
Chiralringandtwisting 山

QAT = QtQ -
,QB =Q 4 tQ

QAR = Q= 0 Therearefour choiceso
apair o5 mutuallyanti -com. Susygen .

QA
,
QB

, QA ,
B( witten's origicalchoicewas⇒

QA instead o5 QA )
Def An

. operator A is called chiral ←3 [ QB
,
G} = 0

Similarly θ is called twisted chiral ←> [ QA
,
6} = 0



2Rmk The name comes from the fact that the lowest component & 2
of a chiral superfield I satisties [ a±

,
$ ] = 0 .

Similarly the lowest component o of a twisted chiralsuperfield
satisfies [ Q4

,
0 } = [ α-

,
x] = 0

Ifθ is ( twisted)chiral operator
the world sheet derivatives of θ is QB CorQA) - exact .

(8) O± Q ～ [ HtP , QJ = [ EQ+ , Q±} , 0 ]
= { [Qt

,
QJ

.
Q} t { at, [ Q 4, 0]}acobi .

= { [Q+, Q} ,R} - {Qt , [Q
,
0}}CaB

,
0} = 0 →

= { Q4 ,[at ,a} } - {Q ,
[ a+ , a} }

→
1{Q+, Q二} = 0

= { QB
,
[ Q+

,
Q}}



LQ ～ [ H - P
,
0} = [ EQ

.
,Q}

,
0] 己

= { [Q -,
Q
],Q } - {Q . [a ,0}}

= { α二
,
[α-

,
0}} - { α. [ ∝4

,
0} }

≤ { Q二
,
[a-

,
0}} t { a,

[
2-
,
0] }

= { QB
,
[α- , QJ } 11

Hence
, QB- cohomology ( QA-cohomology )dassof(twisted )chiral op .

does not change under the translation onthe worldsheet
.

We can write Q = LQ (Z , Z ] ] ←chomology dass .

Prop If θ s and θ s are two ( twisted) chiral operators
then the productAs .azisalso a(twisted )chiralop



The Q - cohomology dasses of (twisted) chiral operators form 凶
a ring .

We call it chiral ring or twisted chiral ring .

{ $ i } itI bit = bkCij .
t
[ α ,^ 3"

( The singularity of lim ea) が ( z)is Q -exact. )
w → 子

/AssociativityoftheopevatorproductimpliesCie "cjk=Carcj
The structure constants Cijk of the chiral ring are

captured by three point functions of topological theory
on the Riemann sphere ( genns o carve ) .



up to now we assumed that our world sheet Ʃ is flat
" '"

.

5
L

In principle there is no obstruction to formulating susy theory
on a curved Riemann sarface 2 . by taking care of

spin structure on Ʃ

However
,
the action is not necessarily supersymmetrics since

δ S = SVE(ETG .^ -NE -GT' -MEIGY+UEG)
E ±

, Ʃ± ; spinors on Ʃ that parametrize susY transtormations

GI" , G : Neother currents for susy
.

δ S = 0 only for a covariantly const . spinors

OME ± = TMEI = 0 ( ヨ covariantly constspinor⇒Ricci-flat)



Hence
,
δSto unless Ʃ = Ta [ torus ) 凸

One can make a modefication of the theory , called twisting .

to preserve ( half of ) susy ,

→ Topological sigmamodel
.

Topological theory coincide with the original theory on flatspace-timey
bat ave different on carvedspace-tumethey

( space - time = world sheet )

We make use of R symmetry of N= (2 , 2) theory which acts

on the superfileld F(x ,
a

± ,
* ) as follows

ixq u
← Rcharge of 友

ー でα tix
UC 1) v . e

iα Fu
. な = e T ( x, e a±

,
e は

±
)

UCDA .
'

I e "
.T=FIBqAT(

x
,
eFi β a

±
,
eti

βa )



{ d'icd 4 a k (
五

I ,
車
I )has UIDv × UC ) A symmetry

凸

for any
R-chargeassignmentof き

I

.

thetollowing we assume 五
I
has vanishing R - charge .

I [

U ( 1 ) 0 : δ 4 ± = - i α ψ±
infinitesimal trf

.

