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1. Introduction

Superstring = 10
Standard Model = 4

= 0oooooooo ?

Joooooooogoogood
4

M10—>M4XK6D(DDDDD)DD

M, : flat Minkowski 00O (D = 4)

K¢ : (compact) six-dimensional space

Supergravity 00 (o/ — 000)0O
My O N =1 supersymmetry JO0000000

U

K¢ = {SU(3) holonomy 0 00O }
= Ricci-flat Kahler ~ Calabi-Yau [0 [

00000 String world-sheet theory

=—> D = 2, N = 2 Supersymmetric NLSM
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2. Compact Kahler manifolds

projective space: CPN~! = SU(N)/[SU(N — 1) x U(1)]

deCN:g~AG, AeCOOODO
¢ = (1,¢%), (i=1,2,--- ,N—1) 000000
JO0O0000000 Kahler potential W:

U = clog ¢’ = clog {1+ |goi|2} , ¢ = constant

quadric surface: QY72 = SO(N)/[SO(N — 2) x U(1)]

CPN-1 4 [¢? = 0]:
T = (1,¢% —L(¢H?), (i=1,2,---,N—2) 000000

- — ) 1 ) )
¥ = clog¢'¢ = clog {1+ |¢'* + _(¢")(¢™)}

000: Es/[SO(10) x U(1)], Er/[Es x U(1)]

CP? + [Tijrd? ¢* = 0], CP* + [daprs9’¢7¢° = 0]:
I';jkx: rank-3 symmetric tensor invariant under FEjg

dap~s: rank-4 symmetric tensor invariant under Er

[Fgl: CET — (1,goa, —ﬁﬁgoCaLgo), (a=1,2,-+,16; A =1,2,---,10)
1
T = clog {1+ |pal* + §|gocaj;¢|2}
[Er]: &7 = (1, %, 3Tijup? ", sTijnp @i @F), (i =1,2,--- ,27)

. 1 . 1 o
¥ = clog {1+ |¢'|* + Z|Fijk:90990k|2 + %|Fijk907’90990k|2}



Grassmannian: Gy = U(N)/[UN — M) X U(M)]

®: N X M matrix,  ~®V [V e UM)] 0000
1

b = M ,(A=1,2,--- ,N—-M;a=1,2,---,M) 0000
P Aa

JO0O0000000 Kahler potential W:

U = clogdet ®'® = clogdet {1M + gnga}

Sp(N)/U(N)

Gaon,n + [¢" + ¢ = 0]:

1
b = N ,(1<ae<b<N)ODOOO

Pab

U = clogdet ®'® = clog det {1N + gngo}

SO(2N)/U(N)

Gaonn + [p" — ¢ = 0]:

1
= V|, a<a<b<N)DDODOO

Pab

¥ = clogdet ®'® = clog det {1N + gngo}



Hermitian symmetric spaces

type G/H dim¢(G/H) Kahler potential ¥
ATIL, cph-1 N —1 clog{1l + |¢*|?}
BDI QN2 N —2 clog{1 + |¢"|* + ;(¥")*(¥*)*}
Sp(N) 1
CI —N(N +1 log det{1 f
U ZVIN +1) clogdet{ly + ¢'¢}
DIII SO(2N) 1N(N 1) log det{1n + T}
e — — C 10 €
UI(EN) 2 g N T @@
EIII ¢ 16 clog{l + |pa|? + L|eColip|?}
50(10}3x U(1) 8 A
EVII ’ 27 log{1 + |¢%|> 4+ Tine? ¥ |2 + L|Tinpied |
clog{1l + |¢'|* + 7Tije’ @"|* + 55|Tijrp e’ 7|

FEg X U(l)




3. Complex line bundles

line bundle over CP~~!: Proto type

Kahler 000000000 10000000000 O0O0O:
Hr = o(1,¢"), o € C!
Assumption: Kahler potential IC (non-compact manifold)
K=K(X), X=logd'¢=1loglo|>+ ¥
X : non-compact direction o 0 compact 0 ¥ (¢=1) 0000

SU(N)
“SUWN—1) x UQ1)

Ricci-flat Kahler manifold OO0 00 — IC OO0 O

Ricci-flat condition

holomorphic coordinates: ¢* = (o, ")
metric: g+ = 0,0,+K(X)
Ricci tensor :  (Ric) » = —0,0,+log det g,
Ricci-flat condition:
det g, = (constant) x |F|?

