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Def A complex manifoldis a topologicalspacem
with a holomorphic atlas

a
(Ui ,Zi ) acollectionofcharts M =UViiエ

Zi : Ui → VicEin one to one

ujn Uk キ $ Vkj = { ZK (D ) IPEUjnUK} C UK

Vik = { Zj (p ) IpEUjnuk } cVj
Zs . Zk

'

Ejk : = . √ kj → Vjk biholomorphic
(双正到 同相写像 )

dim
.
M = m



Example complex projective space
clpn (n次元複素射影空間 )

⑫

M = c.
nt '

、 {0} /～ ; the set of complexlines
through the origin

} = { (λ30 , λ る s , " ,
λ ら n ) ; λε 4 } complexline

( る 0 , 5 z , , 3
n ) homogeneouscoordinatesof{ .

( 30, -{n ' ) ～ ( 3 o , " ,Sn)
⇒
" λεEX Si ' = xi

M = UUj = { } 1 5
:
t 0 }

j = 0

"

Uj

} ε Uo S = I
,
Z
'
,
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,
Z
"

) z
^
=

Ʃ
。
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' nhonogencons coordinates of S

tj " 3 → π ; [} ) = ( 7) -
"
,Zj 倮

"
,

… Zj
"
)



K 1
.

M
凸

ー

= 《; ( µ= i , k )Uj n Uk キ 0 ⇒ Z ;
=

政 Z
.

.

τ jk : Zk → tj is biholomorphic い

M : ann - dim complex manifold

{ zu } local coordinate on achartos

Define ( I
,
I) - tensor J by 0

J = 0 4 z^ ∞⑧ - ↑ dzt ∞

=
)Jiscallel almust complx structure .

Rmk If we introduce real coordinates by ZM = xMtiyu

J = dacm ∞ gu- dy∞⑧. manitestly real
tengor



し
J = (^∞- : )in( c . z) s=。 ) in eiy)

4

With an almost complex structure J .
( J = = I )

wecan define two projections

Pm
"

= Ʃ ( δn
^

- iIm
"

}
,
Qn^= I ( δm

^

tiIn
"

)

D
2
= P

,
R
"

= Q
,

PQ = 0
.

PtQ = I

In the frame which diagonalizeJes
,

p = ( 68 ) a = ( 89 )
By Pand Q ,

we can define projections to
the holomorshicandtheantiholomorphic components of tensorsp

'

We can regard J ε End (TeM ) 5 () = よ w或̂
"

↑ ( 2
. I) - tensor



Def A complex manifold M is called Hermitian 凸

if it is endowed with a metric which satisties

gmn = Jnk Jul gre → ds
'

= 9ut dzMxdzt{ guu = gri = 0
Rmk For

any metrio
hmn

ー

gmn = hmn t Imk Iul hke is hermitian
.

j

( ^

;
学̂ ) Jmk Jnl ( hre tJrJe' hij )

= Imk Inl hke t [_ I )
'

hmn 1/

Prop
'If gmn ishermitian ( Im gun = - Jis gm ; )

Jmn : = Jmk gan is anti - symmetric



On a hermitian manifold 凸

the almost complex structure defines a natural 2- form

J = I Jun dxmndx " ≡ Ʃgudz ^nd

= igmodzndz
= gindzin dzm)

up to now
,
we started with a complex manifold .

New let us ask a questions if a real 2n - dim manifold Madmits

a globally defined (a
.) tensorIm"

s
.t J^= - 1

)

M is a complex manifold ?



Ifa real manifold M admits a globally defined 凸

( I. I ) - tensor Jnin wiith J
'
=
- 1

,
Mis called

almost complex manifold . If in addition M admits

a metric gmn with gmn = Im
" Inlgke ( or Iun = - Irm !

M is called almost hermitian manifold
.

( Newlander-Nirenberg )

An almost complex str . Im
"

defines a complex structure
へ
屮

the almost complex str , comes from
a complex mandfolel

←) the Nijenhuis tensor Nijk (2 ) = 0
vanishes

Nijk ( s ) = 0 ≤ )I is integlable
.



吐 If an almost complexstr I is integlable 8
we call J complex. str .

R上 The almost complexstr , of a complexmanitold is
integable ⇒ J is a complexstr .

Thm on a hermitian manifold
,

there is a unique connection

with the properties

(2) The covariant derivatives of gmn
,
Im
"

vanish

⇒ The projections pand Q are covariantconst.,

compatible with pallanel transport( ]
(2) The mixed components of the torsion ' imn= imn '- Pumk

vanish
.

We call it hermitian connection
.



Prop The hermitian connection T is pure
"

in its indices
'

namely only non-vanishingcomponentsare'm
.

^andPii
、

('; ) since Pand Q are covaviantly constants

Twok = Twok = Tavn = Tat
"
= 0

Since the mixed components of the torsion vanish ,

Toue = ' vinh = 0 11

Recall that om gor = ingur - imn ger
- 品 gnk = 0

Jake (m , n , r) = Cµ , v ,
e )

? o.

ngit = Tungnetuo= gut ingrs 11



For a hermitian connection the structure of Riemann 世
carvature tensor is also mach simplisied .

Namely only non-vanishingcomponentsarethosethataremix ed
"

inn both the first and the second pairs of indices

Rutes
, Rines

,
Rurse

, Rouze

Rute
Ʃ
= - Rine = OnTteI

Ruine = ← Rmtin = gus Qut'ter
= -gns d µ

(gtot g : e
)

= dndfg- guz( o
µ

g 5 )SEP
= -ntigue t ( o µgue) t →9 τ 品



Recall that a hermitian manifold has the natural two -form 1

' る = I Jroun dxndon
Def A hermitian manifold is Rahler if dJ = 0

In this case J is called Kahlerform

Rmk All one-dimensional complex manifolds are kahler ,
since dJ is a three form and hence vanishes

.

since dJ = OJ t 8J = i ongui dz
"

～ do
^
. dzt

- i dgut dzun dze ^dzt

ougmi = dngut , de gut =Ogus for khler

whick means on each hareU . ( namely locally )

.
(

potentialon Uj )sot Iut = nov 4 j or J = : 08 φ j



Rmk The potential function φ ) on each U 2 cannot 2
come from a globally defined function on M

.

if M is compact .
φ on M s .t 4 :

= 4 loj "
( ^ ; ) J ～ " ^ J =in n .√ dz' dzT- dz^ don

M : compact Sm J . " nJ × vol (M )

on the other hand
, if J = dφ ( globally) J ^ . nJ = d (*)

:. JuJ ～. " nJ = 0 by stokes thm .

11

since ongut = ngur , egut=0
: gueforkahlermanifold

, ー

h

the hermitian connection is torsion tree Tnn " ='
n

"
,'
ii =

Tn

and coincides with the Levi- civita connection
U


