�a�1
2 � c

2
1

⌘⇣
�a�2
2 � c

2
2

⌘
> 0.

(3.19)

The derivation is given in Appendix A.

We find that Eq. (3.16) give a constraint on ✓. For s��↵ = 1 and mH = mH± = mA, Eq. (3.16)

is simplified as

2m2
h

v2
�

2(m2
A
�m

2
a) sin

2
✓

v2
> 0, (3.20)

namely

| sin ✓| <
mhq

m
2
A
�m2

a

. (3.21)

The result for ma = 100 GeV is shown in Fig. 1. We find that | sin ✓| < 0.21 for mA = 600 GeV,

and | sin ✓| < 0.13 for mA = 1 TeV.

3.3 Perturbative unitarity

Constraints on scalar quartic couplings are often derived from the perturbative unitarity of

scalar two to two scattering processes. There are nine scalars in the model. Therefore, the two to

7
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†
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†
1H2)(H

†
2H1) +

1

2
�5

⇣
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⌘

+
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4
a
4
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2
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†
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†
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⟨a0⟩ = 0, ⟨Hj⟩ = 1
2 (0

vj)
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where
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A , (2.14)
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2
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⌘
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2
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A , (2.15)

m
2
H± =M

2
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�4 + �5

2
v
2
. (2.16)

Mass eigenstates and mixing angles are defined by

0
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h

1

A =

0

@ cos↵ sin↵

� sin↵ cos↵

1
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0
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1

A , (2.17)
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0

@A0

a0

1

A . (2.18)

We can express �1,2,3,4,5 and  by the mixing angles and mass eigenvalues. For s��↵ = 1 and

M = mA = mH = mH± , they are given by

�1 = �2 = �3 =
m

2
h

v2
, (2.19)

�4 = ��5 =�
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The scalar cubic couplings for s��↵ = 1 and M = mA = mH = mH± are given by [1]

gaah =s
2
✓

✓
2m2

a +m
2
h
� 2m2

A

v

◆
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, (2.23)
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!
, (2.24)
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✓
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1 + t
2
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(c1 � c2) , (2.26)
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1 + t
2
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(c1 � c2) , (2.27)

gAAH =2vs2
✓
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1 + t
2
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(c1 � c2) . (2.28)
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 C1 and C2 vs scalar potential
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between pseudoscalar bosons and the SM-Higgs is important to enhance �SI. As a result
of the enhancement, the model can be detected by the Xenon1T experiment [ref] and the
LZ experiment[ref]. We also calculate the relevant two-loop diagrams for the DM-gluon
e↵ective interactions. In [8], it was estimated from the one-loop box diagram by using a
relation between a heavy quark scalar-type operator and a gluon scalar-type operator without
justification. We find that the prediction for �SI in [8] was overestimated.

The structure of this paper is as follows. In Sec. 2, we introduce the gauge invariant model
which contains the pseudoscalar mediators [3]. In Sec. 3, we derive the e↵ective operators
which induce the spin-independent scattering between DM and nucleus. In Sec. 4, we show
our results. We compare our result with the previous results in [8] and, then, search the
parameter space which is detectable in the future direct detection experiments.

2 Model

In this section, we briefly review the pseudo-scalar mediator dark matter model [3]. The
model contains a gauge singlet Majorana fermion � as the DM candidate, and a gauge singlet
pseudoscalar boson a0 as a mediator field. The Higgs sector is also extended into a Two Higgs
Doublet Model (THDM). We assume Z2 symmetry to stabilize the DM candidate. Under
the Z2 symmetry, � is odd and all the other fields are even. Thus � is the DM candidate in
this model. The interaction terms of the DM and scalar fiels are given by

L �+ i
g�

2
a0�̄�

5
�� (VTHDM + Va0 + Vport) , (2.2)
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†
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2

0
H

†
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H1 + c2a

2

0
H

†
2
H2. (2.5)

Here we assume CP invariance in the Eq. (2.2). Thus all the parameters in Eq. (2.2) are real.
We also assume a softly broken Z4 symmetry to avoid flavor changing Higgs coupling. This is
an extension of the softly broken Z2 symmetry often assumed in studies of the THDMs [?,?,?]
to avoid flavor changing scalar couplings at the tree level [?].3 Under this Z4 symmetry, each

3 For the analysis without any discrete symmetry to forbid the flavor changing scalar couplings, see [?].

3
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yet another reason why it is not justified
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