(Ric)yp =0 —
F' = holomorphic function



0oooog --- (e20000000)
d’K 98X 80X d’IC 89X X

Joot = ux? " 8o 0o+’ I T ax? 8o i’
B d*’K 08X 080X diC 0*X

Jir = gxz’ Ot Op*i + dX Opt0p*i

determinant:
1 d?°K diC 0*X
det g, = —— . { . . *}
lo|?d X2 dX 0Op'Op*

1 d?K ,dIKC\N-1 _ s

Ricci-flat condition O[] [ [] (][] []
Jooooodn
OO0, isotropy group DO OO OO OOOOOOODO

isotropy SU(N —1) xU(1) - 0000 SU(N —-1)000:
o' — " =h'jp’, h'j € SUN —1)
metric [0 0 determinant IO :
57,:3'* = (h_l)ik(h*_l)j*l*gkl*
det g;.. = det(h™1)* . det(h*~1) ;" - det gi

= det gp+ «— invariant!

isotropy group 0000 ¢* 000

Y




SUN—-1)00 — ' #0,¢*'=0((=2,---,N —1):

det g;;» = det {diag. (e_2q',g_q', e ¥, ... ,e_‘Ii)} = exp(—NY)

N —21[]

compact Kahler manifold O Einstein-Kahler:

—8;0;+ log det i = (Ric)ij» = C gij» = C 8;0;x ¥
— det g;j» = exp(—CY)

C: 00000 compact Kahler manifold 0 O O 0O O [
000 detg;j 00O Kahler potential W 0000000

Ricci-flat condition:

(constant) = e_NXi(%yv
dX \dX
d 1

A : positive real parameter

b : integration constant, [ [ [ [l [][] parameter

b=0,0A00000000000000O00O00O
c=00000000000
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0O

b# 000 metric: ( ds? = gyordodo* + -+ )
1-N
doo* — )\<)\€NX + b) N BN\II|O'|2N_2
oc=00 metric00O00 <— o — 0000 curvature [

b= (o, ") 000000 (e=0)000
2

O'N

O00000 metric:

= x(xe™M¥ + b)%e]w'

Gpp*
1-N
Gpj» = AN (Ae™* +b) N NV p*0;x W
1-N 1
gij» = AN?*(Xe™* +b) ¥ eNY|p|?0; 09T + (AeV* + b) N 9,0+

p=0(dp=0) 000000 metric:
1
OZbNaiaj*\I’

)
CPY~! 0 Fubini-Study metric 0000

Gij* | p—

000 p#£0(dp=0)000000 CPN-'000000
oc(~p)0 ¢ 000000000O00O00O0]
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b =0 00 Kéihler potential: dIC/dX = AN eX
K|b:0 = AveX = )\%|a'|2(1 + 1¢?)

¢' =0, ¢'=0p' 1 0000 {¢" = 0o(L,¢")}

K = )\%575 < flat metric?

p=cN/NOOOOO

U
Orbifold CN/Zy

0000000 Kahler 0000
oebA0U0UI0I0ODOOOONO parameter 00O,
eJ00ODO0 CPN-'OOOOOOOO,

eb=0000 Orbifold CN/Zx DODOOO

U

complex line bundle over CPN 1 I
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line bundle over QY2

line bundle over CPN-! 000 O00O:
7 ol L), oec
line bundle over CPN~! 00, Kihler potential 000 O00000:
K=K(X), X = log ¢’ = log lo|? + ¥

¥: Kihler potential of Q2 (¢ = 1)

1

)\
Ricci-flat condition O 0 : X = (AeV=2X 4 p) N1

b # 0 U0 metric: (ds2 = goordodo™ + --+)

N — 2 _N-2
— N — 1)\<)\6(N—2)X + b) N—1€(N—2)\II|O_|2N—6

000000000000000: p~ o¥V72

doo*

p=0(dp=0)00000:

