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B -model topological string on a cy 3 - fold X has no world - sheet

instanton corrections
.

→ The topological string theory can be described

by
^

topological
)
fieldtheorysome on the space

- timeX

b Kodaira- Spencer gravity ( BCoV theory)
( closed string sector )

Holomorphic Chern . Simons theony (witten )

copen string sector)
cf A - model ヨ world - sheet instanton correction

space -timetheory isverydifficult lexceptopenstringsctor)



Basic fields of Bcov theory are poly -vector tields on ×②

Pri , i (x) = R
' i

(x
,
Λ TX )

the space of (o ,
i ) - forms with coefficients in the j - th

exterior product of the holomorphic tangent bandle TX .

We denote PV
* ,

*( X ) = PVii (X )
with the cohomological degreee ( i∂ )

By the wedge product PV
* '
*x) is a graded commutative algebra

.

We have the standard δ - operation with degree one

8 .

. pi , i (x) 2 pi , it
'

(x )



on a cy - 3 fold X
,
we have a holomorphicvolumeformrx

)

3 - J )which leads to an isom . (*)pi , i 2b

や

non-vanishing[ 3 .0 ) -form
(4) .

RP , q
(x) : the space of (p , q) - forms

By the isom ,
the O - operator δ : 2

P , 6
> 0☆
PtI , q

induces 0 : pi ,
i
(x) ) p 5

- z
,
i
(x)

with degree (- I )
。

Let us take local coordinates { ZI , ZI } on UCEBapatch
then PV

*
,
*
(U) ≈ CO ( U ) L 7

,
AZEJI

d the ring of co
- fns on で

In the previous discussion on B - model , そwasdenotedJェ I

そ w anddzIare odd variables with degree one
(fermionic) (ghost number)



on U , 8and oareexpresseda 出

δ ～ ƩUEE ƩI, 0 =屋惑ー

cf D - operator in Batalin -Vilkovisky .

そ ←7 dzI dual ψ でエ (品] = δ;
The isomo by the hol . volume form exchanges dzI and 二

OUI

そ ,dzI :creationopsofpartide "and "antiparticle
0

可, ? anihilation ops of
91

anihitation of partide 入) creation of antipartile

( Take local coordinates sot ☆ x ～EazkdZIdz' dzk )



LBoth 8 and o '

are coboundary ops δ
'

= 0
'

=00
5

δ is a derivation ( satisfres the heibnitz rule ]
but o isNo ,

since PVX ,
*
≈ 23

-*
, *
is NoT alg . isom .

o ( α^ β) = ( oα) ^β t-)* ' αno βt t
α
.Define {α , β } ≈ 0 (α^ β ) - ( oα) ^β

_ (- 1)
*'

α^ ( o β ) .

on a local coordinate patch
O β ]o (α^β

) =尽可 ⑧ ( α^β )= 呉求 β t α.OZI
OαnB= ( 0α) " β t [-

1
)
'
α ^ O β + 室(HM *LΛβA OZェORI ONI )



( α , β } =
室

のβ t (-
)*β

.

止
OZI ORI

odd Poisson bracket ( Schouten bracket
,
BV anti - bracket )

Lemma δ (αβδ ) = O αβ )I T ) BIC
α IH)

BOLαO)

+ (-
1 )
* 1 α σ(β O )-(O α) BS-

G* ' α(Oβ ) O-
-)*H

αβ (0O)
( We omit ^ forsimplicity )

(^; ) δ( αβO ) = ( ⑧のβ 6+ の ⑧β 6 +αβ品]
= ( 0α) β6 十 (← 1 )

* "

α ( O β)δ + ( -1
)αIHIβ I

αβ [ 0O }

+ (-
1) t
α { β , 6} t { α , β Y 6

+ (_ 1)
( β l ( 1x1t1 )

β { α 、 8}



凸
∴ O (αβδ) = O (αβ ) σ t (-

) IBCa*)βo

( αδ)+( -1)*
"
α o (βo)

+ ( oα) β6 + (
-

1 ) " α( O β )δ
t )*t β

1 αβ(
m

～
ー (0α) β6 - ()'

*"
α (oβ)dmimー

ー (_-1 )
(β /(1x (t1 ) ( β O

α 8 t (-)
lβl
βα (00 ) )

ー (_ 1 )
*)
( α ( O β)σ t (-)

i β l αβ (oδ ) )

= O (αβ) f t -)
IBIla1t1)

β 0 (α0 ) t (-)
*"
α o (βo)

ー ( Oα ) BI
- C-
I
) αO )O - (-

1)*t
αβ ( 08 ) 1ル

Prop With the differential 0 the space of polyvector fields
PV*

*

( X) on X is a bi-graded Batalin . Vilkovisky alg .