UC 1 ) A : δ 4 ±
I

= Fiα怪
We will consider the Eudidean version of the theory by xo = - iei
then Z = xI t ises is a complex coordinate of Ʃ

A5ter the Wick rotation
,
the Loventz groop So (I

,
2) becomes So (2) E = U ) E

SO (



\

From the viewpoint of algebra ,

the twisting is done by
^

redefing
"

UCVE = UCDE X UCI] R where we choose

UCUDR =UDv for A. -twistand UDR = UCDA for B - twist

At Lagrangican level , this is regarded as a ganging of R- sym .

by introducing acouplingoftheNeother arrent with
the spin connection ( = the gangefield tor Ua) z) on Ʃ

.

on a cuned world sheet the covariant devivative are

DE 4 ±
I
= δ E 4÷ : ÷ω z4

;

^ tozが42
\ spin connection
2

lDz 4 エ

=
8 x 4 I～ Ʃ wx 4tI t ozが 4i
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Noether currents of U ( l) v and U () A L

[
jvc = $ 15 ($ )*I j δ = gIJ ( $ ) 5-U (() v 4

7

U (I) A AZ
=
$ I 5( $)454.

Ʃ

,
JAE = gI5 () 4542=

the kinetio term of fermions ( after the Wick rotation)

S 5
,
kin = {

g
↑

z$ is( x) ( 4fp 4
「
t 4
.

5 4 :} Pz

～
w - dependent I } agoz gI5 (か) [ 45

w
4 ÷-
4 .Twi 4.iIterm

.

4
tSt,dain t

Ʃfez ω
a
j^. ～ iSag'z $ I5 (ゅ )

T
ω z 4I

St.ain tI
{

igzwej^ A ～ ifigz $ 5( *ω
i
4t 学.ω i4)…



Hence 世
ょ ～ J

A - twist 44 → - form( 6 , 1 ) 4+ → scalar

4
.

I
→ scalar 4.

5
→ - form( は

,
0 )

～

B - twist ψ±
I
→ - form( 0 , 2 ) 4J → scalan

4
.

→
-form 45→ scalayは. o)

U (I) E UC) v U ( 1) A A - twist B - twist

4 t ー/2 ー I/a
- 1/2 ～ I ← I

4
.

tY%

~Yu + /2 0 I

xt ーY2 +/% t 22 0 0

x
～ tih ± t/2 ー 26% I 0



N = (2 , 2 ) susY transformation 止

δ$= ε+x-E . 4
I

δBTEI tE -LIEO×FTEIEIー エ
/

04 ,
I
= 2 iE - otかt E × FI 04 t

ー

δ 4 { = ～ 2 iE0 - ゆ
I

tE. FI
～

I
= 2VEtO- It E

.
EIδ4*

ー

FI = 芬
ー

*

on shell condition F
5
= 枠 ψ 兆

、

=42
δ = EtQ . - E

- Qt → EQ. tE - R
ordering i

Neother currents

G ±
'
= 2 g

5O ±$54±, GI' = F 28z 5O±$5

GI = 24
I5 I O±I G ±

= F 2 gI5 45 ±0±
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A - twist Change the notation according to UC)E - spin L

x
=
4 .「 ,*I =I, SzI = *.5 ,9zc =4

I

QA = QttQ . becomes a scalar supercharge
“

BRST
"

-

op ,

QA - variation ( BBST transformation ) { E - =Ʃ+
= 0

x=ε -
…

δ$
F
= EXI

)
δ$
I
= ExI

二
ー

る一

δφ z
Ʃ

0 z$≡ε(-≈ 十F=ε x$I- XTezI ]Ni

δφ
z OE4 FSI = ε Oz- x 揣 z)̂2t 2 i

on- shell )

Twisted chiral ring = BRST cohomology of A- twisted model
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B - twist change of the notation L

Sz = 243. SE=24 ,xE =I .xI=Ilin
I

% 2

more convenient to take

RI = xI TXI
,
θ I = gI5 (xT - xT).mmme

QB = QttR . becomes a ocalar supercharge

QB - variation
Et = E- = 0(

っ
E
-

= - Et = ε )
ー

ー

I I

= nδ$
5
= 0

,
δ$
I I

δφ
z OZDI δ SE OEAI

,
== i

?

δ AI = δ gI5 (XT-xI )SIT ( 2 ET)

EJ = EEXitx ,

t

= 9 ITRK (x .E- xE
)
2 E5

)
= 0 onshell )

N

chiral ring = BRST cohomology of B - twisted model .



In quantum theory R - sym has a chiral anomaly 辿
due to fermion Zero modes

.

Uv az ) has no anomaly ( fermion zero modes balance )

UA (I) has anomaly proportional to CI (M )
.
Ist chern class of M( the differenceof the number of zeromodes

α CI CM) ~ Ir 試Rijl )
↑
Ricci 2.formHence

,
the B -model is well- defined only 5on

the Calabi . Yau target space .

ccanomical line bundle
Ca (M ) → M has soon) holonomy → km is trivial

～I

km ～ det TM → ☆
:

non.vanishinghol . h - form