O:JWE@@N?¢:QN4nmumDDDD

9ij*| p=

~

1 =<
QN2 of radius b2V-1 "~
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N = 3 0 : Eguchi-Hanson gravitational instanton

vVAeX +b— b
K(X) =2VXeX + b+ Vbl
(X) =2V e ‘%(xx:3+¢ﬁ
o*=4(XeX +b),a*=4b 0000
2

_ 2, @
K—Q+2log(

0® — a?

g2+a2)

Eguchi-Hanson O Kahler potential [ [ [ [
000 (D0)o0 Qt=S03)/U(1) =s*000

N =40 : Q? Resolved Conifold

000000 Q*~S?*xS?(000)00000

deformation (S°) OO0 small resolution (S%) 0O 00O

cf. deformation:

CPN-' + [¢* = a?] + [0 € C']

a: deformation parameter

a— 0000 b—00000000 (conifold)
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exceptional groups:

line bundle over CP?% + [T;;x¢’ ¢* = 0]
—> line bundle over E4/[SO(10) x U(1)]
line bundle over CP?% + [d,35¢°®7¢° = 0]
—> line bundle over E;/[E¢ X U(1)]

Ricci-flat condition D OO0 OO OO

dJC 1
—x = (AT +b)P, p=0"/n
line bundle | C | D | mn
Eg
C x 12 17 12
SO(10) x U(1)
E~
C x 18 28 18
Es x U(1)
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4. Non-Abelian Gauge Theories

line bundle over CPN-! DO OOOOOOO,
000000000000 (Gauge Theory) DO OO

— Supersymmetric Nonlinear Sigma Models [ [ []

Grassmannian Gy e

® : N X M matrix-valued chiral superfield
UN)xUM)000000:
® — @ =g.Pgr, (gL,9r) € (UN),U(M)).
U (M) gauge transformation:
d— P =P N, ¥V eV = eiheVeiAT
U(N) x U(M) 000 Lagrangian:
L= /d49 {tr(<I>T<I>eV) —c trV} :

V : 000, vector superfield (U(M)® gauge group)
— 00o0O00oo0ogoog, target 0 00 Grassmannian Gy

1
gauge-fixing: ® = M ,

¥ Aa
Pa, i (N — M) X M matrix-valued chiral superfield

I = clogdet (1M + gngo)

. U(N)
 U(N — M) x U(M)

GnN,Mm
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Gan,~n + F-term constraints:

G2n,~v Lagrangian + Superpotential term: W = tr (o ®TJ'P)
®y : N X N matrix-valued auxiliary superfield

0 1
J = ) (])V , € = *+1
€E1N

L = /d40 K(®, 2T, V) + (/d29 W (D, D) +c.c.)
000 V,® 0000000000
Kl:clogdet{lN—l—gaTga}

Sp(N)
U(N)

SO(2N)

o) € —1,¢" — ¢ =0)

(€:+1790T+90:O)7
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line bundle over Gy ar:

U(M) gauge symmetric Lagrangian:
ICo (@, dT, V) = f(tr(®T®e")) — ctrV
f:tr(®T®eY) 00000,V =V, T, € U(M)

c : FI constant — vector superfield C 0O 0 0O [

equation of motion for V and C:

OL/OV = f - d®eY —C -1, =0
OL/IC = —trV =0

trV =0000, 0100 trace, determinant [ [ [J:
f otr(®T®eV)=M-C, (fYM.detd'® =CM
COO0: tr(®'®e”) = M[det @T@]%
4
OL/0C =0 (U(M) — SU(M) gauge group) 0000

Ko = f(M][det ®'®]3) = KC(log det &'®)

Il
X

CO00 =gauge 0000 U1) OODO ungaugedl

line bundle OO0 O0O0O0OO0OO0O 1 000000:

1
b =0 M ,ocCl — X =M?log|o|*?+ ¥
¥ Aa

00000000 line bundle over CPN-1 00O 0O
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Ricci-flat condition D OO0 OO OO

diC 1
X = ()\eCX—l—b)117 , p=o"/n
line bundle | C | D | n
C X Gn,m N 1+ M(N — M) MN
Sp(N) 1
C x N +1 1+ -N(N +1 N(N +1
U(N) + +2 (N +1) (N +1)
SO(2N 1
# N —1 1+-N(N —-1) N(N —1)
U(N) 2