8
Def ( BU algebra } ( Getzler CMP 159 (1994) 265 . ) ん

A differential - graded (d-g) commutativealgebra d is called BValgebra;
if the differential D : A

*
) AXTI with 02 = 0 satisfies

( lal- I) lal
Dlarc ) = Olau) c t (- i )

a 'ao ( ac)← ( - 1 ) e δ fad
- coa] he - c-ylalacou)e - E -ylaltlul ab (oC)

“

D is an order two differential
"

V . graded vectorspace v ε V
. ,lol :thegradingofe

[
,
] : VaV ) √ ( bilinear ) is called a Lie bracket

←)
(～ ,

w } = - (-)
( nl-m ) (whm)[

w,os
of degreem

dulrm) ( lwi^m
) [ v ,Cu , ws](u, [v , w]] = [ [u , v} , w } t [ -)



A ; graded commutative algebra 近

C
,

3 : A * A 7 A a Lie bracket of degreem
is called Poisson bracket of degree m

←) [u , v . w ] = CU , UJw T (- 1)
'u " ( IuI- )

u [u , w]
poisson rule1

Def [ Gerstenhaberalg . } ( Lian - Zuckermann hep -th / 9211072 )

A graded commutative alg , A is called Gerstenhaber alg .
if A has a Poisson bracket of degree I //



Prop Bu algebra is a Gerstenhaber algebra
.

凹

Namely , if we define

[ a
,
u] = (- 1)

la '
0 (au) - (- 1)

'^'

(oa) b - alou)

[
,

3 is a Poisson bracket of degree one and we have

δ ca , b} = Coa , b } t (. a)
lal- l

Ca , obI "

い い

Leibniz rule

(; ) ( a , b] = (i)
'al o lau ) -' osalb - a (ob)

= (- i
)laltiallll (δ(ha )- (- 1)'

bo (a) - (oala)
= - (- 1)

(la -1 )(lu1-
1 )( (-
1) 'ulosea)-

(-)
'coula- b( oa)

= - (- 1 )
(la-y( la1-1

) ca ,a
]y



Leibniz
δ ( a , b] = (- 1 )

la"
0 (o (au') - - i )

la
0 (o (a) a) 止

rule

checkis
- 0 ( awe)

= ～(-1
) la
0 (o (a)a) - ∞ (aoe )

[ ola] , b} t aijlal
- 1
ca , ou}

≡ (- 1 )
lalt 1

∞ ( o (a) a) - (-blalt
1

( o
'

(a) e) - ( ola)ou)
σ ( ao ( as)t OCalo ( u)t ( - i )la - y

a

'u )

= - (- i)
lal
o (ocala) ～ 0 (ao (a)) 11

Jacobi id .

c

1
Poisson rule for [u

,
vow }

,
[u

,
Ltw ]

[U
,
～ (oW )]

Leibni rule for D Cu, x
}
, DCu, w}



Poisson rule check R
L

(lal- i) lrl
Ca , feJ ← La , A]Ca . 1 ) a [a , c }

ー= (-1)
lal
0 (arc) - (- i)

lal
Dla) -bc - aolhc )

～ f
-lllalocaa } ct

fi)
la'ola ) -acta

ー (-1 )
lalillel

( (-i
)a
" bolac ) -Gillacoa) c - ea (o)]

lal
= (-i )lal focauc ) -aocac )olau ) ct -ylalacoucy

～ (- 1)
(la.ylul

a olac) t () la
-lµl µ(

oalct ( - i) laltlulー
(Wal lb coc)Jau

= 0 ( by the property of o )



More on BU algebra SI LI1612001293

bef DifferentialBualgebrmm is a triple ( A
,
2
, 0 )

a A is - gradedcommutativeassciativeunital algebra
a Q is a derivation of degree one sit QR = 0

s o is a linearop .
(not derivation ) of degreeane s . t. 02= 0

D isa differential of ordertwo
, namely if we detine

{ 9 , a} : = Olau) - swale - ciylalaoh
then { a , ac } = { a, r} ct (-1

)latllµl
b { a , c}

. ( Q
, DJ = QDTEQ = 0

≤7 2 { a , a} = a { aa , µ} ac- i)
la'
sa
, sa}



We call o the Bl operator , { , } the BV bracket 世

Prop {
, } defines a Poisson bracket of degree one

{ a ,b }≤ ( )lallel { b
,
a}

σ { a , bc} = { a , b} o * (- 1 )
uati' lul

a { a . c}

e δ { a , a} ≤ = { 0 a , a} - - iy
' al
{ a . oa}

。 Jacobi. identity

Prop X : Calabi .Yau (PV (X)
,
8
,

δ ) is
a differential Bu algebra with Q= 8 ,

δ= 0
い

SNotes } In Witten Mod . Phys . Lett . A5 ( 1990) 487 - 494

only D was employed , Q did not appear .



bef ( A
,
Q
,
δ ) : differential BV algebra 凸

for I ε Ao ( degree o) the dassical masterequation is

QI t I {I , [ } ≡ 0
Remark I : a solution to the classical master equation

⇒ 2 t { I , * } defines a difterential on A

However this may not be compatible (anti- commute) with δ .

A sufficient condition for it is to impose the divergencefree
"

condition OI = 0
.

Remark When we regard ( pvix) , δ , δ ) as adiff . BValgebra
.

the dassical master equation is nothing but the kS equation !



Def ( A
,
Q

, 0 ) a differential BV algebra 止

h : a formal variable

For I E ACCh }} ～ formal power series inh

the quantam master equation is

QI T KOI T I {I , I} = 0

Remark The ordertwo
"

propertyofo implies thatformally
QME is equivalent to

I/a
(Qthol e = 0

.

I 5 I is a solution to QME

QtKLt { I
,
* } defines a coboundary operator ,

“

quantum BRST
” ( squares to zero )