DJO000000o00o0dnd compact DOOOOOMO
(000 deformation OO small resolution [0 0O [0 0
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Isomorphism and duality:

base manifold OO OO OO O line bundle OO O OO O

Eguchi-Hanson space (complex two-dimensions)

opi L SOW _ Sp(1) |, SO(3)
U@ U U(1)

Complex line bundle over CP? (complex four-dimensions)

5 S0(6)
CP3 ~ 70

Another four-dimensional manifolds

Sp(2) 4 SO(5)
U2 — @ = SO(3) x U(1)

Line bundle over the Klein quadric (complex five-dimensions)

SO(6)

~Y 4 —_—
Giz= @ = SO(4) x U(1)

Grassmannian, line bundle [0 0 0 0 duality OO0 OO

Duality between Grassmannians

Gy = GNN-—M
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1¢

Ricci-flat solution and coordinate transformation:

diC
dX
Hermitian symmetric spaces:

= (AeCX + b)% , p=o"/n.

type Cx G/H D C n
AIII, Cx CPN-1 1+ (N —1) N N
AIII, C x GN.Mm 14+ M(N — M) N MN
BDI Cx QN2 1+ (N —2) N —2 N —2
CI C x Sp(N)/U(N) 1+iN(N+1) | N+1 | N(N+1)
DIII Cx SO(2N)/U(N) 1+sN(N—-1) | N—1 | N(N—1)
EIIl | C x Eg/[SO(10) x U(1)] 1416 12 12
EVII Cx E;/[Eg x U(1)] 1+ 27 18 18
D =dim¢(Cx G/H), C= %CQ(G)
Q' ~ CP' ~ S0O(4)/U(2) ~ Sp(1)/U(1) CP? ~ S0O(6)/U(3)
Q* ~ CP!' xcpP! Q' ~ Gy»
Q* ~ Sp(2)/U(2) Gnyv ~ GNN_M



5. Summary and Discussions

Gauge theory [0 00 0 compact 1 Kahler [0 [
2
U (1) ungauged = non-compact Kahler 000000
isotropy U0 = ORicci-flat 00 =0 000000
ool p~o™ = 0000000
Oood b#A0=00000
p=000000 = 0Ocompact Kahler 0 00O

U

Complex line bundle over compact Kahler manifolds'

U

Non-compact Calabi-Yau manifolds I

oo:

0000000000 /00o00oon

00 Kahler OO 0O0OOOO

deformation 0 0 0 (F-term constraint models)

Jooooogong

Supergravity /Superstring, D-branes 0 0 00
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HgN
NLSM = Non-Linear Sigma Model

000000000 (ex. D = 4)
Riemann 00 0, coset space (M = G/H)

L = gar(p)dup®(z)0"¢"(x)
p: 00000

p? : Nambu-Goldstone [, Riemann 0 0 0O O [
gan(p) : Riemann 000000

SNLSM and Kahler Potential

SNLSM = Supersymmetric NLSM
Kiahler 000 (D=4, N =1)

_ 1 ., _
L = gu0,p"0"p* + igupp®(IP)* + ZRab*cd*’lﬁa’ch’le’lPd
= /d40 KK(®, d1)

P = % + /209 + 00F° : chiral superfield
IC(®, &) : Kihler potential

00, 000 Kahler potential 00 O OO O

dab* — aa,ab*lc7 (8a = B/Bcp“’)
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Kahler potential 0 0O 0OOOOOO:

d 1
o= (e o)

D s s
K(X) = 5[ (Ae + b) > +bb - I(b7H (e + b)?; D)]

v dt 1 1+ (—1)P
I(y;D)E/ tD_lzﬁ[log(y—l)— log(y+1)]
L 5
+ — Z cosﬂlog (y2—2ycos£—|—1)
D & D D
[P7]

2 2r 2 D) —
+ — Z sin i arctan [COS.( rr/D) y]
D D sin(2rw /D)

r=1

24



Deformation, Small resolution

Six-dimensional manifold:

4 4
Z(wA)z =0, Z |,wA|2 — ,',,2
A=1 A=1
U

R x S%2 x S3
52 S3
e deformati
resgétlon e ogn}a 10n

Sz SZ 52
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